SPECTRA OF NILFLOWS
BY L. W. GREEN 1
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Recently L. Auslander, F. Hahn, and L. Markus [l] have examined an important class of dynamical systems, proving the existence
of minimal, distal, nonequicontinuous flows on compact nilmanifolds. Their proof is nonconstructive, and gives no information on
the measure-theoretic behavior of these flows. Since these flows are
defined by the action of one parameter subgroups of the universal
covering group of the nilmanifold, it is natural to ask whether the
group representation approach of Gelfand-Fomin [3] and Mautner
[4] can give more detailed information. The author has shown that
this is the case. In fact, a complete qualitative description of the
spectra of these flows can now be given, and one can tell precisely
which one parameter subgroups give rise to minimal, ergodic flows.
Let N be a connected, simply connected, nilpotent Lie group with
discrete uniform subgroup D and one parameter subgroup {y t }, •— °°
<t< 00. The flow on the nilmanifold M — N/D is defined by <j>t(Dn)
— Dnyt. N itself acts transitively on M in the same way, inducing a
unitary representation 7—» V(y) of N in the Hubert space of functions
on M, square summable with respect to the natural invariant measure. This representation must be expressible as a direct integral of
irreducible unitary representations of N. Not all of these have been
computed explicitly, but the following qualitative description is sufficient :
PROPOSITION. Let ir be the natural homomorphism of N onto the
vector group N/[N, N]. If y—>U(y) is an irreducible unitary representation of N, then U is (within equivalence) one of the following two
types:
(a) XOT, where x is a character of N/ [N, N] ;
(b) (U(y)f)(x) =a(y, x)f(x+p(y))t
where the representation space is
L2c(Rp) for some p ^ 1, a ( 7 , x) is a function of absolute value one satisfying the usual conditions for a multiplier, and p is a homomorphism of
N onto Rp. (Type (a) may be subsumed under type (b) with p = 0.)

This result is implicit in the work of Dixmier; in particular, it
follows easily by induction from his Lemma 12 in [2].
Now let *" be the natural projection of M onto the torus
T=N/D[Ny
N], [fa} the flow induced on T by {yt\.
1

Research supported by N.S.F. Grant 11287.

414

SPECTRA OF NILFLOWS

415

T H E O R E M . {<£*} is ergodic if and only if the torus flow [ypt] is
ergodic. Every eigenfunction of V(yt) is of the form f -^, where f is an
eigenfunction of {ypt). The remaining spectrum of V(yt) is Lebesgue.

From this theorem one can describe all ergodic flows of the indicated form. These are necessarily topologically transitive, and, being
pointwise almost periodic, minimal. The character of the flow depends only on the rational dependence or independence of some of the
M alee v coordinates of 71.
These nilflows form an interesting class of minimal dynamical systems midway between the irrational flows on tori, which have pure
point spectrum, and the horocycle flows, which are mixing (with
Lebesgue spectrum).
Complete proofs of these results will be published elsewhere.
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