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Introduction. Let I be a real Banach space, X* its conjugate
space with the pairing between w in X* and x in X denoted by (#, w).
The duality mapping J of X into 2X is given by

(1)

ƒ(*) = {w\ w G X*; [Ml = ||*||; (*, «0 = ||*|| .|H|},

for each * in X. For any Banach space X and any element * of Xt
J(x) is a nonempty closed convex subset of the sphere of radius ||x||
about zero in X*. If X* is strictly convex, J is a singlevalued mapping
of X into X* and is continuous from the strong topology of X to the
weak* topology of X*. J is continuous in the strong topologies if and
only if the norm in X is Cl on the complement of the origin.
D E F I N I T I O N . If T is a (possibly) nonlinear mapping with domain
D(T) in X and with range R(T) in X, then T is said to be accretive if for
each pair x and y in D(T),
(2)

(T(x) - T(y), J(x - y)) £ 0,

i.e. (T(x) — T(y), w) ^ 0 for all w in J(x—y).
If X* is strictly convex, the nonlinear accretive operators from X
to X coincide with the /-monotone operators studied in Browder [3],
[4] and Browder-de Figueiredo [8]. For linear T9 T is accretive if and
only if (-T) is dissipative in the sense of Lumer-Phillips [lO]. Functional equations for nonlinear accretive operators have also been considered by Vainberg [15] and related classes of operators and problems have been studied by Hartman [9], Mamedov [ l l ] , Murakami
[13], and Petryshyn [14].
It is our object in the present paper to present a number of general
existence theorems for solutions of nonlinear functional equations
involving nonlinear accretive operators which drastically improve
earlier results in this direction as given in the papers mentioned
above. The detailed proofs of these general existence theorems are
given in another paper [7]. In the second section of the present paper,
we give under somewhat sharper hypotheses a procedure of projectional or Galerkin type for computing such solutions. The convergence proof which is given in full is of special interest because it
depends in an essential way upon the fact that the existence theorem
for solutions has been given an independent proof. (We should also
remark that the proofs of the existence theorems of [7] are also
constructive but in a more complicated fashion.)
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When X is a Hubert space, J = / , and the accretive operators reduce
to the class of monotone operators. The special interest of the class of
nonlinear accretive operators T with domain and range in a Banach
space X is that under the hypotheses of the Theorems below, the
operators (~-T) coincide with the infinitesimal generators of oneparameter Co semigroups of nonlinear contraction operators in X,
(i.e. of nonlinear operators { U(t), t^O} such that for all x and y in X,
|| U{t)x— U(i)y\\ ^\\x—y\\. We distinguish contractions or nonexpansive operators in the terminology of Browder [3] from strict contractions F for which there exists a constant k< 1 such that || V(x) — V(y)\\
^k\\x—y\\9 (x, yÇzX)). Nonlinear accretive operators extend this
property of monotone operators in Hubert space, rather than the
characteristic properties of gradients of functionals on X, as for the
class of monotone operators T from X to X*. (For a survey of the
literature on the latter class, cf. [ l ] , [2], [5], [6].)
1. The present section is devoted to the statement of the general
existence theorems, in a simple operator-theoretical form.
T H E O R E M 1. Let X be a Banach space with a strictly convex conjugate
space X* and with the duality mapping J uniformly continuous from
the unit sphere in the strong topology of X to the strong topology of X*.
Let T be an operator with domain and range in X of the form T= —L
+ To, where L is a closed densely defined linear operator in X which is
the infinitesimal generator of a C0 contraction semigroup, while TQ is a
continuous nonlinear accretive mapping of X into X which maps
bounded sets into bounded sets. Suppose that the inverse image under T of
each bounded set is bounded.
Then R(T), the range of T, is dense in X.
T H E O R E M 2. Suppose that in addition to the hypotheses of Theorem 1,
we assume that for each bounded subset B of X, there exists a compact
mapping C of B into X and a strictly increasing continuous function
\from i?+= {*| * è 0 } to R+ with\(0) = 0, such that

(3)

|| ( r + C)x - ( r + C>y|| è A(||* - y\\);

(x, y G B H Z>(ïU

Then the range of T is all of the space X.
T H E O R E M 3. In Theorems 1 and 2, the hypothesis on the boundedness
of inverse images under T of bounded sets in X can be replaced by the
stronger hypothesis of J-coerciveness of T, namely :

(4)

(r(«), 7(«))/||«|| -• + «

(|M| -* + », u e

D(T)).

