CATEGORICAL ALGEBRA
SAUNDERS MACLANE

1. Introduction. Category, functor, and natural transformation of
functors are notions of great generality—and consequent simplicity.
They apply to many different parts of mathematics. Now 22 years
old, they have recently attracted especially active interest in many
quarters. This interest is probably a reflection of the very rapid cur-
rent proliferation of mathematical ideas—a situation favoring and,
indeed, almost requiring unifying notions such as those of category
and functor.

This article, a revision of the notes used in the Colloquium Lec-
tures of the American Mathematical Society for 1963, will summarize
a number of the developments which use categories, with particular
attention to the ubiquity of adjoint functors, the utility of abelian
categories, a unified categorical treatment of types of algebras, rela-
tive homological algebra via adjoint functors, differential graded ob-
jects, and universal algebra via suitable “very small” categories. For
some items of detail, I refer to my book Homology [77] and references
in the style “Gertrude Stein [1929]” are to the bibliography there.
Other references, in the usual style, are to the bibliography at the
end, which is intended to cover recent literature of the subject in
tolerable completeness.

Especial acknowledgments are due to S. Eilenberg, with whom I
collaborated in the initial development of some of the ideas presented
here. My own approach has also been much influenced by the stimu-
lating ideas of a number of young mathematicians, especially Freyd,
Harrison, Kelly, Lawvere, and Linton. My studies on this subject
have been supported in part by a grant from the National Science
Foundation, and more extensively over the years under several con-
tracts and grants from the Air Force Office of Scientific Research;
the preparation of the revision of this paper was supported in part
by the National Science Foundation under grant NSF G-16428 to
the American Mathematical Society.

CHAPTER I. FUNCTORS AND ADJOINTS

2. Categories. Let C be a class of objects 4, B, C, - - - together
with a family of disjoint sets hom(4, B), one for each ordered pair
A, B of objects. Write f: A—B for fEhom(4, B), and call f a map or
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a morphism of C with domain A and codomain B. Assume a rule which
assigns to each pair f: A—B, g: B—C of morphisms a unique mor-
phism gf=g o f: A—C, called their composite, and note that this com-
posite gf is defined precisely when the range of f is the domain of g.
There are two axioms:

Associativity: If f: A—B, g: B—C, and h: C—D, then h(gf) = (hg)f;

Identity: To each object B there exists a morphism 1z: B—B such
that always

1sf = f, glg =g, for f1A—>B and g:B—C.

Under these axioms, C is called a category. In a category C the set
hom(4, B) of morphisms from 4 to B will be variously denoted as

4
hom(4, B) = hom¢(4, B) = C(4, B) = C(B).

Given the object B, the identity morphism 1z is uniquely deter-
mined by the properties displayed above. Indeed, a category may be
described completely in terms of its morphisms, ignoring the objects.
Thus let C be a class of “morphisms” f, g, & in which a composite gf
is sometimes defined. Call a morphism # an <dentity of C if uf =f when-
ever the composite uf is defined and gu=g whenever gu is defined.
The axioms then are:

(i) The product k(gf) is defined if and only if the product (kg)f
is defined. When either is defined, they are equal. This triple product
will be written as hgf;

(ii) The triple product kgf is defined whenever both products kg
and gf are defined;

(iii) For each morphism f of C there exist identities # and %’ such
that #’f and fu are defined.

It is readily verified that this definition is equivalent to the pre-
ceding one and that the identity morphisms are precisely the mor-
phisms 15, which are in one-one correspondence 1z<»B with the ob-
jects. A category with only one object (often called a monoid) is
just the same thing as a semigroup with identity element.

In a category C, a morphism e: A—B is invertible (or an equiva-
lence) if there is a morphism ¢’: B—A4 with ¢e=1, and ee’=15. If
¢’ exists, it is unique, and is written as ¢’ =e¢~.. As usual, (e1e;)™?
=e¢;lei’! when eje; is defined and both e; and e; are invertible. Two
objects A4 and B are equivalent in C if there is an invertible e: A—B.
A category in which every morphism is invertible is a (Brandt)
groupoid; a groupoid with only one object is a group.
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A morphism k: A—B is monic in C if it is left cancellable. Dually, a
morphism u: A—B is epic if it is right cancellable.

