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The purpose of this note is to show that by very simple arguments
one can obtain an analogue of E. M. Stein’s theorem [1] for non-
compact g-compact groups. Together with Theorem 1 of Stein we get
the following

THEOREM 1. Let G be a locally compact o-compact group. Ty a se-
quence of bounded linear operators of L?(G) into itself 1 < p <2 such that

(@) Tw(fo) () =Tu(f)(gx) where f(gx)=Ff,(x).

(b) The support of Tw(f) is contained in a compact set whenever f
has compact support.

Define M(f)(x) =sup,,,| Tu(f) (x)l. Then the following conditions
are equivalent:

1°. YFELP(G) M(f)(x)<® a.e and |{x: M(f)(x)>N}| <o for
some N (depending on f).

2°, | {x: M) @) >N} =C|7lo/N)? for Nz]|fl|, where C is inde-
pendent of f.

Here | E| denotes the left Haar measure of the set E.

Moreover, if G is not compact, the restriction p =2 is not necessary.

It is evident that Theorem I reduces to Theorem 1 in [1] when G
is compact. We are going to consider the case G noncompact. As will
be seen from an example the restriction ||f||, <\ is necessary. How-
ever, if we replace condition (a) by condition 3° of Theorem II below
we get a global weak type estimate.

DEFINITION. 4 is an affine map on G if it can be represented as a
composition of left and right translations with continuous auto-
morphisms of G.

From the uniqueness of left Haar measure

AAfoA(x)dxsfaf(x)dx where f4 = f(Ax)

for some constant A, >0.

THEOREM 1l. Let M be a sublinear operator' defined on L?(G),

1 M is sublinear if and only if |M(f+g)(x)| =<|M(f)(x)|+|M(@®)| and
[ ) @) =] N[ M@
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15p = o, into measurable functions such that
1°. VFEL?, M(f) (%)< a.e.and | {x : M(f)(x) >\}| <o for some.
2°. If fr—f in norm in L? then there exists a subsequence fy, such that

M(f)(x) S liminf M(f,)(x) a.e.

3°. There exists an affine map A with As5%1 such that

M(f2)(x) = AsM(f)(Ax) for some « € R
then
| {=: (D@ >} = A/,
where 1/g=1/p+o.

REMARK. The condition As51 implies already that G cannot be
compact. We will prove later that condition 2° is verified for M in
Theorem 1.

The proof is based on the following lemma of Edwards and
Hewitt [2].

LemMA (Epwarps-HEwirr [2, TEOREM (1, 5)]). Let M satisfy
conditions 1° and 2° of Theorem I1. Then

VfE L, VAN>O0, there exists C(\) such that
| {=: (@) > cOAla} | =

Proor. Condition 1° is clearly equivalent to the following:

1. VfEL?, | {x: M(f)(x) > N}|—0, \>w.

Let E.a={f€L? :|{x : M(f)(x)>n}| =N}, then 1° implies
Uso Enpn=L?. Moreover, E, are closed (this follows immediately
form 2°). Applying Baire’s Category Theorem there exists En,,» con-
taining a ball S, of radius 7\ centered at f. Clearly every element of
the ball in L? of radius 7, centered at 0 is a difference of 2 functions in
Eay . so that (1.1) holds for some constant Cy.

ProoF oF THEOREM II. Let

CO) = inf{Cr 2 0: VSE L2, | {«: M(N@ > Gllfll,} | =2},
then

1.1)

| {z: MU > cO|lfalls} | =2

but [|f4]| ,=A7"?||f||» and condition 3° imply
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At {x: M() (%) > C)A—+un)||f],} |
= | {z: M(N(42) > CQ)A-Cm|[f][,} |
= [ {&: MED@ > cOfall} | 2
thus
CQ\A) = CQ\)A—(atlin),
Clearly 3° holds for 4 replaced by A* (k integer) and A by A* so that
C(Q\A¥) £ C(\)(AF)—(atlin),

Since C(\) is decreasing we get C(\) < CA\~(«t1in Q. E.D.