A corollary of the preceding results is the following generalization
of a theorem of Minty in Hubert space [12]:
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T H E O R E M 4. Let X be a Banach space with strictly convex X* and J
uniformly continuous on the unit sphere. Let T== —L + To, with L the
linear generator of a contraction semigroup, T0 a nonlinear accretive
operator which is continuous from X to X and maps bounded sets into
bounded sets.
Then T+kl, for any k>0, maps D(T) onto X and has a Lipschitzian
inverse mapping X into X.
T H E O R E M 5. In Theorems 1, 2, 3, and 4, if the Banach space X is
reflexive, the continuity condition on TQ can be replaced by demicontinuity, i.e. T0 is continuous from the strong topology of X to the weak topology of X.
T H E O R E M 6. Suppose that under the hypotheses of Theorem 1, we
assume that there exists a mapping J\ of X into X* of the form Ji(x)
=fi(\\x\\)J(x) with ft(r)>Ofor r>0 such that J\ is continuous from the
weak topology of X to the weak topology of X*. Suppose that X is reflexive
and To merely demicontinuous.
Then the range of T is all of X.

Theorem 6 contains as a special case for L = 0, the result of Browder
and de Figueiredo [8] obtained under the additional condition that
X is separable and satisfies condition (T)I of §2 below. A very special
case of Theorem 2 was established by Vainberg [15] for L = 0, To
satisfying a Lipschitz condition on each bounded set, and T=To
satisfying the inequality
(5) (T(x) - T(y), J(x - y)) g: m(r)\\x - y\\\

(\\x\\, \\y\\ â r),

with m(t) a positive decreasing function on R+ such that tm(t)-++ <*>
as t—*+ oo.
The proofs of our results are based upon a generalized method of
steepest descent obtaining the convergence of solutions of differential
equations of the form du/dt= — T(u)+R(t, u) for suitable perturbation terms R(t, u) with R(t, u)~-»0 as /—»+ oo. The proof of convergence is based upon new a priori inequalities for solutions of such
equations. (We remark that a discrete analogue of the ordinary
method of steepest descent was applied by Vainberg in [IS].)
2. We recall that a Banach space X is said to satisfy condition
(w)c for C ^ 1, if X is separable and if there exists a projectional system with constant C in Xf i.e. a sequence {Xn} of finite dimensional
subspaces of X, increasing with n and with their union dense in X,
and for each nf a projection Pn of X on Xn (i.e. Pl=Pn and R(Pn)
= X„) for which | | P n | | â C . Every Banach space with a Schauder
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basis has a projectional system for some constant C, and a space with
an absolute Schauder basis satisfies condition (w)i.
D E F I N I T I O N . Let Xbea Banach space with a projectional system^ T a
mapping of X into Xtfa given element of X, Then the equation T(x) = ƒ
is said to be projectionally solvable in the strong (weak) sense if the following two assertions hold:
(a) For each n*zl, the equation
Tn(xn) = PnT(xn)

=

Pn(f)

has an unique solution xn in Xn, and exactly one.
(b) As n—»+<*>, these solutions xn converge strongly (weakly) in
X to a solution x of the equation T(x) =ƒ.
Using the techniques of [8], Petryshyn [14] has shown that if a
reflexive Banach space X satisfies condition (w)% and has a weakly
continuous duality mapping J\ into X*, then for every continuous
mapping T of X into X which maps bounded sets into bounded sets
and satisfies an inequality of the form
(T(«) - T(y), J(x - y)) 2: A(||* - y||)||* - y\\
for a function X from R+ to R+ which is continuous with X(0)=0,
X(r)—>+ oo as r—>+ oo, the equation T(x) =ƒ is projectionally solvable
in the strong sense for each ƒ in X.
The arguments of Browder-de Figueiredo [8] and Petryshyn [14]
do not apply without assumptions like that of the weak continuity
of the mapping Ji. However, the writer has observed the following
general fact which should be very useful in further investigations:
If we know already that the equation T(x) = ƒ has a solution, then relatively weak assumptions ensure that the same equation is projectionally
solvable in the strong sense.
T H E O R E M 7. Let X be a separable Banach space with a projectional
system ({Xn},
{Pn}) with constant C ^ l , Ta continuous mapping of
X into X, and let Tn be the mapping of X into X given by
Tn=PnTPn.
Suppose that there exists a function X from R+ to R+ with X continuous
and strictly increasing, X(0) = 0 , such that f or all n:

(6)

|| Tn(x) - r.(y)|| à X(||* - y||),

(*,

yEXn).

