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This paper concerns the so-called "closed graph theorem" or "open 
mapping theorem" (cf. [2; 3; 5; 6]). We intend to introduce here 
only the main result. Discussion is restricted to some general indica­
tions as to applications of the theorem proved. The full paper will be 
published in Studia Mathematica. 

Suppose we have been given countable sets T, 5, a subset N of the 
set Ts of all T-valued functions denned on 5 and a family of linear 
spaces with pseudonorms2 XPtQ, | -\p,q, where (p, q) runs over the 
union of all graphs from N and all XPtQ are linear subspaces of the 
same linear space X. Denote briefly (N, Xp,q, | • \PtQ) by %. Having 
fixed % we associate with each (pq)ÇîN a linear space with pseudo-
norm defined as follows: 

00 

XrPq) = fi XPq,q; | x\(Pq) = J^2r*\ x\p ^(1 + | %\pQn,J~\ 
q€S n=l 

where S = qi, g2, • • • . Assuming X = \J(Pq)eN X(Pq) we introduce g-
boundedness in X as follows : a sequence (xn) C.X is said to be re­
bounded if (xn) is bounded in at least one X(Pq)y | • | (Pq) in the usual 
sense. Suppose there is given a BC topology (r) in X.3 The topology 
(r) is said to be represented by % if the notions of g-boundedness and 
(r)-boundedness coincide. 

If for given % there exists at least one BC topology that is repre­
sented by %, then this topology must be given by considering a 
pseudonorm being continuous on X iff it is continuous restricted to 
any X(Pq)y \ • | (Pfl>, with (pq)(EN. Therefore there is at most one BC 
topology that is represented by given F and we denote this topology 
by (rgr). 

A locally convex topology (r) is said to be (b)-complete if each 
bounded mapping of an A-normed4 space Z into X can be extended 
to the completion of Z. (b) -completeness follows from sequential 
completeness, and remains after bornologic fortification of the initial 
topology. 

1 Supported by National Science Foundation Grant G 14600. 
2 Pseudonorms are not necessarily homogeneous. 
3 B C ^ bornologic locally convex. 
* ft-norm = homogenous norm. 
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Two topologies (ri) and (r2) are said to be a-compatible if from the 
fact that (xn) tends to Xi in (ri) topology and to x2 in (T2) topology 
follows that Xi = x2. 

The purpose of this paper is to prove that under some conditions 
listed below as (a), (j3) and (7) and concerning g, each (&)-complete BC 
topology of X which is cr-comparable with (rg:) is identical with (rg:), 
provided that (rg:) is represented by % and is itself (b) -complete. 

Let N(U, (pq)) = {(rq)GN: rq = pq for qE U). % is said to be apy-
representation if the following conditions are satisfied : 

(a) Given (pq)ETs. If N(U, (pq)) is nonvoid for each finite UQS 
then (pq)EN. 

(j3) Given ( ^ G - ^ a n d finite nonvoid UC.S. Then 

H XPqtQ C U Xkrtr and U Xkrtf = X for each rES. 
qeU (kq)eN(UApq) (kq)eN 

(7) Given 5 = U*„! Z7n, where UnC Z7n+i-finite nonvoid, (pq)EN 
and 

PI XPfl,g, lim sup 
A: 

X ) *• n+i Pq.Q 0 f or q G 5. 

Then there exists (p*)G^V'(ü'i, (£«)) such that (xn) C.X(Vq*) and 

lim sup ? j %n+i (Vq*) 0. 

Conditions (a), (j3) and (7) are set in such a way that starting 
with a/37-representable spaces and constructing spaces of linear trans­
formations, dual spaces, tensorial products, countable projective and 
inductive limits, we have the natural a/37-representations for the new 
spaces. 

In order to follow the main theorem we will concentrate on two 
very important examples. 

Let 2D be the space of all infinitely differentiate functions with 
compact carriers defined on an open convex subset £2 of fe-dimensional 
Euclidean space and suppose Q is the union of compact convex sub­
sets Op, where £2pCInt Qp+i. We set for <j> G 2D 

I *|p.g = sup{ I D'4>(M I : X G 0 „ I r I < q], 

where r = (ri, • • •, r*), | r\ = m + • • • +rk and all p, q, r» are positive 
integers. We set further 

£>*.« = {<<> G 2D: J <l>\p,q < » , <f> vanishes outside %). 

The (rfc) topology induced by 5 = ( T 5 , 2DPf<z, | -\P,q) is the initial 
topology of 2D as introduced in [4] and is «^-represented by $. 
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Let now 2D' be the dual of 3D, i.e. the space of all distributions 
over Q. We set for TG& 

l|r||M = suP{|r*| : | * | M ss i ;*e i> M }, 
©;.. = { rea / : | | r | | M < «>}. 

Again (r$') is a/3y-represented by %' = (TS, S)PtQ1 || •!!*,«) and coincide 
with the strong topology of 3D'. 