ProoF oF THEOREM 1. Let us prove first that condition 2° of The-
orem II is verified. Let fy—f in L?; since T, is continuous in measure,
we can extract a subsequence such that T, (f%,) () =T (f) (x) a.e.; by
a diagonalization process we can choose the subsequence independent
of #n. Assume now that

M(f)(x) >N; there exists n(x) such that T, (f)(x) >\, so there
exists k(x) such that

k> k(x) = Tn(z)(fk)(x) >N\
which implies
M(f)(x) > A,

hence lim inf;., M(f)(x) =\.
Using the lemma we get

| {=: ()@ > cOIfll}] =
Our purpose is to compute C(\). Define
Mx(N@) = sup | TN |

then
| {z : Mx(N@ > AL} = | {o: M@ > cllfll} | <A

and

| {2 : Mu(D(@) > COflls} | = | {&: (N > O},

N— o,
We now need the following simple lemma.

LEMMA. Let G be a locally compact noncompact group. Let K be a
compact subset, then there exists hEG such that LKNK = .
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Proor. Let L be the union of all 2K for which Ak KNK = &, Clearly
LC KKK, which is compact. If the lemma is false then L=G
compact, contrary to our assumption.

Let fEL? have compact support. By the lemma, there exists
hy €G such that supp fNsupp fa, = and supp TwfMsupp Tw(f)a,
= for all m < N. Thus

My(f+fiw) = My(f)+ Mn(f)ay, and supp Mx ()N supp Mu(fiy) = 2.
A l {x : Mu(f + fan) (%) > ”f +fh1v”pc()\)} l
= | {= : Ma(f)(®) + Mu(f) () > 293[fll,COV} |
= 2| {« : Ma(f)(x) > 2121l 5} | -

Repeating the argument for k translates, we get
| {: M(f)(x) > 2CO)||fllo} | SNE, k> 0integer

for all f with compact support. Using 2° of Theorem II, we extend
the inequality for all fEL? and the theorem follows.

ReMARK. We proved Theorem I under the assumption T, are
continuous in measure.

ExaMPLE. Let

Mmuw=1@ﬁ%%2@, 0<a<mn,fCELs
Then
me=f f@—w®+ f@—ﬁw
wist | yl"‘ lyi>1 | 3’|"‘

The first integral is a convolution with an integrable function so it
belongs to L?. The second is a convolution with an L? function for
p1>n/a so it belongs to L%, 1/¢1=1/p+1/p1—1. Thus condition 1°
of Theorem II is verified. Moreover, it is clear that

MW@ = [ 20 ay = b0
R |z =yl
so that condition 3° of Theorem II is verified (the affine map is a
dilation). By Theorem I, M maps L? into weak L¢ continuously for
1/9=1/p+a/n—1.
We can easily improve the result to get a theorem of Stein and
Weiss [3]. Consider

~ 1 1)
M@ =T /e [ =yl
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where fEL?, 0<B<n, a<n(l1—1/p), a+y20,1/p—~1+(a+B+7)/n
>0. Then

_ 1 W) S whatsty
MO@ =T [ T P Y = 009,

So that M will map L? into weak L9, 1/q¢=1/p+ (a+B+v)/n—1 if
we can prove 1° Theorem II. But

1 »
M —_— . d
0 - | x| f|u1<1z|/z | o —yle] ylo Y

&)
+——f SO,
T2 J ey T2 = 9P 9] 7

Now if |y| <#|x| then |x—y| >%|#| so that
C | /) | 1 | /) |
M < d
N = 7 x|s+vf.ﬂ<.,.,, Gl 2T xtmf I P

Applying Holder’s inequality to the first integral for a<n(1—1/p),
we get

il
) 51 ] lxI“""’ fllf@)l

x |oHBHr-n(=1/p) % — yla

dy.

It is clear, using the previous example and conditions on «, 8, ¥,
that 1° is verified.

REMARK. To see that the restriction ||f]|, <\ in Theorem I is essen-
tial let us consider

fle — )
Tn = )
(f)(x) Jv1/n<|ul<n | yl y

Then T, maps L? continuously into itself, M(f), however, will map
L7 into weak L9, 1/g=1/p+a/n—1, i.e. ¢>p, and by the proof of
Theorem II, will be identically 0 if the inequality of Theorem I were
to hold without the restriction ||f]|, <A.
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