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A real C*-function f: X—R on an #-dimensional C*-manifold with
$20, is called C*-nondegenerate C*-ordinary at a point pE X, in case a
system of # C*-coordinates (Ce-functions) ¢, + - -, ¢, exists, which
defines a C*-diffeomorphism k of some neighborhood V(p) of p into
R#, and such that for some constant \,>0

(Dgi(p) = 0,5 =1, - -, m; ¢ale) = Noff(@) = f(p)}
forg EV(p) CX.
If C*-coordinates and N, >0 exist such that
¢:(p) = 0, =1,

—ié@+ié@=mM%wm

r+1

)

then the function is called C*-critical of index r and C*-nondegenerate
at p.

A function which is C*-nondegenerate at every point p& X is called
a C*-nondegenerate function.

We will restrict our considerations to the topological case s=0 of
continuous functions on topological manifolds and we will omit C°
from the notation in the sequel. By function we will mean continuous
function, etc.

A compact manifold without boundary is called a closed manifold.
A nondegenerate function on a closed manifold has at least one criti-
cal point p; of index # and one critical point g of index 0, correspond-
ing respectively with the maximum and the minimum of the func-
tion. We prove the

TueoreM. If X is a closed n-dimensional manifold and f: X—R a
continuous nondegenerate function with exactly two critical points, then
X is homeomorphic to the n-sphere S*.*

1 The author has a research grant from the National Science Foundation, NSF-
G-13989.

2 Reeb [2] proved the corresponding theorem for the differentiable case. Morse [1]
proved that X is a homotopy-sphere, and he also has a proof of the theorem we pre-
sent (unpublished as yet).
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ProoF. A. The local droppings T, We place ourselves in the as-
sumptions of the theorem and we call the function f “height.” We
consider a coordinate system for every point pEX, obeying (1) or
(2), but for which moreover the image x,(V(p)) CR" is the open #-
ball

3) r <5,

where the “polar coordinates” r (radius) and w (unit vector) are de-
fined by

n 1/2
(4) ’=(Z¢:> ) w = (¢1/1’,¢2/I'," <y ba/7).

For any such coordinate system «: V(p)—R®* we also define the open
set

©) Up) = {g| ¢ E V() C X, 7(9) < t}.

Next we define a homeomorphism T, for every pEX. If p is an
ordinary point then we proceed as follows:
Let k() be a real C*-function with the properties

=0, |¢] = 4,
k(t){> 0, | <4,

© | 2]
= K(0), l¢] =1,

lh’(t)l < 1/2, any £.

The homeomorphism T, is given by:

0:(Tp(q) = bi(g), i=1,---,n—1
V(p),
@) é:(To(g)) = balg) — k(r(g)) } 1€V
T,(q) = g, g & V(p).

As the Jacobian of the corresponding C=-transformation of the co-
ordinates for ¢& V() does not vanish, and 7'(q) =g for ¢ Us(p), it
follows that T, is a global homeomorphism of X. Observe that the
continuous function

g—f(To(9)) — f(g): X—R

takes the value zero for ¢ Ui(p) and is negative for ¢ Uy(p). It
takes a negative maximal value on the set Us;(p), the closure in X of
Us(p). Under T, no point is mapped into a higher level of f, and every
point of U(p) is mapped into a lower level.
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If p is a critical point of index n we use a real C*-function k(f) with
the properties

= {, fort = 4,
k(H){= 2t, 0s:=s1,

> ¢, 0=t<4,
k(@ >0, 1= 0.

®)

The homeomorphism T, is now defined in terms of polar coordinates
(4) by:
w(T'5(9)) = w(g)
Ol e ),
® 7(T5(g)) = k(r(g))
Ty(g) = ¢ for ¢ & V(p).

The restriction of T, to Ui(p) is represented by a geometrical multipli-
cation with factor 2 in coordinate space.

The point p and every point ¢ & Uy(p) is invariant under T. Every
other point in X is mapped into a lower level.

In the case of critical point of index zero we use the function k71, the
inverse of k, and proceed analogously.

B. The global dropping T. Under the given assumptions there is a
critical point p; of index # (maximum), a critical point p of index 0
(minimum), and no other critical point. Choose a finite number of
coordinate systems kp; and homeomorphisms T, ¢=0, - - -, L, of
the kinds mentioned above, such that:

L
(10) Us(p) = X
=0
but
L
(10) U Ud(ps) N [Us(po) Y Us(py)] = & (void).
[
(Compare the use of a partition of unity.)
Let
(11) T= sz,Tﬂz,-l vt TmeTpo-

Then T:X—X is a global homeomorphism with exactly two invariant
points, namely po and p1, which maps every other point into a lower level:

(12) T(po) = po; T(p1) = p1; f(T(9) = f(g) forg E X — po — p1.
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As the set W =X — Uy(p1) — Uc(po) for 0<e<1, is compact, the non-
negative function

g — f(T(g)

has a minimal value for ¢& W, and this minimal value is positive.
Call it 6.>>V and let N, be an integer such that

(13) Née > f(p1) — f(po).

If we apply powers with consecutive exponents of the homeomor-
phism T, to any point ¢g& W, then for some exponent N < N, we will
find
TY(q) € Ue(po)

because with each new application of T to the result obtained in the
last step, we obtain a new point which is at a level at least 6. lower,
and after N, steps the point would have dropped totally more than
the total range of the function f over X. On the other hand, once the
resulting point is in U.(po) any further application of T will give a new
point also in U(pe), because T acts in U(p,) as a geometrical multi-
plication with factor 1/2. Consequently

(14) TV(X — Us(p1)) C Ue(po)

and taking complements

(14)c T¥(Us(p1)) DO X — Ue(po).
Thus X is covered by two discs:

(15) TN(Us(p1)) Y Ue(po) = X

and our theorem can be considered as a consequence of a theorem of
Morton Brown. However, we like to present a complete explicit proof:
C. The homeomorphism X—S».
As (14) holds for any 0<e<1, it follows that for any g, there
exists a smallest number N, such that

TV'Uy(p1) D g for NV = N,
or
(16) T-Y'(q) C Us(py).

Let ki: Us(p1)—R* be the restriction of the coordinate system at
the critical point p; to the open set Usx(p1). Observe that for any
qc Us(py):

an 2k, [T%(g)] = ri(g), E=0.
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If N'2N=N, then in view of (17) we have in the vector space R»:
WV [T-N'(q) = 2N - 2N'~Npy(T-N'"+NT-Ng) = 2¥¢(TNg).

Hence there exists a mapping «: (X —po)—R" well defined by:

(18) k(q) = 2¥'k (T7¥'g), N' = N,.

kis clearly locally a homeomorphism. k is onto the set U;%q 27k (Us(p1))
=R», If ¢ and g#q are both different from p, then, for
N, é N01+N¢zv

T(q1) = T7V'(go)

and consequently k(q1) #«(gz). So k: (X —po)—R" is a homeomor-
phism and X is homeomorphic to the one point compactification of
R~, that is S~.
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