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Introduction. In a recent note in the Bulletin [1], the writer
announced some results established in [2], generalizing the theorems
of Walsh and Mergelyan, on uniform approximation by solutions of
elliptic differential equations of arbitrary order for which the prop-
erty of uniqueness in the Cauchy problem holds. The generalization
of the Walsh theorem stated in [1] was restricted to elliptic operators
with constant top-order coefficients. It is the object of the present
note to state some sharper results whose proofs appear in [4] among
which is the complete generalization of the Walsh Theorem to elliptic
operators with variable top-order coefficients. The strengthening of
the technical apparatus underlying these proofs permits also the
generalization of our approximation theory to some classes of non-
elliptic operators, and in particular to hyperbolic operators and to the
class of operators of principal normal type having strongly pseudo-
convex level surfaces which have been recently studied by Hérman-
der [5].

In order to obtain sharper approximation theorems, we must con-
sider domains which are more smoothly bounded than the mildly
regular domains of [2], namely the following:

DEFINITION. Let G be a precompact domain N in Er. Then G is
said to be firmly regular if for each point xo of bdry(G) there exists a
neighborhood N, a constant h>0, and a unit vector &, |£o] =1, such
that the cone at x given by

Co={yiy=a+r,0<r<h |t =1, |t—&]| <h}

is completely contained in G for each x in NNG.
The basic property of firmly regular open sets which underlies our
approximation theorems is the following:

LemMma 1 (LEMMA 8 oF [4]). Let G be an open subset of E*, Gi a
firmly regular open subset with compact closure in G, A o linear differ-
ential operator of order r with coefficients in C'(G).

(a) Let u be an element of the Sobolev space Wr—4(G) with support
in Gy such that Au is a finite Radon measure on Gi. (We denote the space
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of finite Radon measures on Gy by M(G:).) Then there exists a sequence
{\If,,} with each ¥y, in C7 (G1) such that

¥, — u in Wt4(Gy),
Ay, — Au in the weak* topology on M(Gy).

(b) Let u be an element of Wr—1.9(G) with support in Gy such that
Au&ELYG). Then there exists a sequence {‘I’k} from C7(Gy) such that

¥, — u, n W'—I'G(Gl),
AV, — Au, in LY(G,).

Using Lemma 8 together with a general approximation argument
given in [2] and [4], we establish the following results:

THEOREM 1 (THEOREM 2 OF [4]). Let G be an open subset of E*, Gy
a firmly regular open subset with compact closure in G. Suppose that A
is a linear elliptic differential operator with coefficients in CY(G) such
that A’, its formal adjoint, also has its coefficients in C'(G). Suppose
that G—Gy has no compact components and that A’ satisfies the condi-
tion (U), of uniqueness in the Cauchy problem in the small on G.

Let S be the family of solutions u in C'(G) of the equation Au=0 in
G, S the family of solutions uy in C°(Gi)N\C"(G1) of the equation Auy,=0
in Gy. Then the restrictions of S to Gy are dense in Sy in the uniform
norm on Gi.

THEOREM 2 (THEOREM 4 OF [4]). Let G be a bounded open subset of
E* contained as a proper part of another bounded open set G'. Suppose
that the boundary T of G is a manifold of class C*» (m=1) in E* and
let Gy be a firmly regular open subset with compact closure in G such that
G' —G, has no compact components. Suppose that Ty is a proper open
subset of T bounded by a finite number of (n—2)-dimensional manifolds
of class C* in I’ and such that T'g lies on the boundary of G’. Let A be
a regularly elliptic, differential operator of order 2m on G', with coeffi-
cients in C1(G') and such that A’ has coefficients in C*(G'). Suppose that
A’ satisfies the condition (U), of uniqueness in the Cauchy problem in
the small on G’.

Let S be the family of solutions u in C*(G)NC"Y(G\JUT'y) of the
equation Au=0 in G with null Dirichlet data of order m on Ty, Si the
family of solutions uy in C*™(G))MNC*(Gy) of Aur=0 in Gi. Then every
u1 in Si can be approximated in uniform norm on Giby functions u in S.

We remark that we have extended Theorem 2 to the class of regular
elliptic boundary value problems in [3].

To state our results on the nonelliptic case in a concise form, we
introduce the following definition:
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DEerFINITION. Let A be a partial differential operator of order r with
C= coefficients on an open subset G of E*, G1 and G2 firmly regular open
subsets of G with GiCGs, G compact in G. Then the pair (G, Gy) is
said to be an approximation pair with respect to A on G if the following
condition holds:

(1) If u€ &' (G) has its support in Gy and A'u has its support in Gy,
then u must have its support in G.

In the terminology of [2], condition (1) states that the 4’-envelope
of Giin & (Gy) is the set G itself.

TuEOREM 3 (THEOREM 6 OF [4]). Let A be a partial differential oper-
ator of order r with coefficients in C*(G), G1 and G firmly regular open
subsets of G with GyCGa, Gy compact in G. Suppose that (Gi, Gs) is an
approximation pair for A on G in the sense of the above Definition.
Suppose further for a given ¢, 1 <g< »,j=0, that if u and A'u both lie
in W;*G), then u must lie in W, "14(G).

Let S be the family of solutions u of the equation Au=0 in G, with u
lying in Wi»(Gs) (p=q(g—1)~Y), Sithe family of solutions ui of Au,=0
in Gy with uy lying in Wi2(Gy). Then the restrictions of the functions of
S to Gy are dense in Sy in the norm of Wi»(Gy). In particular,if j>n/p,
the functions of S are dense in S1 in the uniform norm on Gi.

We remark that for hyperbolic operators 4 and for p=2, the
hypotheses of Theorem 3 follow for pairs of domains (Gi, G;) such
that Gy— G: (or more precisely, G—G,) can be swept out by continu-
ous families of space-like surfaces, as follows from Leray’s theory of
hyperbolic equations [6]. Similar conclusions for operators of prin-
cipal normal type with strongly pseudo-convex level surfaces may be
derived from Theorem 3 by applying the recent results of Hérmander

[5].
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