A CERTAIN CLASS OF TOPOLOGICAL PROPERTIES!
R. L. WILDER?

I. Introduction. About thirty years ago it was considered that
Topology had two aspects, according to which its practitioners could
be roughly divided into two schools. These aspects would today be
termed global and local, and those whose interests lay mainly in global
properties of a space or configuration formed one school, while those
whose chief interest lay in local properties formed the other. The
causes for this division of interests were methodological: The com-
binatorial method, stemming chiefly from the work of Poincaré and
Veblen, yielded only global invariants such as the classical Betti
numbers and duality theorems; while the set-theoretic method, start-
ing from the strictly local notion of limit point, was particularly
suited for the study of local properties. Thus a more accurate differ-
entiation between the schools could be made according to method;
for while the set-theoretic method allowed of the study of such con-
cepts as local connectedness, the concepts of connectedness and uni-
coherence, for example, were global; and soon the combinatorial
method became adapted to the study of local properties.?

While this division into schools has essentially disappeared (al-
though it is still convenient to distinguish the set-theoretic and alge-
braic methods), the distinction between global and local aspects of
topological spaces furnishes a useful theoretical perspective. It is
the purpose of the present discussion to focus attention on properties
which in general lie between the global and local, and which might
therefore be termed medial.* For example, the property of every open
subset of a space being a G; is medial, in that it holds for all open sets,
large and small.

As in the case of such local properties as that of local connected-
ness, however, we find it more fruitful, in defining medial properties,
to use pairs of open sets rather than single open sets. The original
definition of local connectedness at a point x stipulated that for arbi-
trary open set U containing x there exists an open set V such that

1 Presidential Address delivered before the Annual Meeting of the Society in Cin-
cinnati on January 29, 1958; received by the editors September 4, 1959.

2 Aid in the preparation of this address was received from National Science
Foundation Grants G-2783 and G-5612.

3 For a more extended discussion of the situation thirty years ago, see my sym-
posium lecture [9].

4 We resist the temptation to introduce the barbarism “glocal,” on grounds of its
ease of confusion with “global.”
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xEVCU and V lies in one component of U. And although in the
case where a space is locally connected at every point the above
definition is equivalent to requiring merely that every point have
arbitrarily small connected neighborhoods, it turns out that for the
so-called r-dimensional local connectedness, >0, it is necessary to
go back to the double neighborhood type of definition in order to
obtain a topologically fruitful notion. Moreover, it would, for in-
stance, yield only triviality to turn connectedness into a medial
property of a space X by stipulating that all open subsets of the
space shall be connected; X would immediately be seen to be of
necessity a degenerate space! (We assume Hausdorff spaces through-
out.) Or, if we stipulated that each open set have only a finite num-
ber of components, then the space would of necessity be finite. On
the other hand, if we require for every pair of open sets P and Q,
P20 and Q compact, that Q lie in a finite number of components of
P, we get a significant property; if X is locally compact, it will then
be locally connected at every point.

There is a type of medial property which I have found very fruit-
ful, but whose significance I did not realize even though I had used
it in a number of different situations. Let us call a pair of open sets
P and Q a canonical pair if PDOQ and Q is compact. Let G(U) be a
group which is a function of the open sets U of a given space X,
such that for every canonical pair P, Q, there exists a homomorphism

(0) ix: G(Q) — G(P)

induced by the inclusion mapping 7: Q—P. For example, G(U) might
be the homology group generated by compact cycles and homologies
in U. In particular, if G(U) is the 0-dimensional homology group
over a field, and xG(Q) is required always to be finite dimensional in
every homomorphism of type (0), then, again assuming X to be
locally compact Hausdorff, we get a property which is equivalent
to that of the local connectedness of X. If G(U) is the r-dimensional
homology group, >0, then a more significant property is obtained,
much stronger than the local r-connectedness of the space, by re-
quiring that «G(Q) always be finitely generated. To summarize:
The type of medial property we have in mind is based upon the fixing
of a particular kind of group G(U), together with the stipulation that
for every canonical pair P, Q, the image 7+G(Q) in (0) is finitely gen-
erated.

It will be found that a number of theorems which were originally
stated in terms of local properties find significant generalizations in
terms of medial properties.
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Throughout, X will denote a locally compact Hausdorff space,
unless otherwise specified. Open subsets of X will be denoted by
U, V, W, P, Q, R with appropriate indices as required. Cech hom-
ology and cohomology with a field as coefficient domain are used
throughout. For M a compact set, H,(M) and H"(M) denote the
homology and cohomology groups of dimension 7, respectively. And
if M is not compact, then H may be replaced either by % to denote
compact supports in both homology and cohomology, or by § to
denote corresponding groups “mod infinity”; for instance, 9.(M)
denotes the homology group H,(M, ), where M denotes M com-
pactified by addition of the ideal point . Finally, whatever the group
G(U), the image of 7% in (0) may be denoted by G(QI P).

The principal medial properties with which we shall be concerned
are the following:

DeriniTION 1.1, Property (P, Q).. A subset M of X has property
(P, Q). if for every canonical pair P, Q of open subsets of X, the
group k,(MNQ| MNP) is finitely generated.

ReMARK. While in case M =X, property (P, Q), is a topological
property of X, for a subset M CX, it is a positional property. More
precisely, so long as only canonical pairs P, Q of the space M are
employed, the property remains invariant; but if M is imbedded in
a larger space X, then possession of the property by M depends upon
its position in X. The following example will make this clearer:

ExampLE [.1. In the cartesian plane E?, let A={(x, y)|0<x
<1/m, y=sin (1/x)} and B={(x, y)|x=0, —-1§y§1}; let C be
an arc joining (1/m, 0) and (0, —1) in the fourth quadrant of E? but
not meeting A\UB otherwise. If M is the bounded domain whose
boundary is A\UB\UC, then M does not have property (P, Q).
This is evident if P and Q are circles with centers at (0, 0) and radii
1/2 and 1/4 respectively. However, M is homeomorphic with the
open circular disk bounded by x2+y?=1 which does have property
(2, Qo

By way of contrast, the set X=A\UB does not have property
(P, Q)o, and this will be a topological invariant of X (because of
the compactness of X and the consequent equivalence of its open
subsets with the intersections by open subsets of any space in which
it may be imbedded).

REMARK. In 1920, when topological characterizations of those
spaces that are continuous images of the real number interval (“con-
tinuous curves”) were being sought, Sierpinski [6] showed that a
necessary and sufficient condition that a metric continuum C be such
an image is that for arbitrary positive number ¢, C be the union of a
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finite number of continua C; of diameter <e; thus showing that the
global property so defined is equivalent, for compacta, to the local
connectedness previously shown (by Hahn and Mazurkiewicz) to
characterize continuous curves. It is easy to show that Sierpinski’s
global property is equivalent, for compacta, to property (P, Q)o.
R. L. Moore later [5] named the Sierpinski property, with the re-
striction that the C; be compact deleted, “Property S,” and exploited
it in investigations of positional properties of locally connected sets
in the plane, etc.

In [11], I studied a property which I called “Property S,,” a
generalization of the notion of “Property S” to higher dimensions.
In [13] this notion was generalized to one called “Property S, rel G,”
where G* was a special group of 7-cycles, and in [13, p. 236, Theorem
7.9] equivalence with the corresponding “P, Q” property shown; im-
mediately after which a definition [13, p. 237, 7.12] of “Property
(P, Q)" rel G*” was given. Previous to the latter, and independently
thereof, in [13, p. 193] I defined “Property (P, Q),” for cohomology
(the “(P, Q)r” defined below) and used it in the study of generalized
manifolds. Association of the two properties was finally made in
Chapter XI of [13], where in particular the “First fundamental
duality theorem” (Theorem II.1 below) of the present paper was
established for the compact case.

DEFINITION 1.2. Property (P, Q). A subset M of X has property
(P, Q)r if for every canonical pair P, Q of open subsets of X, the
group h’(Mf\Q[Mf\P) is finitely generated. Thus this property
differs from (P, Q). only in that (compact) cohomology replaces
(compact) homology.

DerinNiTION 1.3. Property (P, Q, ~),. This differs from (P, Q).
only in that the group of bounding compact r-cycles of M is involved.
More precisely, a subset M of X has property (P, Q). if for every
canonical pair P, Q of open subsets of X, the image of 49 in the se-
quence of homomorphisms

1) hoa(O, MO\ Q) S 1 A Q) 5 (A P)

where ¢ is induced by inclusion, is finitely generated.
An equivalent definition which we shall find useful is the following:
In the sequence of homomorphisms

@ b, N Q) S hr N Q) Bharn P B

where 7; and 7, are induced by inclusion, let L denote the kernel of
19%1; then 7, L is finitely generated.
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REMARK. Since we assume X to be locally compact throughout,
the set P in any canonical pair may always be assumed to have a
compact closure. Hence for X to have property (P, Q, ~), it is
necessary and sufficient that in the sequence of homomorphisms

_ 0 _ 1 —
@®) heia(X, Q) — H,Q) — H,(P)

where < is induced by inclusion, the group 9%,41(X, Q) be finitely
generated. Similarly, for X to have property (P, Q). it is necessary
and sufficient that HT(@I P) be finitely generated for every canonical
pair in which P is compact.

Referring to Example 1.1, neither A\UB nor the domain M has
property (P, Q, ~)o.

