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1. Let M be a compact riemannian manifold. It is a classical problem to find a lower bound for the number of closed geodesies on M,
i.e., of curves which can be parametrized as a geodesic segment which
has the same point as initial and as end point and has no corner there.
The only result known to hold for arbitrary manifolds M is that
there is at least one closed geodesic on Af, cf. Fet [5], Svarc [14],
Olivier [ l l ] . To get a more precise result it will presumably always
be necessary to make assumptions on the topological structure of M.
So it is known, e.g., that a nontrivial element of the fundamental
group of M does determine a closed geodesic which represents this
element. The case which has been studied most thoroughly so far is
that M is diffeomorphic to the usual m-sphere Sm. After preliminary
results of Poincaré [12], Birkhoff [2], Lusternik-Schnirelmann [7],
Morse [9; 10] and Lyusternik [8], a rather complete answer was obtained by Al'ber [ l ] . He assumes (as also Morse does in his work)
that the diffeomorphism <£: M—*Sm satisfies the following condition:
There is a c > 0 such that
(*)

c\\d<t>X\\ S \\X\\ < 2c\\d4>X\\

for any tangent vector X to M. Here, || F|| denotes the length of the
vector F. Obviously, this condition may be interpreted as saying
that the diffeomorphism <p shall not differ too much from the similarity with the factor c. Now, Al'ber's result reads as follows:
Let M be a compact riemannian manifold for which there exists a
diffeomorphism <t>: M—>Sm satisfying (*). Put m = 2k+s with
0Ss<2k.
Then there exist at least 2m — s — \ closed geodesies on M of which none is
a covering of another one. All have their length in the interval [2irc, 4:wc[.
The algebraic number of closed geodesies is at least (m + l)m/2.
The last statement is due to Morse [9; 10 ]. The algebraic number
of closed geodesies is obtained when counting each geodesic with a
certain multiplicity. For this we refer to Al'ber [ l ] .
2. In the present paper, we announce the corresponding result for
a manifold which is diffeomorphic to an arbitrary compact symmetric
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space of rank 1. To simplify the statement of the result, we restrict
ourselves to the irreducible symmetric spaces and exclude the sphere
which is taken care of by Al'ber's result.
Let PW(X), X £ {l, 2, 4, 8 } , be the projective space over the reals
( X = l ) , the complex numbers (X = 2), the quaternions (X = 4) and the
Cayley numbers (X = 8), having real dimension n = mk è 2X, with m = 2
forX-8.
T H E O R E M . Let M be a compact riemannian manifold for which there
exists a diffeomorphism </>: M—>PW(X), satisfying (*). Put m = 2k+s,
with
0^s<2k.
Then there exist at least 2m — s — 3+2X closed geodesies on M of which
none is a covering of another one. All have their length in the interval
[27TC, 4:7Tc[.
The algebraic number of closed geodesies on M is at least
(m(w + l)/2)(X(X + l ) / 2 ) .
REMARKS. 1. If M is diffeomorphic to a product of r irreducible
compact symmetric spaces of rank 1, with a diffeomorphism satisfying (*), then the number of closed geodesies on M is at least equal to
the sum of the numbers we have obtained for the irreducible factors
of the product, minus (r— 1).
2. Note that, for the case of the real projective space P m ( l ) , we
get the same number as for the sphere Sm.
3. There seems to be a possibility to extend the methods and results to cases where M is diffeomorphic to a riemannian homogeneous
space H of a more general type than considered in the present paper.
The one important property H should have is that there are spheres
on H which would allow us to introduce great circles and circles on H.

3. We give a few indications of the proof of the theorem which
follows, in its great lines, the proof Al'ber gives for the case of the
sphere. Incidentally, it seems that some points in Al'ber's paper need
clarification which can, however, be reached.
Denote by P(m) = P(P m (X)) the space of piecewise differentiate
closed curves on Pm(X) where all curves consisting of just one point
are being identified. On P(m) we have the usual metric. There are
two subspaces of P(m) which play an important role. The space
G{m) = G(Pm(X)) of great circles on the X-spheres in P m (X), representing the projective lines in PW(X). G(m) is a manifold of real dimension 2\m — 2.
The space C(m) = C(Pm(\)) of circles on the X-spheres in PW(X)
with all point circles being identified. C(m) is a pseudomanifold of
real dimension 2Xm+X—-3.
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We use the inclusion maps
U
i
G(m) -» C(m) -+ P(m)
to obtain information on the singular spectral homology and cohomology groups of P(m), in the sense of Cogosvili [4]. The spectral
homology groups H°g are taken with coefficients Z2 and the discrete
topology. The spectral cohomology groups HI are endowed with the
compact open topology. H°a is the character group of HI and HI is
dense in the character group of H°a.
A main result is now: i*: H°a(C(m))—>H°q(P(m)) is injective and the
dual homomorphism i*: Hl{P{m))-~^Hl{C{m)) is surjective.
For the proof we have to know in detail the homology and cohomology of G(m) and C(m). This information is obtained with the
help of intersection arguments, as introduced by Chern [3],
We recall that the length of a topological space is the maximal num ber of cohomology classes of positive dimension which have a product
5^0, plus 1, cf. Frolofï-Elsholz [ô] and Serre [l3].
The length of C(m) is found to be 2m — s — 3 + 2X, with m = 2k+s,
0Ss<2k.
Since i* is injective, this number gives a lower bound for
the length of P(m)
=P(Pm(k)).
Using the diffeomorphism <f>, we now identify M with P m (X). If we
talk of geodesies, of length of curves and of other properties referring
to a riemannian structure on M — Pm(K), we mean the riemannian
structure of M.
Let z be a homology class F^O in H*(P(m)). Taking up an idea of
Birkhoff [2] and Lyusternik [8], we show that z determines a closed
geodesic as follows: Take, among the cycles representing the homology class z, one for which a curve of maximal length has minimal
length. A curve of maximal length in such a cycle then is a closed
geodesic.
Different homology classes zqÇE:Hq(P(m)) and zpÇE:Hp(P(m)) this
way might yield the same closed geodesic. However, if zp is subordinated to zq, that means, if there is a cohomology class f q~~p of dimension q — p>0 with zqr\Çq~p = zp, then, according to Lyusternik I.e.,
either a closed geodesic determined by zq has length strictly greater
than the length of a closed geodesic determined by zp, or else there
exist a (q — p) -dimensional family of closed geodesies of the same
length. It is for the proof of this fact, that the singular spectral theory of Cogosvili is being used. We have in H0(C(m)) a sequence of
2m — s — 4 + 2X cohomology classes rji, rç2, • • • of positive dimension
which have a product F^O. Let u be the fundamental class of C(m).
With this we form the sequence u, w n ^ i ^ w H ^ i j n ^ , • • • of
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2tn — s — 3+2X homology classes F^ 0. In this sequence, every homology class is subordinated to any preceding one. From the fact that
the inclusion homomorphism i*: Hl{C{m))---:>Hl(P{m)) is injective it
follows that we have also in H*(P(tn)) such a sequence, with the
same properties. Hence, there are at least 2m — s — 3+2X different
closed geodesies on M. The fact that all these closed geodesies have
their length in the interval {lire, 4TC[ and that none is a covering
of another one are simple consequences of the metric restriction (*) we
did impose upon the diffeomorphism <£: M—>Pm(X).
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