ON CONTINUITY OF INVERSE OPERATORS
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This paper concerns the so-called “closed graph theorem” or “open
mapping theorem” (cf. [2; 3; 5; 6]). We intend to introduce here
only the main result. Discussion is restricted to some general indica-
tions as to applications of the theorem proved. The full paper will be
published in Studia Mathematica.

Suppose we have been given countable sets T, S, a subset N of the
set T% of all T-valued functions defined on .S and a family of linear
spaces with pseudonorms? X, ,, [ -[,.,q, where (p, q) runs over the
union of all graphs from N and all X, , are linear subspaces of the
same linear space X. Denote briefly (N, X,,q, [ ‘| 5.0) by §. Having
fixed § we associate with each (p,) €N a linear space with pseudo-
norm defined as follows:

X(pq) =N qu.qi | xl(pg) = Zz—nl x|pqn.q,.(1 + | x]pqﬂy w™h

qES n=1

where S=q1, g3, - - - . Assuming X =Ug)en X(p) we introduce §-
boundedness in X as follows: a sequence (x,) CX is said to be -
bounded if (x.) is bounded in at least one X ), | -l(pq) in the usual
sense. Suppose there is given a BC topology () in X.? The topology
(1) s said to be represented by § if the notions of F-boundedness and
(7)-boundedness coincide.

If for given § there exists at least one BC topology that is repre-
sented by {, then this topology must be given by considering a
pseudonorm being continuous on X iff it is continuous restricted to
any X (), l ~|<,,q), with (p,) € N. Therefore there is at most one BC
topology that is represented by given F and we denote this topology
by (r5).

A locally convex topology (r) is said to be (b)-complete if each
bounded mapping of an A-normed* space Z into X can be extended
to the completion of Z. (b)-completeness follows from sequential
completeness, and remains after bornologic fortification of the initial
topology.

1 Supported by National Science Foundation Grant G 14600.
2 Pseudonorms are not necessarily homogeneous.

3 BC =bornologic locally convex.

4 h-norm =homogenous norm.
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Two topologies (1) and (7;) are said to be o-compatible if from the
fact that (x,) tends to x; in (71) topology and to x: in (73) topology
follows that x; =x,.

The purpose of this paper is to prove that under some conditions
listed below as (), (8) and () and concerning &, each (b)-complete BC
topology of X which is o-comparable with (rg) is identical with (rg),
provided that (7g) is represented by § and is itself (b)-complete.

Let N(U, (po)) = {(r)) EN: ry=p, for g€ U}. § is said to be afy-
representation if the following conditions are satisfied:

() Given (pg)ETS. If N(U, (py)) is nonvoid for each finite UCS
then (p) EN.

(B) Given (pg) €EN and finite nonvoid U CS. Then

n Xpga C ) Xk,» and U X=X foreachr € S.
€l (kQ)EN (U, (pg) (ke)EN

(v) Given S=U;.; U,, where U,C Unsi-finite nonvoid, (p)EN

and .
E Xnts

=1

rea =0 forg&S.

% © N X,,0  limsup

q€EU, 1

Then there exists (p;) EN(Us, (pg)) such that (x,) CX, and

k
Z xn+1‘

i=1

e = 0.

lim sup
n k

Conditions (a), () and (¥) are set in such a way that starting
with afy-representable spaces and constructing spaces of linear trans-
formations, dual spaces, tensorial products, countable projective and
inductive limits, we have the natural afy-representations for the new
spaces.

In order to follow the main theorem we will concentrate on two
very important examples.

Let D be the space of all infinitely differentiable functions with
compact carriers defined on an open convex subset Q of k-dimensional
Euclidean space and suppose Q is the union of compact convex sub-
sets £,, where Q, CInt Q,4;. We set for ¢&D

l‘l’lp,c: sup{ | Dr‘/’()\)l INE Qy, I’I <Q}’

where r=(r1, - - -, 11), lrl =r+ - - +r.and all p, g, r; are positive
integers. We set further

Dy = {¢ € o: ! ¢ Ip,q < =, ¢ vanishes outside Q,,}.

The (7§) topology induced by §=(T%, Dp,q [-[,,q) is the initial
topology of D as introduced in [4] and is afy-represented by §.
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Let now o' be the dual of D, i.e. the space of all distributions
over Q. We set for TE€ 9D’

[ Tll5.c = sup{| Te| : | $len < 156 € Dy},
Dy ={TE€ V:||T]|5e < =}.

Again (rg) is offy-represented by § = (7%, D,,, ” '”,,,q) and coincide
with the strong topology of 9'.

