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For N=1, 2,3, - - - welet U¥ denote the Cartesian product of N
copies of the open unit disc U. L.e., U" consists of all z=(zy, - - -, 2n)
in C¥ (the space of N complex variables) with Iz,-] <tiforj=1,---,N.

We write U in place of U. If 1=p< 0, H?(U¥) is the space of all
holomorphic functions f in U¥ for which
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the supremum being taken over all choices of 71, - + -, 7y such that
0=<7;<1. The pth root of this supremum is defined to be ||f||,; this
gives a Banach space norm. (The boundary behavior of these func-
tions is discussed in Chapter XVII of [3].)

The class of all bounded holomorphic functions in U? is denoted
by H>(UY).

The zero-set of a function f defined in U¥ is the set of all zEU? at
which f(z) =0.

It is well known that the zero-set of every fEH?(U), for any p, is
also the zero-set of some g EH>*(U). These zero-sets, in one variable,
are completely characterized by the Blaschke condition (1 —| oz,~|)
< w. For N>1 a different phenomenon occurs:

THEOREM A. There exists a function f, not identically O, such that

(a) fEH?(U?) for all p< =, but

(b) if gEH*(U?) and if the zero-set of g coniains the zero-set of f,
then g is identically 0.

Let us call a subspace S of H?(UY) invariant if multiplication by
the coordinate functions 2, * - -, 2y maps S into S. The closed in-
variant subspaces of H?(U) are known precisely: they are generated
by inner functions [1, pp. 8, 25]. But if we consider the smallest
closed invariant subspace of H?(U?) which contains the function f of
Theorem A we obtain the following:

COROLLARY. If 1 £p < », there is a nontrivial closed invariant sub-
space of H?(U?) which contains no bounded function (except 0).
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To every fEH'(U) there correspond two functions g, hEH?(U)
such that fEgh. The usual proof of this factorization theorem [3,
Vol. I, p. 275] even shows that g and % can be so constructed that
their boundary values satisfy |g|2=|h|2=|f| a.e. The work of Hel-
son and Lowdenslager has extended this stronger result to H'-func-
tions on compact connected abelian groups G, where analyticity is
defined relative to some total order of the dual group of G [2, p. 208].
It seems likely that the factorization fails in HY(UW) if N>1. The
following theorem shows at least that the above-mentioned stronger
result fails very badly if N> 2.

THEOREM B. Suppose ¢>0, M < . There exists an irreducible
homogeneous polynomial f in 3 variables, with ||f||1<e, ||flls> M. For
any such f we have ||g||a||#l|e> M whenever f=gh and g, R H2(U?).

An immediate consequence of Theorem B is the observation that
the bilinear continuous map

p: HX(U®) X HX(U®) — HY(U?),
defined by u(g, k) =gk, is not open at the origin. This by itself may
imply that the range of u cannot be all of H'(U3).

In any case, Theorem B suffices to establish a “nonfactorization
theorem” for Dirichlet series. Let us say that a function F of the form

F(s) = i At

n=1

is a Dirichlet series of class H? (1=p < =) if (a) the series converges
absolutely in the open right half-plane, and (b)

T
sup{lim 1/2Tf | F(o + it) lpdt} < o,
-7

>0 (T—-w
(The existence of the limit is assured by almost periodicity.)

TueoREM C. There exists a Dirichlet series of class H' which is not a
product of two Dirichlet series of class H?.

We conclude with brief outlines of the proofs.

Proor oF THEOREM A. Fix a number R>1. Let {ax} be a sequence
of complex numbers, |ax| =1, such that every point of some infinite
set E occurs infinitely many times in {ak}. Let {nk} be a rapidly
increasing sequence of positive integers. Define

o0 = [Tt - (° ey

e 2




1066 WALTER RUDIN [November

Note that | z+asw| <2 on the closure of U? and that equality occurs
only on a circle in the distinguished boundary T?, i.e., on a set of
measure 0. Hence {#:} can be chosen inductively so that the integrals
J7*|fn|? are bounded, as m— , for each p <  (the bound will de-
pend on p), where f,, denotes the product of the first m factors. The
product will also converge uniformly on compact subsets of U2 Thus
fEH?(U?) and f does not vanish identically.

Suppose g&H*(U?) and g=0 whenever £=0. For BEE and A\&U
put gs(\) =g(\, BN). If o=@, then gg vanishes at every ngth root of
1/R. This happens for infinitely many k, and since gs&H*(U) one
deduces from Jensen’s formula that gg(\) =0 for all A€ U. In other
words, the zero-set of g contains every disc

Ds={(\,B8\:NE U} (BEE).

All these discs intersect at (0, 0). This forces g to be identically 0.

Proor oF THEOREM B. Let P, be the space of all homogeneous
polynomials of degree %, in 3 variables. If # is large enough, there
exists f & P, with ||f]l1<e, ||f]ls> M. A dimensionality argument shows
that the irreducible members of P, form a dense (in fact, open) sub-
set of P,. Hence we can adjust f so that it is irreducible. If now f=gh,
g= 2 g, h= 2 hi, where g, and k; are homogeneous polynomials of
degree k, then fis the product of the lowest nonvanishing components
of g and h, say f=g;hn—j. But f is irreducible. Hence j=0 or j=n.
Finally, ||g|la=]|gi|s» since the various gi’s are orthogonal to each
other; likewise, || Al|2 = || #n—j|s-

Proor oF THEOREM C. There are homogeneous irreducible poly-
nomials fx(z1, %, 23) with ||fills <27%, ||fil|a>%. Let N be the degree of
fx let Cx be the sum of the absolute values of the coefficients of fj,
let {p;} be an increasing sequence of distinct primes such that

pak > (k2Ck)k/Nk,

and define

F(s) = ,; Fe(Bsky Dos1, parra)-
Our choice of {p;} assures the absolute convergence of the Dirichlet
series of F(s), if Re s>0. With the aid of Theorem B it follows easily
that this F has the properties stated in Theorem C. In fact, one can
even show that F is not the product of any finite number of Dirichlet
series of class H2
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