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As in the previous note [l] B is a bounded region, x = ( ^ ) G B , 
and subscripts on w, v, w, c denote partial differentiation. We assume 
u, v, w, c£C (2 ) in B and continuous in B> although these conditions 
are unnecessarily restrictive.1 The normal derivative uv is as in [l], 
p = + or p = —, ep and bp are nonnegative constants, and || || denotes 
the Euclidean norm. Conditions with T are for # £ 5 , those with R 
iorx&B. 

As an introduction to the problems we shall consider, let 

Tu = a(x)u + ^3 ai(%)ui — ]T) ai3(x)uij, Ru = u — k(x)up 

where a(x)^A, \ai(x)\ ^Au an(x) = l, [/%(#)]à0, 0£k(x)^K, and 
\xi\ ^b. Suppose y = y(xi) satisfies, for \xi\ ^b: 

E = mî(Ay - Ai\ y'| - y") > 0, D = mi{y - K\ J / | ) > 0. 

Then the inequalities 

(1) p(Tu - Tv) S ep and p(Ru - Rv) û àp 

imply p(u — v) ̂ y(xi) max (ep/E, hp/D). The condition on a,\ can be 
replaced by a{^ —A\ if y'èzO and by ai^Ai if yf ^ 0 . 

The usefulness of this result and the ease of its proof suggest that 
it be extended to nonlinear problems, and that is our purpose. We first 
consider the operator and continuity conditions : 

Tu = a(x} u, Ui) — 23 aij(%> uk)uij, 

(2) \\aij(x,uk) — aij{x9vk)\\ ^ Ai\\uk - v*||, 

p[a(x, u, Ui) — a(x, v, Vi)] g: — Ai\\ui — Vi\\ for p(u — v) > 0. 

Usually these hold only for u and s/, but in Theorem 1 they hold for 
every pair of solutions, the constants depending on the pair: 

THEOREM 1. Let T be as in (2) and let Ru — kiix, u)~-k2(x, uv) where 
&2 is nondecreasing andjki is strictly increasing in the last argument. Sup­
pose the problem TW = T(X), Rw=p(x) has solutions of the following two 
types : 

1 The main condition really needed is that p(u—v) be upper semicontinuous in the 
closure of the set where p(u— v)>0. 
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(i) a solution w = u such that [a^(x, Uk)] èO, x G 5 ; 
(ii) a solution w = v such that, for some function c(x), 

inf X) aiAx) Vk)CiCj > 0, inf 2 3 0#(#> i*k)cij > — <*>, a; £ -B. 
a; x 

Then u = v, and there is no other solution. 

The hypothesis (i) can be written in the form 

(3a) mi(x)[aij(x, uk)] + m2(x)[aij(x, vk)] ^ 0 

and the hypothesis (ii) in the form 

X) MijCiCj è Mi, X) m>ijCu = M2, 
(3b) 

ma = mz{x)aij{x, uk) + m^a^x, %). 

We now suppose the mi are any functions whatever satisfying 

(3c) mi + m2 = m% + nii = 1, | W;| â Af,-, | mi — m%) ^ Mi3 . 

A hypothesis H is said to hold "in the neighborhood of the maximum" 
if to each fixed compact subset SQB corresponds a positive constant, 
ty, such that H holds at those points of 5 where simultaneously 

|| Ui — i>t-|| < y, m — rj < p(u — v) < m, m — sup p(u — v). 

THEOREM 2. Let R be as in Theorem 1, and let the following hypothe­
sis hold in the neighborhood of the maximum: T has the f or m (2), and 
there exist multipliers mi and a function c such that (3) holds with 
Mi>0, fx2> — oo. Then 

p(Tu - Tv) S 0 and p(Ru - Rv) ^ 0 =» p(u - t>) g 0. 

This result (which contains Theorem 1) follows by setting y = ao 
—aeP° and considering the behavior of p(u — v)—y at its maximum. 
A similar method yields stability when 

Ru = U — &(#, W„), />[&(#, uv) ~~ Hx> Vp)] S K(\ s\) 

for p(uv — î>„) g s, 

the function i£(s) being continuous, nonnegative, and increasing for 
5 ^ 0 . Assuming 

(5) \\ui3\\ g u2, ll̂ ll ^ r„ o ^ ^ c , ||«|| ^ l, Ĥ ll g c2 

we have: 

THEOREM 3. Let (l)-(5) M d wi/A M I > 0 , let X>0, <md fo/ MI/3= 1 or 

m/3 = 1• + ^ i + i2(M2î72 + MiV2) + \A2Mu - ju2, 
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whichever is larger. Let e p^e 0 , where €0(j3+C2) =X sech /3C, and define 
£* = €*> sinh &C. Then p(u-v)Sàp + CÇp+K(¥). 

If (cij) èO we can replace C2 and /*2 by 0 in Theorem 3. 
Similar results are valid for the operator 

(6a) Tu = a(x, u, u{) — ] £ aij(x> «*)«# ~ 23 <*w0&, Um)uijUki 

where wm, like Ui and «*, means (ui, w2, * * • , wn). Denoting the func­
tion on the right of (6a) by —ƒ, we set 

(6b) 
Mij^Mu) +fij(v). 

THEOREM 4. Le/ r 6e as iw (6), te/ Ru = k(x, u, uv), and let a and /3 

&£ nonnegative constants. Suppose (Mij)^0for Ui~Vi, and further: 

(i) p[a(x, u, Ui) — a(x, v, Vi)] > ep for p(u — v) > a, Ui = Vi, 

(ii) p[k(x, u, up) — &(#, v, vy)] > ôp farp(u — v) > ($, puv ^ pvP. 

Then (1) implies p(u — v) ^ m a x (a, j3). 

The proof follows by consideration of p(u — v)—y, y = max (a, /3). 
We now assume 

(7) ||<*<ƒ*«(*> «») "~ 0<j*l(*, O i l ^ ^ « m - Wm||. 

The procedure used for Theorem 2 yields : 

THEOREM 5. Let T be as in (6) and R as in Theorem 1. Suppose the 
following hold in the neighborhood of the maximum : 

(i) for some c(x) the matrix (My) satisfies 

(Mij) ^ 0, inf, X MijdCj > 0, inf* ]T) MyCy > — » , 

(ii) the continuity conditions (2) and (7) are flafo'd. 
77^w p(Tu-Tv) ^ 0 aa<Z p(Ru-Rv) ^0=>p(u-v) gO. 

If the coefficients in (6) do not involve the first derivatives then (i) 
can be replaced by (i') : The matrix (My) ^ 0 and has only countably 
many zeros in B. This extension holds if, instead of u, v^C(2\ we 
have only existence of (u — v)i a t each x for some i = i(x). Theorem 5 
implies a uniqueness theorem that strongly generalizes the results of 
Rellich [3]. 

As in [2] the Lipschitz-type terms i4||#»- — Vi\\ in Theorems 1, 2 and 
5 can be replaced by g(||w™v<||) where the function g(s) is positive, 
continuous and increasing for s > 0 , and fods/g(s)= <*>. By requiring 
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cy>0 and strict monotony of ki{x, uv f ) on part of dB one readily ex­
tends these results to mixed boundary-value problems. Corners are 
allowed, even if Ru= —uv at all but one point of dB. 
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