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0. In this paper we describe some results on the structure of com­
plete manifolds of nonnegative sectional curvature. (We will denote 
such manifolds by M.) Details and related results will appear else­
where. Our work generalizes that of Gromoll, Meyer [2] as well as 
Toponogov [4]. 

Our analysis is divided into two parts. The first, which we feel is of 
particular interest, essentially reduces the study of the topology 
of complete manifolds of nonnegative curvature to that of compact 
manifolds of nonnegative curvature. The second step reduces the 
compact case to the compact simply connected case (modulo the 
classification of compact flat manifolds). 

Our results have various applications. One of these is the classifica­
tion up to isometry of complete 3-dimensional manifolds of nonnega­
tive curvature. 

1. The basic notion we use is that of a totally convex set (t.c.s.). 
DEFINITION 1.1. A subset C of a riemannian manifold will be called 

totally convex if for any p, q(EC and any geodesic 7 from p to q, we 
h a v e y C C . 

The significance of total convexity lies in the fact that, topologi-
cally» a t.c.s. is very similar to the manifold which contains it. Clearly, 
any riemannian manifold is a totally convex subset of itself. On the 
other hand, a point is not totally convex unless M is contractible. In 
general, non trivial totally convex sets do not exist. However, in [2] a 
"basic construction" is given which associates to each point p in a 
complete noncompact manifold of positive curvature, a compact 
t.c.s. C(p) containing p. Our fundamental observation is that by use 
of a different argument involving Toponogov's theorem on geodesic 
triangles, this construction may be carried out in the case where the 
curvature of I f is nonnegative. More generally we have: 

LEMMA 1.1. 

(1) A closed t.c.s. is a totally geodesic submanifold (whose boundary 
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is smooth almost everywhere). With M as above there exists a family Ct 

(for all t^O) of compact totally convex sets such that: 
(2) h>k implies Ctt~DCtl and if p&Ctx then p(p, 3C«f) =fe--£i, 
(3) U«C,-Jlf, 
(4) dim Co < dim M. 

Let Cö= {pEC\p(py dQ-'àa}. 

LEMMA 1.2. If CQMis a Les. then for any a, so is Ca. Letting Cmax 

denote the subset of points at maximum distance from dC (in the sense 
of (1) in Lemma 1.1) one has dim Cmax <dim C. 

Lemma 1.1 together with the iteration of Lemma 1.2 and some 
Morse Theory yield: 

THEOREM 1.3. There exists a Les. S(M)QM which is a compact 
totally geodesic submanifold without boundary (and has nonnegative 
curvature). The inclusion S(M)C-^M induces isomorphisms Wi(S(M)) 
—>Wi(M) for all i, and hence is a homotopy equivalence. 

We call S(M) the soul of M. Any soul (in general the constructions 
of Lemma 1.1 depend on the choice of some arbitrary pÇzM) is 
clearly a minimal t.c.s. 

THEOREM 1.4. M is diffeomorphic to the normal bundle v(S(M)) of 
S(M) in M. All curvatures with respect to planes spanned by a tangent 
and a normal vector vanish along S(M). 

THEOREM 1.5. If v(S(M)) is orientable and dim S(M) =dim M—1 
then Mis isometric to S(M) XR (with the product metric). 

2. The following theorem is the basic result in the compact case. 

THEOREM 2.1. Let M be a compact manifold of nonnegative curvature, 
then there is a diagram of covering maps, 

M^-MQXR" 

Ê^-MoXF 

M 
such that 

(1) Ti are local isometries, 
(2) MQ is a compact simply connected manifold of nonnegative curva­

ture and ii is an isometry, 
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(3) F is a compact flat manifold and i\ is a dijfeomorphism, 
(4) 7Ti is a finite covering. 

Theorem 2.1 depends on the result of Toponogov given in [4]. 
Toponogov's result on the other hand, is an easy consequence of our 
"basic construction." 

3. We sketch some applications of the above results. 
(A) The following provides at least a partial answer to a generali­

zation of a problem of Chern [l]. The original problem was solved 
in [2]. 