THEOREM. (A) Suppose 5 = (iVr, -X"Pffl, | -|p,g) satisfies (a) (j8) and 
(7), X = U(2,fl)GiNr X(Pfl), all spaces X(Pq)l | • | (Pg) are complete, Z, \\-\\ is 
a complete normed space, Z is a linear subset of X and if(xn) C.X(P )C\Z, 
\\xn — X i | | -^0 , | x n ~ - X 2 | (Pq)—»0, tóeW Xi = X2. 

rftew tóere exists (pq)ÇzN such that Z C.X(P) and for (xn) C.Z ||x«||—>0 
implies \xn\ {Pq)—>0. 

(B) Suppose that there exists an afi'y-representation of a (b)-complete 
BC space X, (r). Then, whatever is an CKJSY (b)-complete BC topology (p) 
in X, (p) is £&e same as (r) provided (p) and (r) are compatible. 

It is significant that even in the case of distribution spaces the theo­
rem yields the not trivial fact that all one-to-one continuous map­
pings of 3D' onto 2D' have the continuous inverses. 

PROOF OF THE THEOREM. Suppose we have proved the following 
lemmas: 

LEMMA 1. From (a) and (0) follows that there exists (pq)QN such 
that for each finite nonvoid UQS the set Zr\(C\qeu XPqtQ) is of the 
second category in Z. 

LEMMA 2 (BANACH). Let us consider two normed linear spaces W, || • || 
and V, | • | and let V be a second category linear subset of W, || -||. 
Then to each e > 0 there corresponds rj>0 such that 

[{xeV: 1*1 <e}]-D{yeW:\\y\\ < , } , 

where the closure "~" is taken in W, || •||. 

To prove the theorem we take (pq) from Lemma 1, arbitrary e > 0 
and a finite nonvoid UQS. Suppose (gi, #2, • • • ) is a sequence of all 
elements from S—U. We set UQ=U and U%= J7»_iU{g»-} for i ^ l . 
Denote Zn= (ftqeun XPq%q)C\Z. From Lemma 2 follows that 

{ y e Z : | | y | | <Vn}C[{xeZn-i: I *!*_!< (l/2)*€}]-

holds for some (rjn), w = l , 2, • • - , where | x | n = max{ |#|p t f,f l: qQUn}. 
If ||y|| <rji, then there exists XiQZo with | # i | o< ( l / 2 )e , such that 
| |y~*i | | <Vv Suppose we have xi, • • • , xnQZ such that 

(*) xn € Zn_i, | xn |n_i < (1/2)% ||y - (*i + • • • + Xn)\\ < minfo», 1/n). 
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Since ||;y —(#i+ • • • +x n ) | | <rjn, there is x n +i£Z n with |x n+i | n 

< (l /2)n + 1e and such that || [y - (xi + • • • + xn)] - *»+i|| 
<min(?7n+i, 1/(^ + 1)). Hence there is a sequence (xn) satisfying (*) 
for each n. We have for q(EUn and wè.m 

sup 
m+k oo oo / oo \ 

g £ \*i\n£ Z |**| i- l^( Z (l/2)^-»0 
I Pq,q i=m+l i=m+l \ »*=m+l /m 

and thus by (7), (xn) GX(Pq*) and sup* | 2î£î»+i x*'l (p3*)~~̂ 0 for some 
(PÎ)€N(U, (pq)). But | | y - S T - I *<l|-*0 and then by the assump­
tion \y — 22n=i %i\(pq*)—*Q a n d hence for q(EU we have |^|pg ,g<€. 
Thus we have proved the following: 

If ||y|| <rii, then yÇziïqeu XPq,q and | j | P f l ) 9 <€ for qGU. Since for 
e a c h ^ G Z there is m such that | | ( l /m)y| | <rji, wehavey/mE:^qeuXPqtq 

and thus ZCL^qeu XPq>q. But (£Q) does not depend on U and thus 
ZC.X(Pq) and (A) follows. (B) is just a simple consequence of (A). 

Lemma 2 is proved in [l ] and here is the proof of Lemma 1. Suppose 
S=(<Lh &> ' ' ' ) and let Un=(qu * * • , qn). Since Z CU^e^y XPqi,qv 

there is some (p])&N such that ZC\XPq^qi is of the second category 
in Z, ||-| |. Now, let (pq)GN, i=l, 2, • • • , n be such that ƒ& = ƒ£ 
for i^k^m^n and let ZP\(nge*7n XPq

n,q) be of the second category 
in Z. By (/3) we have C[qeun XPq»,q CV(Pq)eN(un,(Pq

n)) XPqn+1, Qn+1 and 
then for some (pn

q
+1)GN(Un, ( # ) ) the set 

7 r\ x n+i r\ ( n x,f\«) 

is of the second category in Zr\(C\q<=un XPq
n
iq). The latter set is linear 

and therefore dense in Z. Hence the former is of the second category 
in Z. Setting pq = pq

n for q = qnwe have N(U, (pq)) nonvoid for each 
finite U(ZS and then by (a) we have (pq)CzN, which finishes the 
proof of Lemma 1. 
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