DEeFINITION 1.4. Property (P, Q, ~)7. This differs from (P, Q, ~).
only in that cohomology is involved instead of homology. For exam-
ple, for a locally compact space X to have (P, Q, ~)7, it is required
that for every canonical pair P, Q, the image of 728 obtained from the
cohomology sequence

. .
@) =X, Q) - 7(Q) - I"(P)

be finitely generated.

REMARK. Clearly if a set M has property (P, Q). then M has
(P, Q, ~).. However, the reverse does not necessarily hold. This is
shown by the following example.

ExampLE 1. 2. With X =E3, let M consist of a denumerable set of
circles C,, disjoint except that C, is tangent to Cpyq, n=1,2,3, - - -,
and converging to a point p (a picture may be found in [13, p. 341]).
Then both M and X — M have property (P, Q, ~)i, but neither has
(P, Q.

ABBREVIATIONS. Whenever we are dealing with a homomorphism
¢: G—H, we may designate the image of G in H by Im ¢. And we
may designate the kernel of ¢ by Kern ¢.

That a group G is finitely generated may be expressed by writing
“Gis f.g.”

That a set A contains the closure of a set B may be denoted by
the expression “4 > B.”

That a proof has been completed may be indicated by the sign l
at the end of the proof.

II. Duality theorems. We first prove certain relations between the
various properties defined above, which we call “Fundamental Dual-
ity Theorems.”
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TueEOREM I1.1 (FIRST FUNDAMENTAL DUALITY THEOREM). In order
that a locally compact space X should have property (P, Q, ~),—1, r=1,
it 1is necessary and sufficient that X have property (P, Q, ~)".

(In [13], this theorem was given only for the case where X is com-
pact; see [13, p. 327, Theorem 3.3]. A simpler proof than that given
below can be given for the compact case.)

PROOF OF NECESSITY. As remarked above, we may assume, since
X is locally compact, that P is also compact. And we need only show
that in the cohomology sequence (4), Im 46 is f.g. Now the dual of
(4) is

d i1
@) (X — Q) S H(X, X — Q) < H(X, X — P).

Consider the diagram
(X = O & (P, P~ Q) E (P, P~ )
2 i)
H, (P — P)

in which the H. (X, X—Q) and H,(X, X—P) of (4') have been re-
placed by H,(P, P—Q) and H,(P, P—P) respectively. This diagram
is commutative and Im 4,9 is f.g. since X has property (P, Q, ~)s-1.
It follows that Im 97; is f.g. and hence also that Im 46 in (4) is f.g.

Proor oF surFicIENCY. With a canonical pair P, Q as in the proof
above, let Py, Q: be open sets such that P> P;> Q> Q. It will be
sufficient to show in the sequence of homomorphisms

.0 1 —
(3 (X, Q) — H,1(Q) — Ho—1(Q1),

obtained from (3) by replacing r+1 by r and H,(P) by H,(Q1), that
Im 40 is f.g. The dual of (3) is

$(X -0 <iH’“‘(X,X -0 Z HYX, X ~ Q).

Consider the diagram

0 _ ¥ .
$(X — Q) — H-1(Q) — H~1(Qy)

N

Hr(Py— Qy.
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This is commutative, and Im 4,0 is f.g. since X has property
(P, Q, ~)r. Consequently Im &:* is f.g., and this implies that in (3’),
Im 49 is f.g. |

ReEMARK. While Theorem II.1 continues to be valid for closed
subsets of a locally compact space (as a positional property), it does
not generally hold for nonclosed subsets (not even for open subsets).
For example, the set M of Example 1.1, as a subset of E?, has prop-
erty (P, Q, ~)1, but not property (P, Q, ~)2.

We recall that if X is compact and M a closed subset of X, and
if X is acyclic in dimensions r and 71, then the groups H,(M) and
H,.1(X, M) are isomorphic (a direct consequence of the exactness
of the homology sequence of the compact pair X, M; cf. [3, p. 11]).
The second fundamental duality theorem will be an analogue of this.
First, however, we need another definition and two preliminary theo-
rems.

DeriniTION I1.1. If for every canonical pairof type X, Q dim h’(QI X)
is finite, then we say X has property (X, Q). The corresponding
homology property (X, Q), is defined similarly.

REMARK. If we denote dim A"(X) by p7(X), then we distinguish
three cases: (1) p7(X) may be finite; (2) »"(X) may be infinite, yet X
have property (X, Q)7, in which case we write p"(X) =w; (3) p"(X)
may be infinite and X fail to have (X, Q), in which case we write
p7(X) = . The expression p"(X) Sw denotes that case (3) is excluded,
and evidently this is equivalent to X having property (X, Q).

Similar comments may be made for $,(X) =dim #,(X).

THEOREM 11.2a. Let X have properties (P, Q, ~)™*! and (X, Q).
If M is a closed subset of X having property (P, Q, ~)7, then X — M
has property (P, Q, ~)r+1,

Proor. Let R, Q be a canonical pair and select an open set P hav-
ing compact closure such that R> P 5 Q. Consider the following dia-
gram:

(X) EA (M) 0, B+(X — M)
T ¢s s Tgs
(RN M) = k(R — M)
T b2 s T g ;
W(P N\ M) — 1P — M) — h+(P)
Ta ; Th
Q= M) = Q)
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where the horizontal sequences are portions of cohomology sequences,
and the vertical mappings are induced by inclusion.

Let L=Kern gsgsg1. We must show that g,giL is f.g.

The group hisL is f.g., since X has (P, Q, ~)™+1, and consequently
29g1L is f.g. Denote the kernel of the mapping 7, of g.L by K. We can
represent giL as a direct sum K-+ H, where H =~1.g;L and is f.g. Also,
K has antecedent K’ in A7(PNM).

Now 8(¢sp2K’) = g3220:. K’ = g30. K C gag22:1L =0. Hence the group
¢:92K’ has antecedent K, in #"(X), and K, is f.g., since X has (X, Q).
Hence jK,=¢:¢.K’ is f.g., and K’ may be represented as a direct sum
Ko+ H,, where Ko=Kern ¢3¢, and H, is f.g. Evidently K, is based
on cobounding cocycles of M and since M has property (P, Q, ~),
@K, must be f.g. It follows that 81K’ = 812K o+ 812 H, is f.g., and
therefore that g.0.K’'=g,K is f.g. Finally, then, g.g;1L =g, K4 gH is
f.g.

TueorREM 11.2b. If X has property (P, Q)" and M is a closed subset
of X such that X — M has property (P, Q, ~)r+1, then M has property
(P, Q, ~)".

Proor. Again let R, Q be a canonical pair of open subsets of X,
and let P be an open set with compact closure such that R> P > Q.
Consider the {ollowing diagram:

5
(M) —= I +1(X — M)

. T és
w(R) 3 w@®R N M) iy
T’i . T¢3
w@) By S e — u
T ¢ s 11,

#(Q N M) = k+1(Q — M).

Let L=Kern ¢sp.p1. We must show that ¢eppiL is f.g.

Since %921(8;L) = b1¢pspap1 L =0, 8;L must be based on cobounding co-
cycles of X — M; and since X — M has (P, Q, ~)"*1, 4;(6;L) must be
f.g. It follows, by commutativity, that d:¢,L is f.g. Denote the kernel
of the mapping &, of 1L by K; K is a subgroup of #"(PM M) and has
an antecedent K’ in h(P).

The group <K’ is f.g., since X has (P, Q)”, and therefore ji2K’
=@ K'=¢K is f.g. Now ¢1L is representable as a direct sum
K'I'H, where Hz62(¢1L), and ¢2¢1L=¢2K+¢2H. It fOllOWS that
¢ L is f.g., since both ¢.K and H are. l
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It is to be expected that the “(P, Q)” and “(P, Q, ~)” properties
are related. These relations are exhibited in the following two lemmas:

LeEMMA I1.1. In order that a subset M of X have property (P, Q),, it
is necessary and sufficient that p,(M)=w and that M have property
(P, Q, ~),. In particular, if M is compact, then “p,(M)=w” may be
replaced by “p.(M) be finite.”

PROOF OF NECEssITY. In the sequence of homomorphisms

(M N Q) ! (M N P) i I (M)

induced by inclusion (P, Q being any canonical pair), Im 7; is f.g., so
that a fortiori Im %, is f.g., implying that p,(M) =w. That (P, Q).
implies (P, Q, ~), is trivial.

PROOF OF SUFFICIENCY. Referring again to the sequence of the
preceding paragraph, we are given that Im 4., is f.g. since p,(M) Sw.
Let Kern 4y, =K ; then k,(M/MQ) may be represented as a direct sum
K+G where G=Im 14,;. Evidently K is generated by bounding
cycles of M, so that 4K is f.g. since M has property (P, Q, ~),. Con-
sequently Im 4, is f.g.

LemMma 11.2. If M is a closed or open subset of a locally compact
space X, then in order that M have property (P, Q)" it is necessary and
sufficient that p*(M) Sw and M have property (P, Q, ~)". In particular,
if M is compact, then “p"(M)=w” may be replaced by “pr(M) be
finite.”