Let f be a given element of X. Then the equation T(x) = ƒ has a solution
x in X if and only if the same equation is projectionally solvable in the
strong sense in X.
P R O O F OF T H E O R E M 7. Since projectional solvability implies solvability, it suffices to prove the converse. The inequality (6) implies
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that Tn as a mapping of Xn into Xn is injective and has a closed range.
Since Xn is of finite dimension, the range is open by the Brouwer
theorem of invariance of domain. Hence P(P W )=X W , and the equation Tn(xn) =Pnf has exactly one solution xn in Xn. It suffices to show
that Xn' ^Xy where x is a given solution of T(x) =ƒ, whose existence
we know by hypothesis. We know that
TmPnx = PnTx + Pm(TPnx

- Tx) = Pnf + Pn(TPnx

-

Tx).

Since Tn(xn) =Pnf and both xn and Pnf lie in Xnt we may apply the
inequality (6) and obtain:

\(\\pnx - xn\\) ^ \\Tnpnx - Tnxn\\ = ||p w (rp n * - r*)||
^ c||rp n *- r*||.
However, given 5 > 0, there exists yn in Xn for w sufficiently large such
that ||#—y n ||<$. For such n, we have
Pn%—Pnyn+Pn(x-~yn)
= yn+Pn(x--yn),
and therefore
||* - Pnx\\ ^ \\x - yn\\ + \\Pn(x - y n )|| g « + C*.
It follows that P n # converges strongly to x as n—» oo. By the continuity of r , TPnx—>Tx. Thus:
||* -

*n|| ^ | | * -

P«*|| + ||Pn* -

*n|| ^ | | * -

Pn*||

+ <7(c||rpn*-r*||)
with cr the inverse function of X which is continuous at zero. Hence
\\x—xn\\—>0, and xn converges strongly to * in X. q.e.d.
REMARK. Petryshyn [14] has shown under the hypotheses of Theorem 7 that if X if reflexive and X(r)—>+ °° as r—±+ oo, then the following condition is sufficient in order that the equation T(x) =ƒ be
solvable in the strong sense for every ƒ in X: (I) If xn converges weakly
to x with XnÇzXn, and Tnxn converges strongly to g, then T(x) = g. For
nonlinear accretive operators, however, a direct verification of condition (I) seems to demand a hypothesis of the existence of a weakly
continuous duality mapping.
We now apply Theorem 7 to the projectional solvability of T(x) =ƒ,
with T nonlinear and satisfying accretiveness conditions in a general
Banach space.
T H E O R E M 8. Let X be a Banach space with a strictly convex conjugate
space X* and a duality mapping J uniformly continuous from the
unit sphere in X to X*. Suppose that X has a projectional system
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( { X n } , {P n }) with constant C = 1. Let The a continuous mapping of X
into X, and suppose that there exists a continuous strictly increasing
mapping X of R+ onto R+, X(0) = 0 , such that for all x and y of X,
(7)

(T(x) -

T(y), J(x - y)) § X(||* - y||)||* - y||-

Then for every ƒ in X, the equation T(x) = ƒ is projectionally solvable
in the strong sense f or the projectional system ({Xn},
{P n }).
PROOF OF T H E O R E M 8. I t follows immediately from the inequality
(7) t h a t T satisfies the conditions of Theorem 2, and therefore t h a t
the equation T(x) = ƒ has exactly one solution x for each ƒ in X. We
shall therefore derive the conclusion of projectional solvability from
Theorem 7, and must verify the hypotheses of t h a t theorem. I t suffices to verify the inequality (6) with the same function X as in the
hypothesis of Theorem 8.
By the argument of [8], P%Jw = Jw for w in Xn. Hence for x and y
in Xn, (Tnx-Tny,
J(x~y)) = (Tx-Ty,
J(x-y))*\(\\x-y\\)\\x-y\\9
and

\\Tnx -

Tny\\ ^ A(||* - y||),

(x, y <E Xn).

q.e.d.
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