THEOREM. (A) Suppose F=(N, Xp.q | . | ».q) Satisfies (o) (B) and
(1), X=Upyen Xy, all spaces X Y | * | vy are complete, Z, ” H 1s
a complete normed space, Z is a linear subset of X and if(x.) CX 5pMZ,
|| — 21| —0, | 260 — 262 w0, then x1=1x,.

Then there exists (po) EN such that Z CX 5y and for (x.) CZ ”x,,“—)O
implies Ixnl 0.

(B) Suppose that there exists an ofy-representation of a (b)-complete
BC space X, (7). Then, whatever is an oy (b)-complete BC topology (p)
in X, (p) is the same as (1) provided (p) and (1) are compatible.

It is significant that even in the case of distribution spaces the theo-
rem yields the not trivial fact that all one-to-one continuous map-
pings of ©’ onto D’ have the continuous inverses.

PROOF OF THE THEOREM. Suppose we have proved the following
lemmas:

LemMmA 1. From (a) and (B) follows that there exists (po) EN such
that for each finite nonvoid UCS the set ZN(Ngev Xy,,q) is of the
second category in Z.

LEMMA 2 (BANACH). Let us consider two normed linear spaces W, I |
and V, | -| and let V be a second category linear subset of W, Il
Then to each €>0 there corresponds n>0 such that

({z€v: 2| <dl-D{yem:bl <},
where the closure =" is taken in W, ||-||.

To prove the theorem we take (p,) from Lemma 1, arbitrary ¢>0
and a finite nonvoid U C.S. Suppose (g1, ¢z, * - - ) is a sequence of all
elements from S—U. We set Uy=U and U;= U;.,\J{g:} for i=1.
Denote Z,=(Ngev, Xp,,0)NZ. From Lemma 2 follows that

{y€ z:|hll <m}Clix € Zaes: | 2|os < (1/2)"e} ]~

holds for some (3.),7=1, 2, - - -, where len=max{ |x|,,¢,q: qc< U,.}.
If ||9]| <1, then there exists x:EZ, with |x:1|o<(1/2)¢, such that
ly —21|| <n1. Suppose we have xi, - - -, x,EZ such that

(*) %0 € Zn1, | #a|no1 < (1/2)7, ||y — (@14 « - - + 24)|| < min(ya, 1/7).
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Since Hy—(x1+ S —l—x,,)” <a, there is x,1&EZ, with Ix,.+1|,,
< (1/2)»*'¢ and such that H [y — (e + - - - +xa)] — x,.+1||
<min(fa41, 1/(n+1)). Hence there is a sequence (x,) satisfying (*)
for each n. We have for g€ U, and n=m

m+k 0 0 ©
sup| 25 @il = 2 |wmla= X !x,-lf_lg( > (1/2)1@)-»0
k T=m+1 pg.q T=m+1 =m+1 r=m+1 m

and thus by (v), (x.) CX (" and sup: | domiE x,l w,h—0 for some
(PHEN(U, (p,)). But Hy— >m xi|]—>0 and then by the assump-
tion |y-—- >m x,-| »,»—0 and hence for ¢&U we have lyl,,q,q<e.
Thus we have proved the following:

If |||l <m, then yEN,ev X p,.q¢ and Iylpq,q<e for ¢& U. Since for
each y&Z thereism such that H(l/m)y[l <n1, we have y/mEﬂququ,q
and thus ZCNgev X p,.q But (pg) does not depend on U and thus
Z CXpp and (A) follows. (B) is just a simple consequence of (A).

Lemma 2 is proved in [1] and here is the proof of Lemma 1. Suppose

S=(q1, g, - - +) and let Upn=(qy, - - -, ¢n). Since Z CUgppen Xy, a1
there is some (p}) €N such that ZNX,,! 4 is of the second category
in Z, ||-||. Now, let (pY) EN, i=1, 2, - - -, n be such that pf,=p"

for iSESm=<nand let ZN(Ngev, X»,".) be of the second category
in Z. By (8) we have Nev, Xp,"e CUpenw,, 2, Xpopsyr aasa and
then for some (p;™) EN(U,, (p;)) the set

20%, a0 (N X,0)
n+1 0cU,
is of the second category in ZN(Nev, X »".2)- The latter set is linear
and therefore dense in Z. Hence the former is of the second category
in Z. Setting p,=p,* for g=g, we have N(U, (p,)) nonvoid for each
finite UCS and then by (a) we have (p,) &N, which finishes the
proof of Lemma 1.
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