An object T is terminal in C if to each object 4 there is exactly
one morphism 4—7. (This terminology is due to J. A. Zilber.) If T
is terminal, the only morphism T'—T is the identity, and any two
terminal objects in C are equivalent. Dually, an object J in C is
initial if to each object A there is exactly one morphism J—A.

Next, some examples:

The category Ens of sets has as objects all sets S, T, - -, as
morphisms all functions from S to T with the usual composition (gf
means first apply f, then g). In this category, the monics are the in-
jections (the functions one-one into), and the epics are the surjections
(functions onto). The empty set is initial, and any one-point set is a
terminal object.

The category Gr of groups has objects all (multiplicative) groups,
morphisms all group homomorphisms. Clearly, the monic morphisms
are the monomorphisms, while, with a more delicate argument, the
epics are the usual epimorphisms. The group with one element is both
initial and terminal in this category.

Ab, the category of all abelian groups, has objects all (additive)
abelian groups and morphisms all groups homomorphisms. Again,
monics in Ab are monomorphisms and epics are group epimorphisms.

If Ris any ring, the category R-Mod has objects all left R-modules,
morphisms all homomorphisms of such. There is a similar category
of right R-modules, of R-bimodules, etc.

The category Top of topological spaces has as objects all topologi-
cal spaces X, V, - -+ - and as morphisms all continuous maps f: X— Y.
Again, monics are injections and epics, surjections. The one-point
space is terminal, and the empty space is initial. Similarly, one may
form the category of all Hausdorff spaces or of all compact Haus-
dorff spaces.

The category Htp has as objects all topological spaces X, 7, - - -,
while a morphism a: X—Y is a homotopy class of continuous maps
f: X—Y; in other words, two homotopic maps fo~g: X— Y determine
the same morphism from X to Y. The composition of morphisms is
the usual composition of homotopy classes of maps. In this category,
the homotopy class of an injection need not be a monic, as one may
see, for example, for the injection of a circle into a disc (as the bound-
ing circle of that disc). This category Htp, which arises naturally in
homotopy theory, shows that a morphism in a category need not be
the same thing as a function. There are a number of other categories
which are useful in homotopy theory: For example, the categories of
CW-complexes, of simplicial sets, and of Kan complexes.
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Enss will denote the category of pointed sets. By a pointed set is
meant a nonvoid set P with a selected element, written * or #p, and
called the “base point” of P. A map f: P—Q of pointed sets is a func-
tion on the set P to the set Q which carries base point to base point;
i.e., which satisfies f(*p) =#*¢. The pointed sets with these maps as
morphisms constitute the category Enss. In this category the set {*}
with just one point (the base point) is both an initial and a terminal
object. A morphism f is monic in Ensy if and only if it has a left in-
verse, epic if and only if it has a right inverse, and invertible if and
only if it is both monic and epic.

Similarly, Tops denotes the category of pointed topological spaces:
the objects are spaces X with a designated base point *; the mor-
phisms are continuous maps f: X— ¥ which send the base point of X
to that of V. Again, Htpy is the category with objects pointed spaces
and morphisms homotopy classes of continuous base-point-preserv-
ing maps (where also the homotopies are to preserve base points).
Both categories arise in homotopy theory, where the choice of a base
point is always made in defining the fundamental group or higher
homotopy groups of a space.

Another example: Let P be any partly ordered set; that is, a set
equipped with a binary relation ¢ £b which is reflexive and transitive.
Make P into a category P with objects the elements of P, while the
set homp(a, b) is either empty or has exactly one element, the latter
when @ =b. The composition rule is then forced. Any small category
in which no set hom(4, B) has more than one element arises from a
partly ordered set in this way.