By virtue of Lemma II.2, we may combine Theorems II.2a and
11.2b to give:

THEOREM I1.2 (SECOND FUNDAMENTAL DUALITY THEOREM). Let X
be a locally compact space having properties (P, Q)" and (P, Q, ~)r+,
and let M be a closed subset of X. Then a necessary and sufficient condi-
tion that M have property (P, Q, ~)r is that X — M have property
(‘P, Q’ N)T+l°

REMARK. Theorem II.2 replaces Theorem XI.3.4 of [13, p. 328],
which assumed not only that X is compact, but that X had only the
property (P, Q, ~)"instead of (P, Q)". That the latter requirement was
insufficient is shown by the conversion of the set A\UB of Example
I.1 into a locally connected space X by the addition of intervals
from lines parallel to the x-axis as follows: Ly={ (¥, 0)|0<x<1/r};
L, is a segment from the line y=1/2 and L3 a segment from the line
y=—1/2; and so on (see figure). The resulting space X has property
(P, Q, ~)o since X is locally connected, and property (P, Q, ~)
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Iy
I

L

= T

L;

trivially. Hence by Theorem II.1, X has properties (P, Q, ~)! and
(P, Q, ~)%

Now let M be a closed subset of the space X (of the preceding para-
graph) forming a configuration homeomorphic to the set A\UB of
Example 11.1 but consisting only of the points of Example II.1 hav-
ing non-negative coordinates and of alternating segments a0,
asaq, - + -, of Ly, Then M does not have property (P, Q, ~), since
it is not locally connected; and hence M does not have property
(P, Q, ~)tby Theorem I1.1. But X — M does have property (P, Q, ~)?
trivially. Note, incidentally, that p1(X)= «, so that X cannot have
property (P, Q)! and the hypothesis of Theorem I1.2b is not satisfied
for r=1. Incidentally, it will be noted that the proof of the sufficiency
of Theorem X1I.3.4 of [13, p. 328] actually assumed property (P, Q)7,
and the proof of the necessity thereof assumed that p7(.S) was finite.

For our purposes below, we recall the following relations (proved
in [17] by methods extendible immediately to the case of the compact
cohomology groups): With M CX,

(1) pr(M) =p"(X)+p (X — M),

(i) p"(X) =pr(M)+p" (X — M),

(iif) pmtY(X — M) =p"(M)+p1(X).
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TrEOREM I1.3a. Let M be a closed subset of X, and suppose that
p(X)=w and X has property (P, Q)"*L. If M has property (P, Q)1,
then X — M has property (P, Q)r+1.

Proor. By Lemma I11.2, p7(M)=w, and p™(X) =w. Hence by
relation (iii) above, p+1(X — M) =w. By Theorem I1.2a, X — M has
property (P, Q, ~) ., It now follows from Lemma II.2 that X — M
has property (P, Q)r+1.

THEOREM 11.3b. Let M be a closed subset of X and suppose that X
has property (P, Q). If X — M has property (P, Q)+, then M has
property (P, Q).

Proor. By Lemma I1.2, pm+*(X — M) Sw, and p"(X) Sw. It follows
from relation (i) that p"(M) £w. By Theorem 11.2b, M has property
(P, Q, ~)r. It now follows from Lemma II.2 that M has property
(P, Q).

From the last two theorems we have:

TaEOREM I1.3 (ALTERNATIVE FORM OF SECOND FUNDAMENTAL
DUALITY THEOREM). Let M be a closed subset of X and suppose that
X has properties (P, Q)" and (P, Q) +'. Then a necessary and sufficient
condition that M have property (P, Q) is that X — M have property
(P, Q)+

REMARK. Theorem II.3 may, of course, be proved directly and
independently of Theorems II.2a and II.2b.

We next prove a Poincaré-like type of duality for the “P, Q” prop-
erties. For the definition of an orientable n-dimensional generalized
manifold (abbreviated, orientable n-gm; compact #-gm is denoted
by n-gem), we refer to [13, VIII; 16].

TaEOREM I1.4 (THIRD FUNDAMENTAL DUALITY THEOREM). Let U be
an open subset of an orientable n-gm M. Then for U to have property
(P, Q, ~)r, 1 <r=mn, it is necessary and sufficient that U have property
(P, Q) ~)n—r

Proor. Consider the following diagram:

(M) S b (M)

T ¢ IRZ
PN B (PN U
T é1 T

rN )38 h_0N ).
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The sets P, Q form a canonical pair, and the ¢’s and ¥’s are homo-
morphisms induced by inclusions; while the a's are isomorphisms
onto by virtue of the Poincaré type of duality between the compact
homology and compact cohomology groups of open subsets of an
orientable #-gm (see [13, p. 260, 5.16]).

Let L= Kern ¢2¢1 and K=Kern ’#21[/1. Since Ol1¢2¢1L =¢2¢10£3L = 0,
it is clear that a3L C K ; and by symmetry, a3 'K CL, so that gL =K.

To show that ¢:L is f.g. in case U has property (P, Q, ~)n_y, note
that gL =asWrasL =az W K, and that ¢, K is f.g. since U has prop-
erty (P, Q, ~)n—r

Similarly, if U has property (P, Q, ~)7, ¢1L is f.g. and consequently
¢1K =C(2¢1C¥§'1K =012¢1L is f.g. I

REMARK. Theorem I1.4 is a strengthening of Theorem XI.3.5 of
[13, p. 329], inasmuch as in the latter theorem it was assumed that
M was compact as well as acyclic in dimensions # —1 and r —2.

We leave to the reader the proof of the corresponding form of dual-
ity for the general “P, Q” properties:

TurOREM Il.4a (ALTERNATIVE FORM OF THIRD FUNDAMENTAL
DUALITY THEOREM). Let U be an open subset of an orientable n-gm M.
Then for U to have property (P, Q)" it is necessary and sufficient that U
have property (P, Q)n—r.

From the above duality theorems, one easily derives the following
theorem:

TaEOREM II.5 (FOURTH FUNDAMENTAL DUALITY THEOREM). If F
15 @ closed subset of an orientable n-gm M, then a necessary and suffi-
cient condition that F have property (P, Q, ~). for an r such that
0=r<n—1, is that M —F have property (P, Q, ~)u—rs.

For the proof, we recall that every generalized manifold has the
“P, Q” properties in all dimensions, both in homology and cohomol-
ogy (see [13, p. 244, 1.1]), so that Theorem II.2 applies; the proof
is then obtained from the succession of equivalences of Theorems
I1.1, 11.2 and I1.4.

REMARK. Theorem II1.5 is a strengthening of Theorem XI.1.1 of
[13, 316], in which it was assumed that M was compact as well as
acyclic in dimensions 7, r+1 and r+2.

The set M of Example 1.2, which we noted has property (P, Q, ~)1,
has a complement E®— M having property (P, Q, ~)¢—an instance
of the above duality. However, M does not have property (P, Q).

It is also interesting to note the application of Theorem IL.5 to
the positional properties of Peano continua in euclidean spaces. This
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is the case =0, where the local connectedness of a continuum be-
comes equivalent to the property (P, Q, ~)o. Thus Theorem II.5
shows that in any euclidean n-space (or orientable #-manifold), the
Peano continua are positionally characterized by their complements
having property (P, Q, ~),—2.

It is instructive to observe why the complement of the configura-
tion A\UB of Example 1.1, imbedded in E? or E3, fails to have prop-
erty (P, Q, ~)n—s2.

For the general “P, Q” properties, the following duality holds:

THEOREM 11.6. If F is a closed subset of an orientable n-gm M, then
a necessary and sufficient condition that F have property (P, Q)7, for an
r such that 1 <r=<n—1, is that M — F have property (P, Q)n—r—1.

Proor. By Theorem I1.3, for F to have property (P, Q)" is equiva-
lent to M — F having property (P, Q)™*, and the latter, by Theorem
I1.4a, is equivalent to M — F having property (P, Q)p—r—1.

REMARK. Theorem I1.6 is analogous to the well-known Alexander
Duality Theorem; note, however, that it is not necessary to impose
any acyclicity conditions on the manifold as in the case of the Alex-
ander theorem. Incidentally, as originally proved in [13, p. 330,
Theorem 3.12], acyclicity in dimensions #—1, 7 and r+1 was re-
quired, as was also compactness of the manifold.

LemMA 11.3. If F s a closed subset of an n-gm M, then p"(F)Sw
if and only if prH1 (M — F) Sw. In particular, p7(F) is finite if and only
if pmtY(M —F) is finite.

Lemma 11.3 follows from the relations (i) and (iii) preceding Theo-
rem 11.3a (with M, F replacing X, M respectively), and the fact
that p"(M) Sw for all 7.

LemMA 11.4. If F is a closed subset of an n-gm M, then p.(F)=Sw
if and only if pr(M, F) Sw. In particular, p.(F) is finite if and only
if pr1(M, F) is finite.

ProoF. Relations (i)—(iii) may be duplicated for compact homol-
ogy, with 4,.(X, M) replacing 2" (X — M). The relations analogous to
(i) and (iii), with M, F replacing X, M respectively, are

(i) po(F) =pr(M)+priar(M, F),
(il") pra(M, F) Zp:(F) +pra(M).

THEOREM 11.7. If F is a closed subset of an orientable n-gm M, then
a necessary and sufficient condition that F have property (P, Q). for
an r such that 0=Sr<n—1,is that M —F have property (P, Q, ~)n—r—2
and that p.(M, F) Sw.
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Proor. By Lemma II.1, for F to have property (P, Q). is equiva-
lent to p.(F)=w and F having property (P, Q, ~),. By Theorem
I1.5, for F to have property (P, Q, ~), is equivalent to M — F having
property (P, Q, ~)n—r—2. And by Lemma I1.4, p,(F) 2w is equivalent
to p,~+1(M, F) Sow.

REMARK. Theorem I1.7 generalizes Theorem XI.1.4 of [13, p. 319];
in the latter theorem, compactness of M as well as acyclicity in
dimensions 7, r+1 and 7+2 were assumed. When M is compact, the
condition p,11(M, F) Sw may be replaced by p,—,_1(M — F) finite.

