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1. Statement of result. We continue our study of the function
spaces L2, begun in [7]. We recall that fEL%(E,) when f=K, * ¢,
where ¢ S L?(E,). K. is the Bessel kernel, characterized by its Fourier
transform Kq(x) =1+ |2)==/2, Tt should also be recalled that the
space L%, 1 <p < «, with % a positive integer, coincides with the space
of functions which together with their derivatives up to and including
order k belong to L?; (see [2]).

1t will be convenient to give the functions in L% their strict defini-
tion. Thus we redefine them to have the value (K, * ¢)(x) at every
point where this convolution converges absolutely. With this done,
and if a«— (#—m)/p>0, then the restriction of an fELL(E,) to a
fixed m-dimensional linear variety in E, is well-defined (that is, it
exists almost everywhere with respect to m-dimensional Euclidean
measure). The problem that arises is of characterizing such restric-
tions.

The problem was previously solved in the following cases:

(i) When p is arbitrary, but a=1, in Gagliardo [3].

(ii) When p=2, and « is otherwise arbitrary in Aronszajn and
Smith [1]. In each case the solution may be expressed in terms of

another function space, WZ, which consists of those fEL?(E,) for
which the norm?

Wl + [fEnfEn | [ 'I'yy])”;:{(x) |2 dxdy]”p

is finite, when 0 <a <1, When 0 <a <2, there is a similar definition
of W2 (consistent with the previous one for 0 <a <1) which replaces
the difference f(x —y) —f(x) by the second difference f(x —y) +f(x+v)
—2f(x). Finally for general a=2, the spaces W2 are defined recur-
rently by fE W2 when f&L? and of/dx, EWZI_, k=1, - - - n.

In stating our result we let E,, denote a fixed proper m dimensional

subspace of E,, and Rf denote the restriction to E,, of a function de-
fined on E,.

1 The author wishes to acknowledge the support of the Alfred P. Sloan Foundation.
2 Such norms were considered when #=1 in [5]. The space is also considered in
[6] and [9]; in the latter it is denoted by AZ”.
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THEOREM. (a) The restriction mapping R is continuous from LZ(E,)
to Wi(En), if B=a—(m—mn)/p, as long as >0, and 1 <p< =,

(b) Conversely, there exists a linear extension mapping &, defined on
functions of E,, to function of E., so that & is continuous from Wi(E,.)
to LE(E,), and R(&(g)) =g for every g Wg(E.,), as long as 3>0 and
1<p< w3

It should be pointed out that the spaces L%, when either « is inte-
gral or p=2, are in some sense exceptional. Only in these cases can
the elements of L? be characterized in terms of the L? modulus of
continuity (i.e. conditions bearing on H fle—y)— f(x)H » when say
0<a=1). In particular, L% is equivalent with W2 only if p=2; see
Taibleson [9]. It is known* that the restrictions of WZ(E,) are ele-
ments of WE(E,) with f=a— (n—m)/p. As we shall see, this result
is an immediate consequence of our theorem. Thus we have the inter-
esting situation of two different spaces, L2 and W%, having identical
restriction spaces.

2. Proof of the Theorem. What follows is a sketch of the proof,
details omitted. We consider the case m=#n—1, 0 <a <1; the general
case is dealt with similarly. We shall make consistent use of the fol-
lowing notation: latin letters, %, ¥, 2, - + + will stand for variables of
E,_1 considered as a subspace of E,; greek letters £, 19, ¢, - -+ for
points in E;, which is the orthogonal subspace. Thus the pair(x,£)
belongs to E,. Also if f(x, £) is a function defined on E,, then H £ Ollp
will denote L? norm with respect to the x variable, £ fixed; ||f(-, )|,
will denote the norm taken over both variables. Using the same con-
vention, ||g(- +) —g(-)||, will stand for

+o » i/p
(149 - stlas)
We make consistent use of the following classical estimate [4].

LeMMA. If ®(£) =[5 K (&, n)d(n)dn, where K is homogeneous of degree
=1, then [ ®() [dE <A77 | $(n) |"dn, where

4 =f | KA, n) | n~Yrdy < .
0

Now suppose that f&L2(E,); then f=K, *¢ where ¢ & L?(E,);
and the norm of f in L?, ||f| 5.« is given by |||l 5.« =||¢l|,- Let g=R(f).
Then

3 The mapping & is defined on all locally integrable functions of E.
¢ This result is due to several Soviet authors. For references see [9], and the paper
of O. V. Besov in Trudy Steklov Inst. Acad. Sci. USSR 60 (1961), 42-81.
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@ =[ [ 650K 00z

G Ep—1
Hence,
6] = [ llote = 5 K ],

where 1/p-+1/g=1. From this it follows that
el slec Mo [ 15 s = aloll, = Al

This is a consequence of the fact that fE,,_1||Ka(z, Vldz< = if
a—1/p >0, which follows easily from the estimates

Ko(z,8) = 0(| 2|t + gtz for | |2+ g2 — 0,
and

Uzl

Ka(z,8) = O(exp 5 ) for |z|2+ £2— w;

see [1].

