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As in the previous note [1] B is a bounded region, x= (x;) €B,
and subscripts on #%, v, w, ¢ denote partial differentiation. We assume
u, v, w, cEC® in B and continuous in B, although these conditions
are unnecessarily restrictive.! The normal derivative u, is as in [1],
p=-+ or p= —, €? and 9? are nonnegative constants, and H H denotes
the Euclidean norm. Conditions with T are for x € B, those with R
for x&aB.

As an introduction to the problems we shall consider, let

Tu = a(x)u + 2 ai(®)u; — 2 a5;(*)us, Ru = u — k(x)u,
where a(x) 24, |ai(x)| £ 41, aulx) =1, [2:;(x)]20, 0=k(x) £K, and
|x:1] £b. Suppose y=y(x1) satisfies, for x| <b:

E = inf(dy — 4:|y'| —¥") >0, D=inf(y—K|y|)>0.
Then the inequalities
1) p(Tu — Tv) < e and p(Ru — Ro) < 67

imply p(u—v) £y(x:) max (e?/E, 6?/D). The condition on a; can be
replaced by a1= — 4, if ¥ 20 and by ¢: =4, if ¥ 0.

The usefulness of this result and the ease of its proof suggest that
it be extended to nonlinear problems, and that is our purpose. We first
consider the operator and continuity conditions:

Tu = a(x, u, u) — 2 ai(x, we)usj,
2) Ha,-j(x, ) — ai;(2, vk)” = Al” Uy — ”k”:
plax, u, u) — a(x,v,0)] = — A1|]u¢ - v.-|| for p(u — v) > 0.

Usually these hold only for # and v, but in Theorem 1 they hold for
every pair of solutions, the constants depending on the pair:

THEOREM 1. Let T be as in (2) and let Ru=ki(x, u) — ka(x, u,) where
ks is nondecreasing and ki is strictly increasing in the last argument. Sup-
pose the problem Tw=r1(x), Rw=p(x) has solutions of the following two

types:

1 The main condition really needed is that p(u —v) be upper semicontinuous in the
closure of the set where p(u—v)>0.
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(i) a solution w=u such that [a:;(x, u)] =0, xEB;
(ii) a solution w=v such that, for some function c(x),

inf > ay(x, w)eic; > 0, inf Y ay(x, w)ey; > — ®, x € B.

Then uw=v, and there is no other solution.
The hypothesis (i) can be written in the form
(3a) ma(®) [aii(x, )] + ma() [aii(x, v)] = O
and the hypothesis (ii) in the form
(3b) D MiCic; Z pay D Mijcii Z pa,
mi; = m3(x)aij(x, up) + ma(x)a(x, v).
We now suppose the m; are any functions whatever satisfying
Bc) mitmi=ms+mi=1, |mi| <M, |m —ms] = Mis.

A hypothesis H is said to hold “in the neighborhood of the maximum”

if to each fixed compact subset S C B corresponds a positive constant,

1, such that H holds at those points of S where simultaneously
s — ol <n, m—n<plu—1v)<m  m=supp(u— ).

THEOREM 2. Let R be as in Theorem 1, and let the following hypothe-
sis hold in the neighborhood of the maximum: T has the form (2), and
there exist multipliers m; and a function ¢ such that (3) holds with
M1>0, Mg > — ©, Then

p(Tu — Tv) =0 and p(Ru— Rv) < 0= p(u —v) < 0.

This result (which contains Theorem 1) follows by setting y=aq
—aef® and considering the behavior of p(#—v) —y at its maximum.

A similar method yields stability when
@  Rw= ), plkn w) ~ k)] S K(]s])
for p(u, — v,) < s,

the function K(s) being continuous, nonnegative, and increasing for
s20. Assuming

®) Nudll = U ol s Ve 0=c2C, Jlof 21, leill = Cs
we have:

THEOREM 3. Let (1)—(5) hold with u1>0, let X\>0, and let yB=1 or
uiB = 14+ 4,4 Az(MzUz -+ Mle) + NoMys — M2,
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whichever is larger. Let €? < e, where €,(B+Cz) =N\ sech BC, and define
Er=¢? sinh BC. Then p(u—v) <67+ Ctr+ K (£7).

If (cij) 20 we can replace C; and 2 by 0 in Theorem 3.
Similar results are valid for the operator

(6a) Tu = a(x, 4, u) — 2 @i, wi)this — 2 @ijua(%, Un) hijthay

where #n, like u; and u, means (%1, us, - - -, #,). Denoting the func-
tion on the right of (6a) by —f, we set

fii(w) = aii(x, wm) + 2 [aiua(®, tm) + r1ii(2, Un) a1,
Mi; = fij(u) + fii(v).

THEOREM 4. Let T be as in (6), let Ru=Fk(x, u, u,), and let oo and B
be nonnegative constants. Suppose (M;;) Z0 for u;=v;, and further:

(6b)

() pla(x, u, w) — a(x, v, )] > € for p(u — o) > a, u;= v,
(i) ple(x, , ) — k(x, v, v,)] > o» far p(u —v) > B, pu, < po..
Then (1) implies p(u—v) Smax (a, B).

The proof follows by consideration of p(u—v) —y, y=max (a, B).
We now assume

) lese(®, 1) = asia(, vw)l| < Belltm — oui].
The procedure used for Theorem 2 yields:

THEOREM 5. Let T be as in (6) and R as in Theorem 1. Suppose the
following hold in the neitghborhood of the maximum :
(i) for some c(x) the matrix (M;) satisfies

(Mij) = 0, inf, Z MijCiCj > 0, inf, Z M,'jcij > — o,

(ii) the continuity conditions (2) and (7) are valid.
Then p(Tu—Tv) <0 and p(Ru—Rv) £0=p(u—1v) 0.

If the coefficients in (6) do not involve the first derivatives then (i)
can be replaced by (i’): The matrix (M;;) 20 and has only countably
many zeros in B. This extension holds if, instead of %, v&EC®, we
have only existence of (#—v); at each x for some ¢=14(x). Theorem 5
implies a uniqueness theorem that strongly generalizes the results of
Rellich [3].

As in [2] the Lipschitz-type terms 4||u;—v,| in Theorems 1, 2 and
5 can be replaced by g(“ui—w”) where the function g(s) is positive,
continuous and increasing for s>0, and [3ds/g(s) = «. By requiring
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¢,>0 and strict monotony of ky(x, %, T) on part of dB one readily ex-
tends these results to mixed boundary-value problems. Corners are
allowed, even if Ru= —u, at all but one point of dB.
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