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This note is a sequel to the previous one [1], and is devoted to some
applications of the results of the latter to adele groups. The results
are valid for linear algebraic groups defined over number fields, but
this case is easily reduced to that of groups defined over @ [3,
Chapter 1], to which we shall limit ourselves for simplicity.

The notation of [1] is freely used. For the unexplained notions
concerning adeles, see [2; 3].

1. Adeles. Let G be a connected algebraic linear group defined over
Q. The adele group attached to G is denoted by G4. The group Gg
is identified with the subgroup of principal adeles of G4; it is discrete.
We put

Gi=Ge X ]I Gz (Z,: ring of p-adic integers).
p prime
By definition, G}, endowed with the product topology, is an open
subgroup of G4. The group G is said to be of type (F) if G4 is the
union of a finite number of double cosets G3-x-Go(xEG4) [2].
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Let X g(G) be the group of rational characters of G, defined over Q.
Each x€X g(G) induces a continuous homomorphism x4: G4—I1(@),
where I(@) is the idele group of @. Composed with the norm map-
ping 9: I(@)—Rt, it yields a continuous homomorphism 7 0 x4: G4
— R+, Let yG4 be the intersection of the kernels of the homomor-
phisms 7 0 x4(x €X g(G)). It is unimodular [2, Proposition 11] and
contains Gg. The group G is said to be of type (M) (resp. (0)), if
~Ga/Gg has finite invariant measure (resp. is compact), [2].

THEOREM 1. Let G be a connected algebraic group, defined over Q.
Then G is of type (F) and of type (M). Ii is of type (C) if and only if
every unipotent element of Gg belongs to the radical of Gg. The quotient
G4/Gg is compact if and only if G is of type (C) and X o(G) =1.

In view of the results of [2], it is enough to prove this for reductive
groups. To this end, a fundamental set for Gg in G4 is constructed
by a method which is quite analogous to the one outlined in [1, §3].
This yields condition (F), and reduces the other assertions to Theo-
rems 1, 3 of [1].

2. Let GL(m, A) and SL(m, A) be the adele-groups attached to
GL(m, @) and SL(m, Q) respectively. These are groups of automor-
phisms of 4™, the free module of rank m over the adele ring 4 of Q.
A rational homomorphism 7: G—>GL(m, C), defined over @, induces
a continuous homomorphism 7 4: G4—GL(m, A), for which the fol-
lowing analogue to Theorem 2 in [1] holds:

THEOREM 2. Let G be a connected reductive algebraic group, defined
over @, m: G-GL(m, C) a rational representation, defined over Q, and
vE Q™ a point whose orbit is closed. Then v-w4(Ga)N\Q@™ is the union
of a finite number of orbits of Gg.

(In this statement @™ is identified with the principal adeles of 4™.)

3. Principal homogeneous spaces. Let G be a connected algebraic
group defined over Q. A principal homogeneous space V of G, over Q,
is a variety defined over @, on which G acts as an algebraic trans-
formation group by means of a morphism G X V—V defined over @,
and such that for any v& V, the map g—g-v is a birational biregular
map of G onto V. (Since we are in characteristic zero, this last con-
dition is equivalent to: G is simply transitive on V.) Two such spaces
V, V' are isomorphic over @ if there exists a G-equivariant birational
biregular map of V onto V’, defined over @.
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THEOREM 3. Let G be a connected reductive group defined over Q. Then
the principal homogeneous spaces over @ which have rational points in
all completions of @ form a finite number of isomorphism classes.

Assume GCSL(n, C). Let w: SL(n, C)—>GL(m, C) be a rational
representation defined over @, for which there exists a point v&E @™
whose orbit V is closed and whose isotropy group is G [1, Lemma 2].
It is not difficult to show that the orbits of SL(z, @) in v-w4(SL(%n, 4))
are in 1-1 correspondence with the isomorphism classes of principal
homogeneous spaces over @ which have rational points in all com-
pletions of @, hence Theorem 3 follows from Theorem 2.

REMARKS. (1) Theorem 1 was known for solvable groups [2] and
for many classical groups [3].

(2) Theorem 3 is well known for algebraic tori. In this case, the
principal homogeneous spaces in question may form several classes.
It is not known to the author whether there may be more than one
class when G is semi-simple (and connected). For further remarks
on this question, see S. Lang, Bull. Amer. Math. Soc. vol. 66 (1960)
pp. 240-249,
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