These various examples indicate that each type of mathematical
system gives rise to a corresponding category, whose objects are the
systems of that type and whose morphisms are the maps of such
systems. Put differently, this approach suggests that whenever a new
type of mathematical system is defined, one should simultaneously
define the morphisms of that system.

A category has been described here as a “class” of objects (or as a
class of morphisms). Here “class” is used in the sense of G&del-
Bernays set theory: In that theory one may form the class of all sets
or of all groups (where a group is regarded as a set with added struc-
ture, etc.). This avoids the difficulties otherwise attendant upon the
“set of all sets.” In particular, if the class of objects (and hence the
class of all morphisms) of a category C is a set, we call C a small
category. For certain further purposes, the treatment of categories as
Godel-Bernays classes does not allow enough flexibility; for example,
one can speak of the category of all small categories but not of the
category of all categories. These difficulties are outlined in MacLane
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[76]. Various types of solutions to these foundational difficulties
have been proposed: The use of “locally small” categories [76], the
use of a set theory with an ample supply of strongly inaccessible
cardinal numbers; Grothendieck’s use of “universe,” with an axiom
insuring that every set is contained in a universes (Gabriel [1962]);
see also Sonner [95]. In closely related connections, Lawvere (un-
published) has considered axioms on the category of all sets and on
the category of all small categories.

3. Constructions on categories. If C; and C, are categories, their
product C, X C; is the category with objects the ordered pairs (41, 43)
of objects 4;EC;, while a morphism (41, 42)—(Bi, Bs) is an ordered
pair (fi, fo) of morphisms f;: A;,—B,, for ¢=1, 2, with the evident
composition. The product of any indexed family of categories is
similarly defined.

Each category C determines a dual or opposite category C°P. The
objects of C°P are the objects of C, while the morphisms f*: B—4 of
Cer are in one-one correspondence with the morphisms f: A—B of C,
but note that the direction is reversed. The composite f*g*=(gf)*
is defined in C°? exactly when gf is defined in C. Hence the codomain of
f* is the domain of f, while f* is monic if and only if f is epic, etc. Pas-
sage from C to C°P yields a categorical duality. Alternatively, the
axioms for categories are self-dual. Hence there is a meta-mathemati-
cal duality: Any demonstrable theorem about categories remains
demonstrable if the order of composition is reversed. This reversal
amounts to reversing all arrows, interchanging “domain” with “co-
domain,” “monic” with “epic,” and “terminal” with “initial.” This
type of duality, cf. [75], has been extensively studied in topological
cases by Eckmann-Hilton. More recently, there has been an explicit
formulation of a notion of dual functor (Fuks [35], [36]; Fuks-Svarc
[37], Mitjagin-Svarc [81], Svarc [101]), with existence theorems for
such functors (Linton [71]).

For any category C, the category Morph(C) has as objects the
morphisms f: 4 —B of C and as morphisms m: f—f' the pairs m = (a, b)
of morphisms a: A—A’ and b: B—B’ of C such that the square

H 4 > B
ml la \lb
bifs 4! ——————————3 B’

commutes. The composition of two such morphisms is evident. (Paste
the first square on top of the second and erase the junction.) Actually,
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these squares can be regarded as the morphisms of a different cate-
gory (paste the first square to the left of the second, and erase b); the
squares are thus morphisms of two categories, suggesting Ehres-
mann’s extensive investigation of “double categories” [23].

The category Morph(C) is but one example of many similar con-
structions. For instance, one may consider the category whose objects
are all commutative squares; the morphisms are then evidently quad-
ruples of morphisms of C which form, with the two given squares,
an appropriately commutative cube.

For a fixed object 4 in the category C we may form the category
C/A of “morphisms with range A.” An object in C/4 is a morphism
h: H—A (for any H); if » and h’': H'—A are two such objects, a
morphism f: hb—4" of C/A is a morphism f: H—H’ of C such that
h'f=rh; the composition of morphisms of C/4 is evident (that of C).
This construction has been used extensively by Grothendieck, who
calls C/A4 the category of objects above 4.

