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The purpose of this note is to announce a number of results con-
cerning the various approaches to fractional integration on the real
line E as due to H. Weyl [9], M. Riesz [7], W. Feller [4] and G. O.
Okikiolu [6]. Our principal contributions are on extensions of the-
orems of J. L. B. Cooper [3], on the interchange of the operations of
fractional integration (differentiation) and the Hilbert transform, on
the counterpart of a theorem of H. Weyl [9] on periodic functions to
the real line, and on partial differential equations of fractional order.

Since Fourier transform methods are mainly used in the proofs, the
discussion is restricted to the space L?(E) for 1=£p=<2. Full details
of the work reported here as well as further results will appear in a
monograph to be published by the Westdeutscher Verlag, Opladen.

Let f&L?(E), 1S p=2. We define the Hilbert transform of f by

= f®)

ok —1

1) Hof(x) = PV—l— f di,

Weyl's fractional integral of order 1 —o and the analogous integral of
M. Riesz [7] by

1 = f@
(2) fl-a(x) - r(1 _ Ot) _w(x - t)“ dty
@) haf@) = G [~ g

_wlx—tl“ ’

respectively, where C; (@) =2I'(1—a) cos (r/2)(1—a). We slightly
modify M. Riesz’ integral for functions p of normalized bounded
variation on E, i.e. uEBV(E):

@ Lante) = G [ 1712 = 1] auto
Following G. O. Okikiolu [6] we consider further the integral
- ©sgn (x — 1)
(5) I of(%) = Ci(e) Wf (%)t
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where C;'(a)=2I'(1—a) sin(r/2)(1—a) and analogously Ii_.u in
case u&BV(E). The integrals (2), (3), (5) exist a.e. if 1 —1/p<a <1,
while the Stieltjes integrals exist a.e. for 0 <a<1.

A differentiation of fractional order @ of an L?-function may be
defined either by the derivative of (2), thus

(©) (@) = (@r/dater i, ()
whenever the right side exists or by
(N fel(@) = @H/del ) _f(x) (1 — (1/p) <{a) < 1),

where a>0, [a] being the largest integer <a and (&) =a— [a]. De-
noting the Fourier transform of f&L?(E) and yEBV(E) by f~ (») and
u~ (v), respectively, it will be useful to define the following function
classes:

V2 = {f € L(B); (i sgno)(@)« | v|@r (o)

w (), s EBV(E), p=1 }
(1), g€ LXE),1<p=2

and
= {fe L2(E); (in)t | o] @f* (o)

I (v), B E BV(E)7 }
(), g€ L(E),1<p=2

The following theorem contains generalizations of results due to
J. L. B. Cooper [3] and P. L. Butzer [2]. Here we set

Alg(s) = 3° (_1),,(:) (g + (n — B

km=0

THEOREM 1. If fEL?(E), 1S p <2, {a)5%0, then the following asser-
tions are equivalent:

(@) frevs;

® £, fy -, f@-D are locally absolutely continuous on E,
f([a])ELP(E) and

Ce({a)) f { e T —1t|<¢)} FSHOY

= | Twf@|, = o(| &])  (h—0);

»



108 P. L. BUTZER AND W. TREBELS [January

© A niafll, = (| B+ (k- 0);

@ ||m (e [ {EEETE - pena)

= || BoTkaf “D), = O(| B]) (h—0);
© o ZzZanlls = o 4] @0,

The analog of this theorem also holds for the class V2. The equiva-
lence of (b) and (d) (or (c) and (e)) is based upon the fact that
I, Mg (x) = Ho(I12gg) (x) a.e., 0<B<1, by which one may prove

ProposITION 1. If fEL?(E), p>1 and 1—(1/p) <B<1, then

Iigf(®) = Hllsaf)(®) = Ls(HN @ aue.

The next two propositions are concerned with the differentiability
of the integral (3) and the interchange of the operations of fractional
differentiation and integration.

ProposITION 2. If fEL?(E), 1<p=2 and 1—(1/p) <{a)<1, then
fldELr(E) iff (Hf)!' ) EL?(E). Furthermore,

?

d d
Hfa) = 80 (5 Ticof D)) 0) = - It (o )2

d
== Li@(Hof)D(2) = (Hof)® () a.e.

ProrosiTioN 3. Let fEL?(E), 15p=2, 1-(1/p)<{a)<1 and
fle € L?(E). Then

Fo (@) = L. C.((a)) _3_( _ljﬂ"_"_@__ ) »

e ot ‘;.,..qz.ax X — tl(a)

Applying a relation of L. von Wolfersdorf [8], valid for f€L?(E),
1<p=2,1—(1/p) <B<1, one may express the Weyl integral (2) as a
linear combination of the Riesz integral of f and H,f, thus

T T
S1-s(x) = cos E} (1 — B) I—4f(x) + sin Py (1 = B) 15 (Hof) (%) ace.,
and correspondingly for the Riesz integral (3),

Tooaf () = cos - (1 = B) furs(s) = sin— (1 = ) (Hs(®) n.e,
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equations which were also shown by H. Kober [5] using other
methods. This gives

(Hof)1-p(%) = Hof1-p(x) a.e.

It now follows that the definitions (6) and (7) of fractional dif-
ferentiation are equivalent. Indeed,

THEOREM 2. Let fEL?(E), 1<ps2 and 1—(1/p)<{a)<1. Then
f@EL?(E) iff f*Y&€L»(E), which in turn holds iff f& VZ (or V~2).

PRrROPOSITION 4., Let fEL?(E), 1<p=2and 1-1/p<{a)<1l. Then
f@EL?(E) iff (Hof) @ EL?(E). Furthermore Hof @ (x) = (Hof) @ (x) a.e.

Of further interest are conditions an L-function f must fulfill in
order to admit a representation of the type f(x) = I,u(x). We have

THEOREM 3. Let f& LY(E). Then

(8) 1= 0(1)

[Tromip 40 = 50 + 5 ~ D)
uniformly in ¢>0

iff there exists a u&BV(E) with f(x)=Iau(§) a.e. for 0<a<li, or
(Hof) (x) =p(x) a.e. fora=1 and (d/dx)f(x) =1, au(x) a.e. for 1 <a<2.
Furthermore, (8) holds iff fEV,” for 0<a<1, fEV? for 1Za<2.

An analogous theorem holds for 1<p=<2. We conclude with the
counterpart of a theorem of H. Weyl [9].

THEOREM 4. If fE LY(E) and Lu(x) =f(x) a.e., then ||f(- +h) —f(-)||s
=O(|h|°‘), 0<a<l1, d.e. fELip(a, 1). Conversely, if f&Lip(e, 1),
there exists a vEBV(E) with f(x)=Igw(x) a.e., where 0<f<a<l.
If Bllf(-+h)—2f(~)+f(--h)||1=0(|h|), then f(x)=Ip(x) a.e.,
0<B<1.

With the help of these results we may solve the equation

a3 a k
2l = = (= Bo) gz, 0, lim als, ) = ),
(9t ax t—o+

k=1,2,--.,0<B=1, I)=identity operator (which for k=2, =1
is the classical heat conduction equation) and obtain the generalized

Weierstrass singular integral as the solution. This gives a further
interpretation of the Bochner [1] operator
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42 \«al2 d k
—(-=) =-(=m)1I
( dx”) (dx o) =
(0<a—k=,3§1, k=1)2,"')

Another interpretation is due to W. Feller [4].
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