ExaMpLE I1.1. In cartesian 3-space, E?, let X denote the subspace
obtained by combining the set B of Example 1.1 in the (x, ¥)-plane
with a hollow tube T replacing 4 and converging to B in the same
manner as 4 (a picture of this configuration may be found in [13,
p. 337]). Although p.(E3, X)=0, E*—X fails to have property
(P, Q, ~)o and hence X fails to have property (P, Q)1.

In Example 1.2, M has property (P, Q, ~)1, but not (P, Q);
X — M has property (P, Q, ~), but po(X — M) =,

TureorEM 11.8. If F is a closed subset of an orientable n-gm M, and
both p.(F) and p+(F) are Zw, then for F to have property (P, Q).
where 0=r <n—1, it is necessary and sufficient that M — F have prop-
erty (Ps Q)n—r—2o

Proor orF NECEssITY. By Theorem II.7, M —F has property
(P, Q, ~)n—r—2. By Lemma 11.3, pr*+*(M — F) Sw, implying (by dual-
ity) pa—r—2o(M—F)=w. That M —F has property (P, Q)n—r_2 now
follows from Lemma I1.1.

Proor oF surFICIENCY. By Lemma 11.4, p,.1(M, F)Sw. That F
has property (P, Q). now follows from Theorem I1.7.

REMARK. Compare Theorem XI.1.6 of [13, p. 320].

III. Relations with local connectedness. It is well known that if
a compact space is lc* at every point, then the lc” property of the
space is expressible globally as in the chain-realization lemma of
Lefschetz [4]. The principal motive for the Lefschetz lemma was to
establish the complex-like character of the compact lc* spaces, so
far as their homology groups of dimensions up to and including # are
concerned; more precisely, to prove the existence of a certain com-
plex K such that the homology groups H"(X), for all »<#, of the
compact lc* space X, are isomorphic with subgroups of the groups
H7(K) of corresponding dimensions. When the coefficient group is a
field, so that the homology groups become vector spaces over the
field, then the dimensions themselves—the Betti numbers—are finite
and suffice to characterize the groups; and in this case K can be so
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selected that the isomorphisms are onto.

The medial properties that we have defined enable us to throw
new light on and to generalize these results. That there exists a rela-
tionship between “P, Q” properties and “Ic” properties is evident
from the easily proved fact that for any 7, if X has property (2, Q).
then it is r-lc. That the converse fails is evident from the following
example:

ExampLE I11.1. In the cartesian plane let

X1={(x,y)| 0§x§17y=0}7
Xp={(@x9]|x=00=y=1},
Xs={(x9]|0=s2=1y=1},

and L,= {(x, y)|x=1/n,0=y=1},72=1,2,3, - - - ;and X =UL, X
VUL, L,. Then X is 1-lc but does not have property (P, Q):.

However, as we have remarked above, for =0 the equivalence
does hold; and, more generally, the property of X being lc* and the
possession of (P, Q). forr=0,1, - - -, nare equivalent. A much more
revealing, as well as more general, result, is embodied in the following
theorem:

TuaeoreM 111.1. If a locally compact space X has property (P, Q, ~),
and is (n+1)-Ic, then X has property (P, Q)ny1.

REMARK. In view of the comments above, this theorem could be
stated as an equivalence: For locally compact spaces having property
(P, Q, ~)a, the local property (n+1)-lc and the medial property
(P, Q)nt1 are equivalent.

Proor or TaEorREM II1.1. Since X is locally compact, to show that
it has property (P, Q). is equivalent to showing that for every
canonical pair P, Q of open sets, H,(Q| P) is f.g. And if P’, Q' form
another canonical pair such that PDP'DQ'DQ, then for H,(Q'| P')
to be f.g. implies H,(Q| P) f.g., as is shown by the sequence

H.Q) — H,(Q) — H.(P') — H.(P)

of homomorphisms induced by inclusions.

Now since X is (n+1)-Ic, there exists for each x&X and open set
U containing x a canonical pair P(x), Q(x) of open sets containing
x and contained in U such that H,..(Q(x)| P(x)) =0. If Q'(x) is an
open set such that x&Q'(x) € Q(x), then P(x), Q'(x) will be called a
special canonical pair of neighborhoods for x.

Suppose P, Q a given canonical pair of open subsets of X. Then
there exists a finite set of special canonical pairs of neighborhoods
P(x:), Q'(x;) such that if Qf =Ui.; Q'(xs), Py=Ui-, P(x:), then
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QCO0¢ CP,CP, and as remarked above, we need only show that

H,1(Q4 | Py) is f.g. If k=1, this is trivial, so that we may use induc-

tion on k; precisely, by showing that if H,41(Q¢ | Pi) is f.g. for all

choices of P, Q, etc., and k<m, then Hy1(Qi1| Pmer) will be f.g.
Consider the following diagram:

Hors(Py) + Hors(P) —5 Hoa(P)

T ke T g
Hor(Ry) + Huy1(Ro) — Hos(R) — Ho(RyNRy)
T 81 T h

. A — =
H,1(Q) — Ha(Q1M Q2)

where (1) the horizontal rows are portions of Mayer-Vietoris se-
quences [3, p. 39], (2) the vertical homomorphisms are induced by
inclusions, and (3) P;, P; and P represent, respectively, unions of
mP(xs)’s, a single P(¥ny1) and P;\UPy; (4) the R’s and (Q’s are ob-
tained from the corresponding special canonical pairs P(x:), Q'(x:)
with a new R(x;) such that P(x;) o Q(x;) @ R(xs) > Q'(x:); the P(x,),
R(x;) are special canonical pairs, so that the induction assumption
applies to them; and Q=Q;\JQ’ (xns1) etc.

We must show that gogiH,.1(Q) is f.g.

Let Bo=1Im ¢.. Then, since Im ¢.k; is f.g. by the induction assump-
tion and the (#z-+41)-lc hypothesis, g.Bo=1Im ¢:k; is also {.g.

Since X has property (P, Q, ~)a., 2(Im A;) is {.g. It follows that
As(Im gy) is f.g., and hence that Im g, is representable as a direct sum
B{ +N where B{ CBy and N is f.g. Hence g:g.H,.1(0) is f.g. |

In considering a property that is defined relative to a special di-
mension, it is frequently useful to extend the property over a range of
dimensions. For instance, except for the initial dimension 0, the #n-lc
property does not as a rule impose enough restriction upon a space
to obtain fruitful results. It is for this reason that so much attention
has been centered on the “lc*” spaces, i.e., spaces that are r-Ic for
r=0, 1, - - -, n. We shall find, similarly, that the “P, Q” properties
are frequently more useful when extended to more than one dimen-
sion. In the case of local connectedness, we let the symbol Ic signify
property r-lc for r=~k, k+1, - - -, n, although instead of “lcg” we
continue to use the conventional “Ic*”. For the “P, Q” properties we
define:

DeriniTION III.1. A set will be said to have property »(P, Q)., k=,
if it has property (P, Q), for r=Fk, k+1, « - -, n; although instead of
(P, Q)n we continue to use the symbol (P, Q),. The symbol
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(P, Q, ~), is defined similarly; and likewise *(P, Q)*, *(P, Q, ~)*
for cohomology.

Since property (P, Q), implies 7-Ic, one obtains from Theorem III.1
by induction:

TraeorEM I11.2. If a locally compact space X has property (P, Q, ~)x
for some non-negative integer k and is Icgy, for some n>k, then X has
property i41(P, Q)a.

CoroLLARY II1.1. Under the same hypothesis as in Theorem 111.2,
(X)) Sw for r=k+1, k+2, - - -, n; and if X is compact, then these
numbers are finite.

CoRroOLLARY I11.2. Under the same hypothesis as in Theorem 111.2,
there exists a locally finite complex K such that p,(K)=0 for r <k and
oK) =p.(X) for r=k+1, k42, - - -, n; if X is compact, K may be
taken as a finite complex.

Cororrary II1.3. For locally compact spaces having property
(P, Q)x, the properties Icg and (P, Q). are equivalent.

TrEOREM I11.3. For every compact space X, the following properties
I, 11 and 111 are equivalent:

I. X has property (P, Q)x, 15 Ichyq, and pn1(X) is finite.

I1. X has property v(P, Q)n, and ppi1(X) is finite.

II1. X has property *1(P, Q)**+! and px(X) s finite.

Proor. That I implies II follows from Theorem II11.2; and that II
implies I follows from the fact that (P, Q), implies r-lc. That proper-
ties I1 and III are equivalent may be shown as follows: By Lemma
I1.1, II is equivalent to property »(P, Q, ~), and p,(X) finite for
r=Fk, k+1,:--+, n+1. By Lemma II.2, III is equivalent to
1P, Q, ~)** and p.(X) finite for r==Fk, k+1, - - -, n+1. By the
first fundamental duality theorem, *+1(P, Q, ~)**! is equivalent to
k(P’ Qr N)n°

IV. Positional properties; duality with Ic properties. The results
which we have been stating in §III all have to do with medial prop-
erties “P, Q” of the entire space. We return now to the kind of ap-
plication exemplified in §§I and II. For instance, in Theorem I11.5 we
established the duality between the 0-lc property of a subcontinuum
of an orientable #-gm and the (P, Q, ~)._2 property of its comple-
ment. Using the results established in III we can now give the
analogous duality for general dimension 7 and arbitrary closed sub-
sets; for the theorems of §III translate lc properties into “P, Q”
properties and one can then use the “P, Q” dualities.
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TraEOREM 1IV.1. In order that a closed subset F of an orientable
n-gm M should be Icy and have property (P, Q)i, where kESr=<n—2, it
s necessary and sufficient that M — F have property n—r—o(P, Q, ~)n—t—2

and that ps(M, F) be Zw for s=k+1, k+2, - - -, r+1; when F is
compact, the conditions on the p,(M, F) are equivalent to each ps(M — F)
being finite for s=n—r—1, n—r, - - -, n—k—1.