Similarly, there is a category C/md4 whose objects k: K—A are
the monics of C with range A. A subobject of A may be defined to
be an equivalence class of objects in this category (cf. Homology,
XII, §2). A dual procedure defines quotient objects. Under suitable
assumptions on the category one may then construct the lattice of
subobjects (or, dually, of quotient objects) of an object 4. In this
fashion, lattice theory, which started from similar general considera-
tions of algebraic systems, appears as a suitable part of the study of
categories.

4. Functors. A functor is a map of categories. More explicitly, a
(covariant) functor F: B—C on B to C consists of an object function F
and a mapping function, also written F. The object function assigns
to each object B of B an object F(B) of C; the mapping function
assigns to each morphism f: B—B’ of C a morphism F(f): F(B)
—F(B’) of B in such a way that

M F(lp) = lrwmy,  F(ef) = (F(Ff),

the latter whenever the composite gf is defined. The composite of two
functors G: C—D and F:B—C is a functor G o F: B—D. Under this
composition, the functors are the morphisms of a category; more
exactly, of Cat, the category of all small categories.

Note some examples of functors. First, let F(S) be the free group
generated by the set .S. Since each function f: S—S’ can be extended
to a unique group homomorphism F(f): F(S)—F(S’), this yields a
functor F: Ens—Gr on the category of sets to that of groups. Again,
the function which assigns to each Lie group its associated Lie alge-



46 SAUNDERS MAC LANE [January

bra is (the object function of) a functor on the category of Lie groups
to that of Lie algebras; much of the elementary theory of Lie groups
can be regarded as the development of properties of this functor. In
topology, the construction of the fundamental group m(X) of a space
X vyields a functor m;: Top«—Gr; indeed, since maps of spaces homo-
topic (relative to the base point) induce the same homomorphism on
the fundamental groups of these spaces, we may regard m; as a functor
defined on the category Htps discussed above, in which the mor-
phisms are homotopy classes of continuous maps. Similarly, for n>1,
each higher homotopy group yields a functor ,: Htps—Ab. The co-
homology groups (singular, Cech, or Alexander-Spanier) of a space
yield functors H*: Top—Ab; the homotopy axiom for these cohom-
ology groups states that homotopic maps yield the same group
homomorphism, and hence each H* is, in reality, a functor Htp—Ab.
The standard axiomatic homology or cohomology theory is a formu-
lation of the properties of these functors, and would hardly have been
possible without the language of categories and functors. The more
recent “extraordinary” cohomology theories, such as K-theory, are
also instances of functors.

On any product category C.XC,, there are two “ projection”
functors

(2) Py C1><Cz‘—'>01, P;: C; X C;— C,

defined on ordered pairs by P;(Ci, C;)=C; and P;(fi, f2) =f: for
i1=1, 2. Moreover, to any pair of functors F;: B—C; with a common
domain category B there is a unique functor G:B—C,;XC, with
P,G=F; and P,G=F,. The product category C;XC, with its projec-
tions (2) is determined up to isomorphism by this property. (An
isomorphism of categories C, C’ is a functor J: C—C’ whose object
function and mapping function are both bijections.)

Given two functors F, G: B—C, a natural transformation t: F—G is
a function ¢ which assigns to each object B of B a morphism #(B):
F(B)—G(B) of C in such a way that every morphism f: B—B’ yields
a commutative diagram

F
F(B) 9 > F(B')

) (B) oB')

G
G(B) ¢ > G(B')
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If, in addition, each ¢(B) is invertible in C, call {: F—G a natural iso-
morphism or a natural equivalence, and write ¢: F=G. Note that the
inverses £(B)~! then constitute a natural {~!: G=F. For example, let
Abf be the category of all finite abelian groups and I: Abf—Abf the
identity functor. Let D(G) be the character group of the group G;
then the double character group D(DG) may be regarded as a functor
D o D: Abf—Abf; the standard construction of the isomorphism
t(G): G=2D(DG) of a group to its double character group is a natural
transformation of I to the functor D o D. On the other hand, there
is for each group G an isomorphism s(G): G=DG of G to its character
group, but this isomorphism depends on a choice of generators in G
and can not be natural (for example, is not natural as a transforma-
tion s: I—D, where D is regarded as a functor by restricting the
morphisms to isomorphisms). A parallel example is the familiar natu-
ral isomorphism of a finite-dimensional vector space to its double
dual.