THEOREM 3.1. With the notation of Lemma 1.1: 
(1) If y: (—• oo, oo )—»M is a geodesic then at least one end of y goes 

to infinity or yQdCtfor some t. 
(2) Any geodesic intersecting S(M) transver sally goes to infinity in 

both directions. 
(3) If <r, r : [0, <x>)->M are geodesies, cr(0)=r(0), <<r'(0), r'(0))>0 

and <T is a ray then r goes to infinity. 

(B) If dim S(M) = 1 then the universal covering space S is iso-
metrically JÎXR where S(M) is a point. This follows from the result 
of Toponogov [4], 

This remark together with Theorem 1.5 forms the basis for the 
classification up to isometry of complete noncompact 3-manifolds of 
nonnegative curvature. The solution of the classification problem in 
two dimensions is classical and due to Cohn-Vossen. 

(C) Theorem 1.3 and Theorem 2.1 yield the following result, the 
first part of which is a generalization of a result of Milnor [3] in our 
situation : 

THEOREM 3.2. Modulo some finite invariant subgroup, the funda­
mental group of a complete (compact or not) manifold M of nonnegative 
curvature is a finite extension of the free abelian group Z© • • • QZwith 
k generators, 0 S k ̂  dim M. The higher homotopy groups are finitely 
generated. iri(M) infinite implies that the Euler characteristic x(M) 
vanishes. 

(D) Theorem 1.3 and Theorem 1.4 can be used to show that most 
spaces do not admit any complete metric of nonnegative curvature. 

(E) Theorem 1.3 and Theorem 1.4 may be applied to the case of 
homogeneous spaces and flat manifolds to yield isometric decomposi­
tions which in some cases do not seem to appear in the literature. 
Theorem 2.1. on the other hand may be used to show that a metric of 
nonnegative curvature on a manifold diffeomorphic to a compact 



1150 U. KRENGEL AND L. SUCHESTON [November 

flat manifold is necessarily flat. This answers a conjecture of Aus-
lander and Wolf posed in [5]. 

(F) The notion of totally convex sets can be used to study iso-
metries of complete manifolds of nonnegative curvature. 

BIBLIOGRAPHY 

1. J. Eells and S. Kobayashi, Problems in differential geometry. Proceedings U. S.­
Japan Seminar on Differential Geometry, Kyoto (1965), pp. 167-177. 

2. D. Gromoll and W. Meyer, On complete open manifolds of positive curvature, 
University of California, Berkeley, Preprint; Ann. of Math, (to appear). 

3. J. Milnor, A note on curvature and fundamental group, J. Differential Geome­
try (to appear). 

4. V. Toponogov, Spaces with straight lines, Amer. Math. Soc. Transis 37 (1964), 
287-290. 

5. J. Wolf, The rate of growth of discrete solvable groups and its influence on the 
curvature of riemannian manifolds with solvable fundamental group, University of 
California, Berkeley; J. Differential Geometry (to appear). 

UNIVERSITY OF CALIFORNIA, BERKELEY 

ON MIXING IN INFINITE MEASURE SPACES 

BY U. KRENGEL AND L. SUCHESTON1 

Communicated by David Blackwell June 17, 1968 

1. E. Hopf [6, p. 66] suggested that strong mixing in infinite mea­
sure spaces should be defined by a limit statement on certain ratios; 
Krickeberg [9] made this precise in the context of topological mea­
sure spaces. In this paper we shall consider a different concept of 
strong mixing, meaningful also without existence of a topological 
structure. Our notion coincides with the usual concept of strong 
mixing in the case of finite measure spaces and seems to be the proper 
generalization to the infinite measure case in that it is exactly the 
concept needed to carry over certain theorems on mixing which hold 
in finite measure spaces. 

Given a sequence (An) of measurable sets on a measure space 
(Ö, a, ix), the intersection 6i(An) of the <r-algebras (&k(An) generated by 
Ak, Ak+i, • • • will be called the remote <r-algebra of (An). A sequence 
(An) is called remotely trivial, iff 6i(An) is trivial, i.e., contains only 
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