Proor. By Corollary II1.3, for F to be lc; and have property
(P, Q)x is equivalent to F having property (P, Q),; which, in turn, is
equivalent, by Theorem II.7, to M — F having the properties stated
in the theorem. When M is compact, p,(M, F)=p,.(M—F).

REMARK. When k=0, it is unnecessary to include the condition
(P, Q)i since, as remarked before, 0-lc and (P, Q), are equivalent for
locally compact sets; thus we have the important special case:

CoroLLARY IV.1. In order that a closed subset, F, of an orientable
n-gm M should be Ic7, where v is a fixed integer such that 0<r=<n-—2,
it 1s necessary and sufficient that M — F have property ,—,_o(P, Q, ~)n—2
and that ps(M, F) be Sw for s=1,2, -+, r+1; when M is compact,
the latter condition may be replaced by the condition that the numbers
ps(M —F) are finite for s=n—r—1, n—r, -+« , n—1.

REMARK. Corollary IV.1 generalizes Theorem X1I.2.1 of [13, p. 320]
in which the manifold was assumed acyclic from dimensions 1 to
r=+2. Consider Example 1.2; the set M therein is 0-lc, hence by Corol-
lary IV.1, E3— M has property (P, Q, ~)1. The set M has property
(P, Q, ~)1, so that by Theorem I1.5, E?— F has property (P, Q, ~)o.
Also, po(E®*—M)=0 (we may consider E? compactified by a point
at infinity). Hence the only part of the conclusion of Corollary IV.1
that is not satisfied is that p;(E3— M) is not finite; and this accounts
for the fact that M is not 1-lc.

Another instructive example is the configuration shown on p. 340
of [13], with S® as the manifold in which it is imbedded ; here the set
F is not 1-Ic because E?— F fails to have property (P, Q, ~)o.

The characterization of lc” sets in an #-gm can be given in terms
of the “P, Q” properties of the complement alone. For this, we need
the following lemma.:

Lemwma IV.1. If U is an open subset of an n-gm M, then a necessary
and sufficient condition that U have property (P, Q)n—1 s that pn_1(U)
=w.

Proor. This is an immediate consequence of Lemma II.1 and the
following lemma:
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LemMma IV.la. Every open subset U of an n-gm has property
(P1 Qv N)n—1°

ProoF. Let P, Q be any canonical pair. We may assume U M,
since every #n-gm has property (P, Q),—1. Consider the following dia-
gram:

J1 — d1 —
Ou(M) ——— Du(M, P) ——— H, (D)

hl g/
J2 - 02 — i
1, (U) ———s By (U, UN P) —— lty y(UN P) —— I,y (U)

ja ]Z 14 ’iz

(U, U N Q) —— lns(U N Q)

where the horizontal (and slant) sequences are homology sequences
and the g's and #’s are induced by inclusion.

Since U# M, h,(U) =0 and hence 8, and 9; are isomorphisms into.
Let L=XKern 4,; then 934,(U, UNQ) =~ L. Evidently we wish to show
that gL is f.g. Suppose, however, that gL is not {.g.; then Im % is not
f.g.

Now %’ is an isomorphism into. For suppose 2Eh,(U, UNP) such
that #’'2=0. If 2, is a representative cycle of 2, this implies 2, is in U,
and 2,=0 mod P (since dim M=mn), and 2, is in P. That is, 2, is in
UNP and therefore z=0.

Consequently Im %' is not f.g. However, P, UNQ form a canoni-
cal pair and M, being a generalized manifold, has property (P, Q)s-1,
so that Im g'g is f.g. A fortiori, Im d:A'A=1Im g'gd; is f.g. It follows
that Kern 9, is not f.g. But then Im j; and hence $,(M) must not be
f.g. in contradiction of the fact that dim $,(M)=<1. ]

We can now state the following theorem (which generalizes Theo-
rem X1.2.3 of [13, p. 321], in which the manifold was assumed to be
acyclic in dimensions 1, 2, « - -, r+2):

THEOREM IV.2. In order that a closed subset, F, of an orientable
n-gecm M should be Ic7, where v is a fixed non-negative integer <n—2,
it 1s necessary and sufficient that M — F have properties n—r—1(P, Q)na
and (P’ Qv N)n—r—2-

Proor. By Corollary IV.1, the Ic” property of F is equivalent to
M—F having property n—r—2(P, Q, ~)n—2 and p,(M —F) finite for
s=n—r—1, n—r, -+ -, n—1. By Lemma II.1, these are in turn



224 R. L. WILDER [July

equivalent to M — F having properties (P, Q, ~)n—r—-2, n—r-1(P; Q)n—2
and p,—1(M —F) finite. By Lemma IV.1, p,_1(M — F) finite is equiva-
lent to M — F having property (P, Q)x—1, so that the combined prop-
erties n—r—1(P, Q)n_2 and p,_1(M — F) finite are equivalent to property
n—r—-l(P9 Q)n—-l- I

In order to handle the lc*~! case, we need the following lemma
(compare Lemma XI1.2.4 of [13, p. 321]):

LemwMma IV.2. If F is a closed subset of an n-gm M such that pn—1(F)
=w, then F has property (P, Q)n-1; and a fortiori, F is (n—1)-lc.

Proor. By Lemma I1.1, it is sufficient to show that F has property
(P, Q, ~)u-1; or, by virtue of the first fundamental duality, that F
has property (P, Q, ~)». By the second fundamental duality, the
latter is equivalent to M — F having property (P, Q, ~)»+1, which it
has, trivially, since dim M =n.

REMARK. It is interesting to note that in the proof of Lemma IV.2,
it is incidentally shown that every closed subset of an #-gm has prop-
erty (P, Q, ~)~.

THEOREM IV.3. In order that a closed subset F of an orientable n-gcm
M should be Ic*=1, it is necessary and sufficient that M — F have prop-
erty o(P, Q)n-i.

PROOF OF NECESSITY. Since F is lc*%, M —F has properties
1(P, Q)n—1 and (P, Q, ~)o by Theorem IV.2. And since F being lc*—1
implies p,_1(F) finite, and hence p,(M, F) finite by Lemma I1.4, so
must po(M —F) be finite by duality. Thus M —F has property
(P, Q)0 by Lemma II.1.

PROOF OF SUFFICIENCY. Splitting the property (P, Q) of M — F into
(P, Q, ~)o and po(M — F) finite, we apply Lemma IV.2 to show that
F is (n—1)-Ic by virtue of the resulting finiteness of p,-1(F). That
in addition F is lc*~? follows from Theorem IV.2. |

Since the case where F is a continuum is of special interest, the
following theorem is noteworthy:

TaEOREM IV.4. In order that a subcontinuum F of an orientable
n-gcm M be lcr, where r Sn—2, it is mecessary and sufficient that
M — F have properties n—r—1(P, Q)n—s and (P, Q, ~)n—r—a.

Proor. Since F is a continuum, p,_1(M — F) is finite and M — F has
property (P, Q)s—1 by Lemma IV.1. Theorem IV.2 now applies.

CoROLLARY IV.2. In order that a separable subcontinuum F of an
orientable n-gcm M should be peanian, it is mnecessary and sufficient
that M —F have property (P, Q, ~)n_s.
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REMARK. For the case where M is the 2-sphere, the classical
Schoenflies characterization of locally connected continua is a ready
consequence of Corollary IV.2.

V. Duality between a domain and its boundary. The positional
theorems in §IV have been concerned with the relations between a
closed set F and its entire complement M — F. However, it is often
of special importance to know the relations between a single domain,
D, in n-space and its boundary, or of the entire closed set to which
it is complementary. One of the earliest theorems of this type was
that of M. Torhorst (1921) [7]: If F is a locally connected continuum
in the euclidean plane, and D is a domain complementary to F, then
the boundary of D is locally connected. That is, boundaries of domains
complementary to Peano continua in the plane are themselves
peanian.

In 1935, I generalized this theorem to #-space as follows [10]: If
F is a closed subset of E* which is 1c*2%, and D is a domain comple-
mentary to F, then the boundary F(D) of D is 0-Ic; and in [13, p. 325,
Theorem 2.19] I extended this to the framework of generalized mani-
folds, in that F may be any lc*2 closed subset of a spherelike n-gcm.
Now since, as we saw in §11I, for locally compact spaces the proper-
ties lIc»=% and (P, Q)n—2 are equivalent, both the Torhorst theorem
and my generalization essentially assume the (P, Q),—2 property of
F. It appears, however, that by use of the “P, Q” properties the
conditions on F can be considerably weakened. For this we need the
following lemma, whose proof is elementary.

LemMA V.1, Let X be a locally compact space and U an open (resp.
closed) subset of X which is the union of disjoint open (resp. closed)
sets Ug and Uy. Then in order that U have a given type of “P, Q” prop-
erty m, it is necessary and sufficient that Uy and U, each have property .