A functor G:B°P—C is also called a contravariant functor on B to
C. By definition, it is determined by an object function and a mapping
function such that always

€)) G(1s) = le¢m, G(gf) = G(f)G(g);

the essential observation is that the order of the composition is in-
verted in the second equation. A functor H: AXB—C is also called a
(covariant) bifunctor on A, B to C. Such a bifunctor can be deter-
mined by functors of one argument in the following fashion (Homol-
ogy, Proposition 1.8.1). Let Fg: A—C and C,:B—C be functors,
given for each object Bin B and each 4 in A. If always Fg(4)=G4(B),
and if, for each pair of morphisms f: 4—A4’ and g: B—B’, we have
the commutativity

©®) Fp:/(f)Ga(g) = Ga(Q)F5(f): Fp(4) — Fp:(4'),

then there is a (unique) bifunctor H with H(A4, B)=G4(B) and
H(f, g) =Fs(f)Ga(g). Every bifunctor H: AXB—C can be so de-
scribed. By the same token if K is a second such bifunctor, a trans-
formation ¢: H—K is natural if it is natural in each variable (in A or
B) separately. Multifunctors with mixed variance can be constructed
similarly.

In particular, hom(4, B) for any category C may be regarded as a
bifunctor. Indeed, morphisms f: 4’—A4 and g: B—B' yield “induced”
maps

(6) f*: hom(4, B) — hom(4’, B), g«: hom(4, B) — hom(4, B')
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of sets, defined for h: A—B as f*(k)=hof and g«(h) =g o h. Since
F*gx=g«f*, asin (5), homcg: C°? X C—Ens is a functor to the category
of sets, contravariant in the first argument and covariant in the
second. By fixing the first or the second argument we get two functors
of a single variable,

) ha: C — Ens, ha(B) = hom¢(4, B),
8 hB: Co» — Ens, hB(A) = hom¢(4, B),

called, respectively, the covariant and the contravariant homfunctors
for the category C.

As Freyd has observed, “category” has been defined in order to be
able to define “functor” and “functor” has been defined in order to
be able to define “natural transformation.” Now note that the defini-
tion of a category is so constructed that each function f: X—4 (in
the category of sets or in some other category) must have, not only
a definite set X as domain, but also a definite set 4 as range or co-
domain—and this codomain is by no means the same thing as the
image of the set X under the function f. For example, let 4 be a sub-
group of the abelian group B. Take a set of pairs which is the graph
of a function; that is, a subset P CX XA which contains to each
xE X exactly one pair (x, @). Now P determines a function f: X—A4
and also a function f': X—B, but we do not follow the once frequent
practice of identifying these two functions. They must count as differ-
ent functions if we are to have functors. To show this, take a third
abelian group G and recall the well-known fact that 4 a subgroup of
B need not imply that the tensor product 4 ® G is a subgroup of
B®G—nonzero elements of finite order in 4 ® G may become zero in
B®G. If the tensor product is to be a functor, then group homomor-
phisms f: X—A and f': X—B must induce, under this functor, cor-
responding group homomorphisms f®1: X®G—4®G and f/®1:
XQ®G—BQ®G. Were f identified with f’, this simply wouldn’'t work
because 4 ® G need not be contained in B®G. The same point is
more vivid in the case of topological functors: 4 a subspace of B by
no means implies that the homology of 4 is a subgroup of the homol-
ogy of B. More technically, a functor need not carry monics to
monics.

5. Operations on functors. If F;: B,—C,, for =1, 2, are functors,
their product is the functor

F1 X F3: By X Bo— C; X Cy,

defined on ordered pairs of objects and of morphisms by