Next, define gi(x) by ge(x) =[x, ¢(x—2, £)Ka(s, §)dz. Thus g(x)
= [g(x)dt. We have

llgeC- +5) — &)l < [laC:, s)llpr | Kals = 3,9 — Kals, 8| 5.

n—1

Using the fact, (see, [1]) that VK,=0(|x|2+£2) 14212 and the
previous estimates on K,, it can be shown that the last integral is
dominated by A[y|"1+“¢(5/|y[), where x//(u)=0([u|‘1+°‘) as u—0
and O(lul“”"‘) as u—», (0<a<1, here). From this it follows that

llgC- =9 — gl
<4 el o (-, £)|| ,d ~2+af| (-, JdE |
- [‘/‘IEISMIEI “(b( 5)” £+ Iyl ‘flilzlvll El H¢( E)” E]

An application of the lemma then shows, since 1>a>1/p,

@ f E,_Jl%ﬂ% =4 f_:||¢><-, oll5a

= 4llgll7 = 4llfl>..
Combining this with (1) above proves part (a) of the theorem. To
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prove the converse, assume that gE W3(E,_1), and g is sufficiently
smooth. The smoothness is no restriction of generality since our esti-
mates will be seen to be uniform in the norm. To define the extension
operator, choose Y & Cg (E,-1), [r,_ ¥ (x)dx =1, and ¢ vanishes outside
the unit sphere. Also choose A& Cg (E1) so that N(0) =1.

Let

® o) =19 =2@ el [ o= w0/ ey
n—1

Notice that f(x, 0) =g(x) and [|f(-, -)||, =< Al|gl|-

In order to prove that f&EL%(E,), we shall consider F=Ji_.(f),
and show that FELJ(E,). This will suffice because J;_, is a norm-
preserving isomorphism of L% onto L}. To prove F(x, §) € Li(E,) it
suffices to show that F, dF/dx:, 0F/d¢ all belong to L?(E,). How-
ever, this is clear for F itself, because f& L?(E,) and Ji_, does not in-
crease the L? norm. Thus we consider d F/dx;. Now

P9 = [ [ Kiate nfte = 9, & = dsn

However

i)
a{:(’“’f}' < Alzl-"f‘ | g — 3) — ¢() | d,

vislEl
by (3), because

f —a— Y(x)dx = 0
8xk

and ¢ vanishes outside the unit sphere. Also, as we have seen
| Kia(z, )] SA(|5]2+£2)nH1-o12, Therefore we see

i}

" b?kF(x, E)‘ = Aff (| z|2 + n?)(~n+1—a)l2l £ — 7l|‘"

f |g(x—y—z)—g(x—2)ldydzdn.
lyls|é—al

Let us now set w(y) =||g(- —3) —g(-)||,,) and

Qp) = p"‘““"f w(y)dy, 0<p< o,

lyl<e

Then by (4) and Minkowski’s inequality for integrals we get
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‘ oF
axk

< Af f (I lz + ,72)(—”+1—-a)/2I £ — ﬂl—l-f-aﬂ(l £— ,,,l )dndsz.
E

n—1

Carrying out the integration of z over E,_; gives

o0
sa [ lalele=aleatl e = )i

= a [ g =nlelalen( o] yan.

A two-fold application of the lemma then shows, since a>1/p,

9F =4 f [2)]7dp < 4 f wr()dy

-a_x; Epet ' 9y ‘n~1+8p

axk

lg(x — ) — g@) |
= A4 f rle Iyl"“”ﬂv dydx 5

n=1

V4

Similar estimates hold for dF/9£. This completes the proof of the
theorem.

3. Further remarks. We have the following corollary of our theo-
rem

CoroLLARY. (a) If f € LE(E,), then Rf € Li(E.), when B = «
—(n—m)/p>0,and 1<p=2.

(b) If gELR(E.), B=a—(n—m)/p>0, then &(g)ELL(E.), ¢
25p< o,

Part (a) of the corollary is due to Calderon [2]. Part (b) is its
appropriate converse. The corollary follows from the theorem and the
known continuous inclusion relations W2ZC L%, if 1=<p=<2, and
L2CW?2if 2£p< = ; see Taibleson [9].

We shall now point out how to obtain an analogue of our theorem
which replaces L2(E,) by WZ(E,). Thus let f& Wi(E,). By part (b)
of the theorem it has an extension to a function in E,;; which belongs
to L2 1/,(Eny1). By part (a) this extension, when restricted to E,, be-
longs to Wi(E.), where 8=oa— (n—m)/p. However this restriction is
obviously the restriction of our original f. Therefore the restriction of

5 To prove this one may also use an #n-dimensional variant of the lemma; see
[8, Lemma (3.5)].
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an fEWZ(E,) belongs to WE(E,). In the same way the analogous
extension property is proved.
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