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The purpose of this note is to announce a number of results con­
cerning the various approaches to fractional integration on the real 
line E as due to H. Weyl [9], M. Riesz [7], W. Feller [4] and G. O. 
Okikiolu [ô]. Our principal contributions are on extensions of the­
orems of J. L. B. Cooper [3], on the interchange of the operations of 
fractional integration (differentiation) and the Hilbert transform, on 
the counterpart of a theorem of H. Weyl [9] on periodic functions to 
the real line, and on partial differential equations of fractional order. 

Since Fourier transform methods are mainly used in the proofs, the 
discussion is restricted to the space LP(E) for l^g£<i2. Full details 
of the work reported here as well as further results will appear in a 
monograph to be published by the Westdeutscher Verlag, Opladen. 

Let ƒ£!>(£) , 1 £p g 2. We define the Hilbert transform of ƒ by 

(1) H0f(x) - PV 
7T J _oo X ~ / 

Weyl's fractional integral of order 1 —ce and the analogous integral of 
M. Riesz [7] by 

1 Ç* ƒ(*) 

(3) 

r(i -odJ-ooCs-O" 
ƒ«) 

/
°° ƒ(# 

respectively, where Cfl"
1(a) = 2r(l— a) cos (7r/2)(l — a). We slightly 

modify M. Riesz' integral for functions fx of normalized bounded 
variation on £, i.e. juGBV(E): 

(4) iW(tf) - C.(a) f "(1/1 * - /1«) dix(t). 

Following G. O. Okikiolu [6] we consider further the integral 

C °° sgn (x — t) 

<5) /r_/(*) = c.(«) ? .x m*> Ii-,f(x) = C(«) I - , -r-
J_M \x - t « 
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where C71(ce) = 2r(l — a) sin(7r/2)(l—a) and analogously i\LajU in 
case M G B V ( £ ) . The integrals (2), (3), (5) exist a.e. if 1 - 1 / £ < Û : < 1 , 

while the Stieltjes integrals exist a.e. for 0<ce<l. 
A differentiation of fractional order a of an Z>-function may be 

defined either by the derivative of (2), thus 

(6) ƒ««>(*) = (iW+V^w+l)/i-<^(*) 

whenever the right side exists or by 

(7) ƒ<«>(*) - (JW+i/(faW+»)WW (1 - (1/p) < (a) < 1), 

where a > 0 , [a] being the largest integer rgce and {a)—a— [a]. De­
noting the Fourier transform of ƒ£!>(£) and /xEBV(£) by f*(v) and 
^(v), respectively, it will be useful to define the following function 
classes: 

VÏ= ifEL*(E); (isgnv)(tv)M\v\<«>r(v) 

/ M
V W , M G B V ( £ ) , # = 1 \ 

\g«(v)9ge&W,Kp£2f 

and 

vZ* ~ |/e^(£);(w)w|»l<a>/AW 

The following theorem contains generalizations of results due to 
J. L. B. Cooper [3] and P. L. Butzer [2]. Here we set 

Atf(«) - è (-D*(* W + ( » - *)*). 
*-0 \ * / 

THEOREM 1. IffE.Lp(E)f ISP Û2, (a) 9*0, then the following asser­
tions are equivalent: 

(a) feVl; 
(b) ƒ , ƒ ' » • • • , / ( W - 1 ) are locally absolutely continuous on E, 

f(M)<=L*(E) and 

Cc((a)) f °° | i i j i—1/ ( W >(0*| I 

- | | / U ^ « - I > | I F - 0 ( | * | ) (A->0); 
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(c) HA^/twrtl, = 0(| A|M+>) (A-0); 

HW«™£lf^-T^}'M,HIL 
m \\Ho(i;X)fa"]))\\P - 0( I * I) (A -» 0) ; 

(e) | |ArF„(/r_W)ll, = 0 ( | A|W+1) ( A - 0 ) . 

The analog of this theorem also holds for the class VZP» The equiva­
lence of (b) and (d) (or (c) and (e)) is based upon the fact that 
Ii^fig(x)=iHQ(IiJ!0g)(x) a.e., 0<j8<l, by which one may prove 

PROPOSITION 1. Iff&L»(E), p>X and 1 - ( 1 / £ ) < J 3 < 1 , then 

I7^f(x) - H0(JW)(*) = Ii~p(H0f)(x) ax. 