THEOREM V.1 (GENERALIZED TORHORST THEOREM). Let M be an
orientable n-gcm and F a closed subset of M which has properties
(P, Q)¢ [or its equivalent 0-1c] and (P, Q, ~)ns. Then if D is a domain
complementary to F, its boundary, F(D) is 0-lc.

Proor. By Corollary IV.1, it is sufficient to show that M — F(D)
has property (P, Q, ~)n— and that p,1(M — F(D)) is finite.

Since F is compact and 0-lc, po(F) is finite and consequently
Pu1(M —F) is finite (cf. Lemma I1.4). It follows that $,_1(D) is
finite. Now pn,_1(M —D) £ po(D) +pna(M) [17, Theorem 2], and as
D is connected and p,_1(M) finite, it follows that p,_(M—D) is
finite. And since pp—1(M — F(D)) = pp_1(D) + pns(M— D) by Lemma
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V.1, we conclude that p,_1(M — F(D)) is finite.

Again, since F is 0-c, M — F has property (P, Q, ~)a—2 by Theo-
rem IV.2. And since the sets D, M — F—D are open, D has property
(P, Q, ~)n—2 by Lemma V.1. If, then, we can show that M — D has
property (P, Q, ~)n—s, it will follow (again by Lemma V.1) that
M — F(D) has property (P, Q, ~)a—s. And to show that M —D has
property (P, Q, ~)n—2, it is sufficient, by Corollary IV.1, to show
that D is 0-lc.

Suppose, then, that D is not 0-lc. Then, since D is a continuum,
there exist [13,p.102, Theorem 2.1] open sets P, R forming a canonical
pair, and infinitely many components D, of D/\(P—R) that con-
tain points of both F(P) and F(R). Let Pi, R; be a canonical pair of
open sets such that PO P, and R;DR. Since D is dense in D and
hence in the sets D,, ho(DN(Py— R;)| DN(P — R)) must be infinitely
generated. But this is impossible since by hypothesis F has property
(P, Q, ~)a—s, so that by the Fourth Fundamental Duality Theorem,
M — F has property (P, Q, ~)o and by Lemma V.1, D has property
(P, Q, ~)o; and P—R, Pi— R, form a canonical pair of open sets.

REMARK. When =2, the (P, Q, ~),—s condition in the hypothesis
of Theorem V.1 is of course already implied by the other condition.

Note, too, that if »1(M)=0 and F is a continuum, then F(D) is a
continuum (“Phragman-Brouwer property”;cf. [13, p. 242, Corollary
9.3]); this would be the case if M were the n-sphere, for example.

CoROLLARY V.1. If M is an orientable closed n-manifold in the classi-
cal sense such that py(M)=0, and F is a Peano continuum in M having
property (P, Q, ~)n—s, then the boundary of every domain complementary
to Fin M is a Peano continuum.

The following theorem is in the nature of a dual to Theorem V.1:

THEOREM V.2. Let M be an orientable n-gcm and U an open subset
of M having properties (P, Q, ~)o and (P, Q, ~)u_z as well as p,_1(U)
finite. Then the boundary of every component of U is 0-lc.

Proor. Let C be a component of U. Then p,-1(C) is finite. Also,
C has property (P, Q, ~)n—2 by Lemma V.1. Hence M — C is 0-lc by
Corollary IV.1. And since C has property (P, Q, ~)o, M —C has
property (P, Q, ~).—s by the Fourth Fundamental Duality Theo-
rem. Then F(C) is 0-lc by Theorem V.1. I

REMARK. Theorem V.2 is an “n-dimensional form” of the suffi-
ciency part of the following theorem of R. L. Moore [5]: In order that
the boundary of a simply connected domain, D, in S? should be 0-lc,
it is necessary and sufficient that D have property S. For property S
is here precisely property (P, Q, ~)o (and (P, Q, ~),—2); while the
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simple connectedness of D is equivalent to p1(D) =0. (The necessity
part of Moore’s theorem is a corollary of Corollary IV.1 and Lemma
V.1).

VI. (X, Q)-Properties, semi-r-connectedness, and relations to
local r-connectedness. For a compact lc* space to be complex-like in
dimension #+1, it is not necessary that it be (z-1)-Ic, since a weaker
condition will suffice; this is the condition of semi-(#z+41)-connected-
ness [10; 13, p. 167, Definition 19.4]:

DEerFiNITION VI.1. A space X is called semi-r-connected at xEX if
there exists a neighborhood U of x such that #,(U |X )=0; and X is
called semi-r-connected if it is semi-r-connected at every point. Sems-
r-coconnectedness is defined analogously.

Analogous to Theorem III.1 we have:

TreEOREM VI.1. If a locally compact space X has property (P, Q,~),
and is semi-(r+1)-connected, then it has property (X, Q)rsa.

REMARK. That one cannot replace “(X, Q),+1” in the conclusion ot
Theorem VI.1 by “(P, Q),+1” as in Theorem III.1 is shown by the
configuration of [13, p. 340], which consists of a sequence of hollow
cones, successively tangent along line elements, and converging to a
line segment L. This configuration, X, as a subspace of E?, is 0-Ic,
hence has property (P, Q, ~)o; and /1 (X) =0 so that X is semi-1-
connected. But X cannot have property (P, Q): since it is not 1-lc.
However X does have property (X, Q) since 7 (X) =0.

The proof of Theorem VI.1 is similar to that of Theorem III.1,
although simpler in that the top line of the diagram becomes the
single term “h,1(X).”

CoroLrLARY VI.1. If X has property (P, Q, ~)i for some integer
k=0, is Icky, for some n>k, and semi-(n-+1)-connected, then X has
properties 1 1(P, Q)n and (X, Q)ni1.

CoroLLARY VI.2. Under the hypothesis of Corollary VI.1, p.(X) Sw
forr=k+41, k+2, - - -, n+1. And if X is compact, these numbers are
all finite.

At this point we recall the analogue of Theorem III.1 for coho-
mology, since it admits of similar extensions:

TuaEOREM VI1.2. If X has property (P, Q, ~)* ! and p"(x) Sw for all
xEX, then X has property (P, Q)5

5 This appears as Theorem V1.7.2. of [13, p. 193], but with “(P, Q)"+'” instead of
“(P, Q, ~)*” in the hypothesis. Examination of the proof reveals, however, that the
latter is sufficient. A proof by diagram may be given, of course, similar to that given
above for Theorem I11.1; see, for instance, [2, Proposition 6.2].
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CoroLLARY VI.3. For locally compact spaces having property
(P, Q, ~)rt1, the property (P, Q)" is equivalent to p'(x) Sw at every
point x.

To get the analogue of Theorem VI.1 for cohomology necessitates
a better perspective on semi-r-coconnectedness. Consider the follow-
ing definition:

DEerFiNITION VI.2. Let x&€X and Q an open set containing x. De-
note by p7(x; Q, X) the dimension of A7(Q|X). Then for any open
set Q' such that x&€Q' CQ, p"(x; @/, X)Zp(x; Q, X). Let pr(x; =)
denote the greatest integer #, if it exists, such that if U is an arbitrary
open set containing «, there exists an open set Q such that x€QCU
and p7(x; Q, X) =k. If no such integer exists, then we write pr(x; «)
= . Note that semi-r-coconnectedness at x corresponds precisely
to the case where p7(x; «)=0.

Tueorem VI.3. If X has property (P, Q, ~) ™+ and pr(x; =) is
finite for all xEX, then X has property (X, Q).

CoroLLARY VI1.4. For locally compact spaces having property
(P, Q, ~)r*1, property (X, Q)" is equivalent to p7(x; «) being finite for
every point x.

CorOLLARY VI.5. If for some non-negative integer k, (1) X has
property (P, Q, ~)¥*1, (2) pr(x)Sw for all xEX and r=m, m+1,
«+ o, k, where 0<m =k, (3) pm(x; ») is finite for all xEX, then X
has properties (P, Q)% and (X, Q)™ L

In many theorems concerning compact spaces, replacement of an
assumption of the finiteness of p,(X) by the assumption that p,.(X)
Sw, or its equivalent (X, Q),, allows of extension to the locally com-
pact case. First let us note the following easily established lemmas:

LemMmA VI.1. For locally compact spaces X, the following properties
are successively weaker: (1) p(X) finite, (2) (X, Q). (3) semi-r-
connectedness.

LeMMA VI.2. For locally compact spaces X, the following properties
are successively weaker: (1) pr(X) finite, (2) (X, Q)7, (3) pr(x, =)
finite for all xEX.

TueorReEM V1.4. Iz order that X should have property (P, Q)", 1 =7,
it is necessary and sufficient that it have properties (P, Q, ~),—1 and
(X, Q); similarly, (P, Q) 0=r,1s equivalent to the combined properties
(P, Q, ~)+tand (X, Q)
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Proor. By Lemma I1.2, (P, Q)" is equivalent to properties
(P, Q, ~)"and (X, Q). And by Theorem II.1, the latter properties
are equivalent to (P, Q, ~),_1 and (X, Q).

Let us now inquire what relation exists between the properties
(X, Q) and (X, Q)72

LemMA V1.3, If X has properties (X, Q). and (P, Q, ~),_1, then it
has property (X, Q).

