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Let v.(G) denote the nth term of the lower central series of a group
G and define YnYn(G) =vm (v (G)). For a fixed positive integer k define

i) =1 and fi(w) = filn/2] + kfl(n + 1)/2]
for all #>1. In this paper we prove

THEOREM. Let (my, « + -, m,) be a finite sequence of positive integers
exceeding 1 and let G be a group of prime exponent p (p odd). Then

7(G) & YmyYmg * ° ° mi(G),
where
re=m; + Z (mi - l)fp—Z(mﬂ-l) te fﬂ-—2(m‘)'

If my=ma= -+ =m=2,r,=1+ D =} (p—1)i, a result of Tobin
[2]. In general we have

Yayz2 72(6) c YmYmg * ° ° 'Ymt(G) (72 appears #%; times)

where u,=k-+ Y '} (m;—1) and & is the least positive integer satisfy-
ing 2 = m,; so that the theorem of Tobin yields

’)’u(G) c YmYmg * * ° 'Ymc(G)’

where s;=1-+ Z}‘.‘,‘ol (p—1)¢ The bound 7, is in general far less than
the known bound s, For instance in the very special case
(my, ma, -+ - -, m;)=(2, 22, - - -, 2¥) while r,<s; we further observe
that the degree of the polynomial 7, in p is ({2+t—2)/2 as compared
with 2¢—2 in s,.

The proof of the theorem is shown to follow from the following

LeEMMA.! Let G be a group of prime exponent p (p odd) and let N,
A, B be subgroups of G such that N is normal in G and BCA. Then
(N, A4,B, -+ -,B)C(N, (4, B)) (N, N) (B appears p—2 times).

With N=G' and 4=B=G, one gets the well-known Meier-
Wunderli’s result that metabelian groups of prime exponent p are
nilpotent of class at most p. Since

(Y10/21(@); Yims1/21(G)) € 1a(G) and  Yitar1y/21(G) S Y1a/21(G),

1 For notation and other undefined terms the reader is referred to M. Hall [1].
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we get

(N, Y1021(B)5 Y1 /21(G)y * * + 5 Yimsn/21(G)) S (N, ¥a(G)) (N, N)
(Ytw+1)/21(G) appears p — 2 times);

and hence (by repeated applications)

WN,G, -+ +,G) S (N,7(®)(N, N) (G appears fy—3(n) times).

By repeated applications of the lemma with suitable choices of N,
A, B it is now routine to compute that

Ye(G) & Ymy¥Yms * * + Ymi(G), where r, is as defined before.
PrOOF OF THE LEMMA. Put (N, N)={1} and (&, (4, B))= {1}
ford€N and a4, a, - + +, oy integers, define
14
2 oty !
4=t - H (de)=
fu=]
forall s, + « -, x;in G (here y*=x"1yx). It is easily verified that

durtey = degrter and @7l = 4 = (d, %)

for all dEN and x, yEG,; and d®=d% for all dEN, a EA4, bEB. Fur-
ther it is easily seen that the proof of the Lemma consists in showing
that (d, a, b, - + +, bp—1) =1 or equivalently

d(6=1) (bg=1) +++ (bp=1—1) = {
foralld&EN,aEA4,by, + + +, bp1EB.
Since 1= (dx~1)?=dd= - - - d* ', we have
ditete. T 1

for all €N and xEG, which give in turn

GOttt - +a? TP b P g

2 gy YL
(1) dbla—1)+bd"(a"=1)+++ +¥ (a 1) - 1;
d@D+b@ =14+ 437 2P

foralldEN,a&EA4, bEB.
We shall prove by induction on jE{0, - - -, p—2 }, that

=1,

21
(2 dp‘io bia et - - - fH-1)

=1,
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for all dEN, a€A4, b, by, * + +, bjaEB. For j=0, the result comes
from (1). Suppose (2) holds for some jE{ 0::-, p—-3}. In (2) re-
placing b by bb;+2 and taking quotient with (2) gives

28—y
’ij PP 1) « -+ G- 1) (Bha—1)

which is the same as

p—3=(F+1)
i PEHIIT i _yy LL (b:}".:n-u—'l)
d =0 = 1 I

and (2) is proved for all jE{0, - - -, p—2}. Taking j=p—2 in (2)
gives

4@ =D D) =

forall dEN, aEA4 and b, - + -, bp—1 in B. Replacing a, by, * * +, bp—2
by their suitable powers we get the required result.

ReMARK. The following result of Professor N. S. Mendelsohn
(verbal communication) is of independent interest and providesan
easy recognition of the function fi(n). If #=2u+42%+4 ... 42,
where ay>0> ¢ ¢« + >0, 20, then

Si(n) = (1 + k)= + i (1 + E)eiper—ai—its,
=2

Notice that the largest power of % occurring in fi(n) is a1 +1.
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