The next two propositions are concerned with the differentiability 
of the integral (3) and the interchange of the operations of fractional 
differentiation and integration. 

PROPOSITION 2. Iff&L*(E), Kp^2 and l-(l/p)<(a)<l, then 
ƒ(«}£!>(£) iff(H0f)

{a]e.L*(E). Furthermore, 

Hofl«Kx) = Ho(—Ii^)f<MKu))(x) = —/^>W<M>)(*) 
\du / dx 

- — h^iHofy^Kx) = W ) w (*) a.e. 
dx 

PROPOSITION 3. Let ƒ££*(£), l^p^2, l-(l/p)<(a)<l and 
fl"]GL*(E). Then 

ƒ<«>(*) -i.Ôk.c.««» I - ( f — ~ ) d t . 
«-•,+ J \»^t\*idx \ I x — /1<«>/ 

Applying a relation of L. von Wolfersdorf [8], valid for ƒ£!>(£) , 
1 <p g 2, 1 — (1/p) <]3< 1, one may express the Weyl integral (2) as a 
linear combination of the Riesz integral of ƒ and Hof, thus 

ƒ!_*(*) = cos ̂  (1 - j8) 7W(*) + sin -^ (1 - Mir* (Hof)(x) a.e., 

and correspondingly for the Riesz integral (3), 

iW(*) = cos — (1 - P) fi-?(x) - sin — (1 - |8) (H0f)i^(x) a.e., 
Z JL 
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equations which were also shown by H. Kober [5] using other 
methods. This gives 

(Hof)i-$(x) = Hoft„p(x) a.e. 

I t now follows that the definitions (6) and (7) of fractional dif­
ferentiation are equivalent. Indeed, 

THEOREM 2. Let f&L»(E), Kp£2 and l-(l/p)<(a)<l. Then 
/(«>GZ>(£) ifff{a]<ELp(E), which in turn holds iff fG Vv

a (or V*). 

PROPOSITION 4. LetfEL*(E), Kp£2 and l — l/p<(a)<l. Then 
f™EL*(E) iff(H0fy

a)eL»(E). FurthermoreH0f™(*) = (#0/) (a )(*0 ax. 

Of further interest are conditions an Lx-function ƒ must fulfill in 
order to admit a representation of the type f(x) = Iafji(x). We have 

THEOREM 3. Let f EL1 (E). Then 

(8) I ƒ V<*+«>{/(. + *) ~ 2/(0 + ƒ(• - t)}dt i - 0(1) 

uniformly in e>0 

iff there exists a juGBV(E) with f(x) ~Iuii(x) a.e. for 0 < a < l , or 
(Hof) (x) ~ix(x) ax. for a = 1 and (d/dx)f(x) = lZ-iix(x) a.e. for 1 <a < 2. 
Furthermore, (8) holds iff / G F~ p for 0 < a < l , / G VI for \^a<2. 

An analogous theorem holds for \<p^2. We conclude with the 
counterpart of a theorem of H. Weyl [9], 

THEOREM 4. Iff&L^E) and Iaix(x) =f(x) a.e., then | | /(- +h)-jf(0||i 
= 0(1*1"), 0 < a < l , i.e. / G L i p ( a , 1). Conversely, if ƒ G Lip (a, 1), 
/tars #m/,s a j^GBV(E) with f(x)~Ipp(x) a.e., where 0</3<a<l. 
# | | / ( - + * ) - 2 / ( . ) + / ( - - * ) | | i - 0 ( | A | ) f then ƒ(*)«ƒ,*(*) a.e., 
0 < ] 8 < l . 

With the help of these results we may solve the equation 

d ( d \* 
— u(x, t) = — ( — ZZo I /i-/3^(ff> /), lim u(x} t) = ƒ(#), 
dt \dx / i->0+ 

& = 1, 2, • • • , 0 < j 8 ^ 1 , Io = identity operator (which for k = 2, /3 = 1 
is the classical heat conduction equation) and obtain the generalized 
Weierstrass singular integral as the solution. This gives a further 
interpretation of the Bochner [ l ] operator 
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/ «PW» /d V 

( 0 < « - * = j 8 g l , £ = 1, 2, • • • ) 

Another interpretation is due to W. Feller [4]. 
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