ProOF. Let V be an open subset of X with compact closure, and
let Q, U, W be open sets such that (1) Q is compact, (2) Q2 U> V.
We wish to show that A7( Vl X) is f.g. This is equivalent to showing
that in the sequence

i1 2
w(V) = (U) — (X)),

Im 4, is f.g., or, alternatively, that in the dual sequence

_ i i
H,@Q,0 ~ V) & H(T,T - U) < $.(X),
where H,.(X, X — V) and H,(X, X — U) have been replaced by their
equivalents (by excision) H,(Q, 0—V) and H,(U, U—U) respec-
tively.
Consider the diagram

Hr—1(Q - V)
14
Hr—1(? - U)
91
*

where 73 and 74 are induced by inclusion and the left-hand border is
a portion of the exact homology sequence of the compact pair Q,
O—V.Im 43 is f.g. since X has property (X, Q), and hence Im 4:*i5;
=Im jis f.g. Im 440, is f.g. since X has property (P, Q, ~),_1 and
hence Im 2,01%5* = Im 945 is f.g. Now Kern d=1Im j is f.g., and there-
fore Im %55 must be f.g., else Im d4*75* could not be f.g.
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Lemma V1.4, If X has properties (X, Q)" and (P, Q, ~)*1, then 1t
has property (X, Q).

Proor. With 7, Q_,_U as in the proof of Lemma VI.3, and W an
open set such that T— UCWeQ—7V, we must show that in the
sequence

7.0 5 1.0 3 hx),
Im 444y is f.g. Or, alternatively, that in the sequence

H'(V) i® H(D) il (),
in which we have replaced H"(X, X — V) by H*(7V), etc., Im 4 is
.g.

The proof follows from the following diagram by reasoning analo-
gous to that employed in proving Lemma VI.3.

W (Q — V)
iy
5 W (W)

01

H (V) e Hr(T) —— $7(X)

NS

Q)

It will be noted that as a result of the implications stated in
Lemmas VI.3 and VI.4, and Theorem VI.4, we have:

LemmMma VI.5. For any locally compact space X, the combined proper-
ties (P, Q)" and (X, Q),—1 are equivalent to the combined properties
(Py Q)r—1 and (X, Q).

TuEOREM VI.5. If X has property (P, Q, ~)r_1, 1 £7, and is semi-r-
conmected, then it has property (P, Q).

Proor. By Theorem VI.1, X has property (X, Q).. Hence by
Lemma VI.3, X has property (X, Q). The conclusion now follows
from Theorem VI.4.



1960] A CERTAIN CLASS OF TOPOLOGICAL PROPERTIES 231

ReEMARK. Theorem V1.5 is an extensive generalization of Corollary
X1.3.8 of [13, p. 330], to the effect that if a compact space is lc7,
then it has property (P, Q). Also it is of interest to compare Theo-
rem VI.5 with Theorem III.1; the combined theorems imply that
if a locally compact space X has property (P, Q, ~), and is (n+1)-lc,
then X has both property (P, Q)ny1 and property (P, Q)+1,

CoroLLARY VI.6. If X has property (P, Q, ~),_1 and is semi-r-
connected, 1 S, then p7(x) Sw for all x&X.

ReMARK. Corollary V1.6 is a generalization of Theorem VII.2.26
of [13, p. 211] to the effect that if X is Ic* and semi-(#+1)-connected,
then p»+1(x) Sw for all x&€X. Of special interest in this connection is
the fact that this leads to a generalization of a theorem stated in
[14, Theorem 1] showing that if X is Ic*, then it has no #-dimensional
condensation; and if in addition X is semi-(z-1)-connected, then
it has no (#-+1)-dimensional condensation. For in view of the Remark
following Theorem VI.5, an lc* space has property (P, Q)" for all
r=n, while property (P, Q)* alone is sufficient to compel p*(x) Sw
for all x€X and hence (see [13, p. 358, Corollary 1.12]) lack of n-
dimensional condensation. Moreover, in view of Corollary VI.6 we
can state:

CororLARY VI.7. If X has property (P, Q, ~), and is semi-(n-+1)-
connected, then X has no (n+1)-dimensional condensation.

TuaeoreM VI.6. If X has property (P, Q, ~)*! and pr(x, ») is
finite for all x& X, then X is r-lc and, moreover, has property (P, Q).

Proor. By Theorem V1.3, X has property (X, Q)". By Lemma V1.4,
X has property (X, Q),. And since, by Theorem II.1, property
(P, Q, ~)rtlis equivalent to (P, Q, ~),, the latter property together
with (X, Q), gives property (P, Q), by Lemma II.1. l

For the equivalences which follow, we shall use the following sym-
bols: To denote that two properties m; and w. are equivalent, we
write m¢=>we; and to denote that properties m and m, combined are
equivalent to a property w3, we write m1+m&ms. By mi=m we mean
that m; implies .

TuEOREM VI1.7. For every X and r=1,
(P, Q)+ (P, Q, )t = (P, Q) + (P, Q ~)r-1
Proor. By Lemmas I1.1 and I1.2 this is equivalent to proving that
(P, Q, ~) + (X, Q) + (P, Q, M)
(P, 0, ~)r + (X, Q) + (P, Q) ~)r1.
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To show this, we recall that by Lemma VI.4,
(P, Q, M)+ 4+ (X, Q) = (X, Q)
and that by the First Fundamental Duality Theorem,

(P, Q, ~) = (P, Q, ~)r,
(P7 Q, ~)= (P, o, ~)r-1.

Thus = holds. To show that < holds, we use the reverses of the last
two relations above and the relation

(P7 Q} N)r—l + (Xy Q)r=> (X7 Q)T

of Lemma VI.3.
Analogous to Theorem I11.3, we can now state:

THEOREM VI.8. For every locally compact space X, the following
properties 1-111 are equivalent, where k <n:

L (P, Q)r+lcp +(X, O)F,

II. k(P: Q)n"}’(X: Q)n+1,

II1. #+1(P, Q)1+ (X, Q).

Proor. That I<II follows as in Theorem III.3.

To show that II=III, we first note that (P, Q)r=(X, Q) trivially.
Also, (P, Q)rp1i=(P, Q)*! for r=Fk, k+1, - - -, n—1, by Theorem
VI.7, so that (P, Q),=*+(P, Q)». And finally, (P, Q).+ (X, Q)»*!
=(P, Q)" by Theorem VI.4.

That III=1I follows similarly from Theorems VI.4 and VI.7.

TueOREM VI1.9. If X has property (P, Q, ~)* and s Ick, k=mn, then
X has properties y(P, Q)n and *(P, Q)™.

Proor. When k=0, the (P, Q)¢ and (P, Q)° properties follow from
the 0-Ic and the 1(P, Q), and (P, Q)" properties follow from the First
Fundamental Duality Theorem and the Remark following Theorem
VIL.5. When k>0, the properties follow from the First Fundamental
Duality Theorem and the Remark following Theorem VI.35.

TaroreEM VI.10. If X has property (P, Q, ~)*t\, then in order that
X have property (P, Q, ~)* and be Ick, k =n, it is necessary and suffi-
cient that p(x) Sw for all x€EX and r="~k, k41, - - -, n.

The necessity follows from Theorem VI.9, since property (P, Q)"
implies p"(x) Sw for all x.

To prove the sufficiency: By Theorem VI.2, X has property
E(P, Q), and a fortiori *(X, Q)*; and since X also has property
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1P, Q, ~)rt, pr(x, ») is finite for all x€X by Corollary VI.4.
Then by Theorem VI.6, X is Ic.

CoroLLARY VI1.8. In order that an n-dimensional locally compact
space X should have property (P, Q, ~)* and be Ick, k < n, it is necessary
and sufficient that p(x) Sw for all x€X and r=Fk, k+1, - - -, n.

TuaroREM VI.11. For every X the following equivalence holds: (P, Q),
+ [pr(x) Sw for all xEX | (P, Q) +r-lc.

Proor. The case =0 is trivial. For >0, the = is a consequence
of Theorem VI.2 and the First Fundamental Duality Theorem, and
the fact that (P, Q),=r-lc. The < follows from Theorem III.1 and
the First Fundamental Duality Theorem, and the fact that (P, Q)"
=pr(x) Sw for all xEX.

VII. Relations with uniform local connectedness. We recall (see
[13, p. 292, Definition 1.6]) that an open subset U of a space X is
r-ulc (=uniformly locally connected in dimension 7) if for arbitrary
covering Il of X (by open sets) there exists a refinement L of U
such that if Z, is a compact cycle (augmented) of U of diameter
< B, then Z, bounds on a compact subset of U of diameter <U. For
open subsets of locally compact spaces, 0-ulc and “ulc” (see [13,
p. 109, Definition 4.7]) are equivalent, so that in such spaces, 7-ulc
is a generalization to arbitrary dimension of ulc.

It was shown in 1922 by R. L. Moore [5] that if an open subset
U of a compact space X is ulc, then U has “property S” and hence
property (P, Q)o. In [13] this result was generalized in the following
manner: It was first shown that if an open subset U of a regular space
X is r-ulc, then ¢.(U, x) =0 for every x&X.% It was then shown that
if U is a ulc® open subset of an orientable n-gcm M, then U has
property o(P, Q):.7 And later [13, p. 330, Theorem 3.13] it was shown
that if an open subset U of an orientable #-gcm M (which is acyclic
in dimensions #—7—3 to n—r) has property (P, Q), for some 7 such
that 0Sr<n—3, and ¢,11(U, x) Sw for all x €T, then U has property
(P, Q)r+1. Both of these latter two results can be generalized to spaces
that are not necessarily manifolds, as follows:

¢ The numbers ¢,( U, x) correspond to the numbers “g"( U, x)” of [13, pp. 291-292].
For the result cited here, see [13, p. 293, Lemma 2.3].

7See [13, p. 346, Theorem 6.8]. The symbols “ulc®” and “ulc,” are defined
analogously to the symbols “Ic*” and “Ic,”. The converse of the result cited here does
not generally hold, in that an open subset of an orientable #-gcm may have property
ol P, Q) yet not be ulck; a simple example is the bounded domain U in 3-space whose
boundary is the unit sphere K together with the set of points interior to K on the
xy-plane for which y>0.
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THEOREM VIL.1. If U is an open subset of the locally compact space
X, and U has property (P, Q, ~)i while qu11(U, x) Sw for all x€ T,
then U has property (P, Q)ry1; and if U is compact, then pra(U) is
Sfinite.

ProOF. For any canonical pair P, Q, we notice that each x&( lies
in a pair of open sets P/, Q' such that PDOP’'DQ’ and such that
I (UNQ'| UNP') is f.g. A finite union of such sets Q' covers TNQ
(since Q is compact), and the type of induction process employed in
proving Theorems III.1 and VI.2 may be adapted to complete the
proof.

CororrArY VIL1. If U is an open subset of X having property
(P, Q, ~), then for U to have property 111(P, Q). 1t is necessary and
sufficient that q,(U, x) Sw for all x€T and r=k+1, B+2, - - -, 5.

Proor. The sufficiency is a consequence of Theorem VII.1, using
a step-wise process. The necessity results from the fact that the
(P, Q). property is stronger than the requirement of ¢,(x) Sw, the
latter being essentially a localization of the former.

The following corollary bears a strong analogy to Theorem III.2:

CororLLARY VII.2. If the open subset U of X has property (P, Q)i
and s ulciyy, k<n, then U has property (P, Q)n.

ProoF. As remarked above, for U to be r-ulc implies that ¢,(U, x)
=0 for all x& U. We may then apply Corollary VII.1.

Since, if an open subset of a locally compact space is ulc, then it
has property (P, Q)o, we may therefore state:

CoroLLARY VIL.3. If an open subset U of X s ulc, then U has
property o(P, Q).

However, although Corollary VII.3 provides the natural, obvious
extension of the theorem of Moore cited, it will be noticed that even
for k=0, Corollary VII.2 is actually stronger (since property (P, Q)¢
need not imply 0-ulc).

Again using the method of proof indicated above for Theorem
VII.1, we obtain:

TuEOREM VII.2. If U is an open subset of X, and U has property
(P, Q, ~)**+! while p*(U, x) Sw for all xET, then U has property
(P, Q)*.

(The numbers p*(U, x) are defined in [13, p. 291], although as
usual we here change the position of the dimensional index to con-
form to current usage.)
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CoroLrLARY VII4. If U is an open subset of an n-dimensional
locally compact space such that pr(U, x)Sw for all x€TU and
r=Ek, k+1, - - -, n, then U has property *(P, Q).

VIII. Applications to continuous mappings. It is well-known that
continuous mappings of compact locally connected spaces yield only
locally connected spaces; and that the analogue holds for (z—1)-
monotone mappings of lc* spaces, we showed in [15, Theorem 2].
Using “P, Q” properties, these results may be substantially general-
ized.

First we recall that if X and X’ are locally compact spaces, then
a mapping f(X) =X’ is called proper if counter-images of compact
subsets of X’ are compact. Also, that f is called z-monotone if all
counter-images of points of X’ are r-acyclic for r=0, 1, - - -, .

TueorReM VIII.1. Let f(X)=X' be a continuous, proper, (n—1)-
monotone mapping of a locally compact space X onto the locally compact
space X'. If X has property (P, Q)n, then X' has property (P, Q),.

ProOF. See the proof of [15, Theorem 1]; or use left-hand portion
of the diagram used in the proof of Lemma IX.1 below.

TreoREM VIII.2. Let X have property (P, Q, ~), for some r =0, and
be (r+1)-lc. If f(X) =X’ is a continuous, proper, r-monotone mapping
of X onto the locally compact space X', then X' has property (P, Q),11.

Proor. By Theorem III.1, X has property (P, Q),11. By Theorem
VIII.1, X’ has property (P, Q)ry1.

Cororrary VIII.1. Under the same hypothesis as Theorem VIII.2,
X' is (r+1)-lc.

CoroLLARY VIII.2. If X has property (P, Q, ~),, is Ic¥y, (r<k),
and f(X)=X'1is a continuous, proper, (k—1)-monotone mapping of X
onto the locally compact space X', then X' is Ick,,.

IX. Application to spatial decompositions. In [12] I studied de-
compositions of compacta into Y¥-prime parts, the latter being the
components of the closure, S, of the set, .S, of ¥-singular points and
the points not in S. A ¥-singular point is a point at which a given
local topological property ¢ fails to hold. Of special interest is the
property ¥, of being 7-lc. A property ¢ is called expansive relative to
a class I' of spaces if for X &I, the failure of X to have property ¢
at some point implies that the set S of X has nondegenerate com-
ponents. In particular, the property ¥,41 is expansive relative to the
class Ci™ of compacta that are Ic” and have finite (#+41)-dimensional
Betti numbers.
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As a consequence of results stated above, we may give the follow-
ing generalization:

TeEOREM IX.1. The property Yni1 of being (n+1)-Ic is expansive
relative to the class Pr™ of compact spaces that have property (P, Q, ~),
and are semi-(n—+1)-connected. Moreover, every Y, 1-singular point of
an element X of P lies in a nondegenerate component of the closure
S of the set S of Yny1-singular points of X.

Proor. Let XEPit! and xEX a point at which X is not (z+1)-
lc. By Theorem VII.2.24 of [13, p. 210], there exists an open set U
containing x such that for every pair V, W of open sets for which
xEWCWCVCTVCU, hopi(F(V)| U=W) is infinitely generated.

Suppose that the component of S determined by x contains only
x. Then [13, p. 100, Theorem 1.2] there exists an open set V con-
taining x such that VC U and such that SNF(V)= . And since
[(X—U)US|INF(V)=(, there exists an open set Q containing
F(V) such that QCU—S. Let U'=V\UQ and W=V —0Q. Then F(V)
is a compact subset of the locally compact subspace U’— W ; and the
latter space has property (P, Q, ~), and is (n+1)-lc. Hence by
Theorem III.1, U’'—W has property (P, Q)n41. It follows that
hari(F(V)| U—W) is f.g. But this is impossible because of the prop-
erty of U stated above.

For the next theorem, we need the following lemma:

LeMMA IX.1. The property (P, Q, ~)n 1S invariant under continuous,
proper, n-monotone mappings of locally compact spaces; and hence by
the First Duality, (P, Q, ~)"*1 is also invariant.

Proor. Let f(X) =X’ be a continuous, proper, #-monotone map-
ping of the locally compact space X, and suppose X has property
(P, Q, ~)n. Let P’, Q' be a canonical pair of open sets of X', and let
P=f"1(P"), Q=f1Q’). In the diagram

(@) 3 ha(P) 2 ()
T

il 19
h(Q) = ha(P") — ha(X")
where the 4’s are induced by inclusion and the f’s by the mapping f,
the f’s are isomorphisms. And if K=Kern 455; and L=4K, then L

must be f.g. since X has property (P, Q, ~).. Hence if K’ =Kern 44 7/
and L'=4{ K’, L' must be {.g.
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THEOREM 1X.2.8 If XE P and the Ynp1-prime parts of X are
r-acyclic forr=1,2, - - -, n, then the (quotient) space X' of Yui1-prime
parts of X is (n+1)-lc.

Proor. By Theorem IX.1, ¢, is expansive relative to P:t!, By
Lemma IX.1, X’ has property (P, Q, ~).. By Corollary VI.2,
p*1(X) is finite and hence pn+1(X’) is finite [1]. It follows that X’ is
semi-(n+1)-connected [13, p. 168, Corollary 19.5], and X'& Pt
The theorem now follows from Theorem 1 of [12].

THEOREM 1X.3.° Let k and n be integers such that —2<k<n. Then
the property Y., of being Icky, is expansive relative to the class Py of
compact spaces that have property (P, Q, ~)i and finite r-dimensional
Bettt numbers for r=~k-1, - - -, n. And if XEP; and the Yy..-prime
parts of X are r-acyclic for r=1, 2, - - -, n—1, then the (quotient)
space of Yir -prime parts of X is Ickiy.

Proor. If X were not (k+1)-Ic, then by Theorem IX.1 it would
have a nondegenerate ¥y 1-prime part and a fortiori a nondegenerate
Yri1-prime part. Let m be the largest of the numbers k41, k42, - - -,
n such that X is r-Ic for r=k41, - - -, m and suppose that k41 <m
<n (the case m=Fk-+1 having been disposed of). Then by Theorem
111.2, X has property (P, Q, ~)m, and by Theorem IX.2 it has a
nondegenerate Y 1-prime part and a fortiori a nondegenerate Y-
prime part.

If X & P} and the natural map of X into the space X’ of Y4,-prime
parts of X is (m—1)-monotone, then X’'& P}, as may be shown by
methods similar to those used in proving Theorem IX.2. It follows
[12] that X’ is Ic}, ;.

X. Miscellanea. In thjs concluding section are listed some miscel-
laneous remarks. First, in our introductory comments, we remarked
upon the historical connection between 0-lc and (P, Q),, and later
made use of the general equivalence of lc* and (P, Q). Since the
latter is by definition the property that h,(Q|P) is f.g. for every
canonical pair P, Q and r=0, 1, - - -, #n, it follows by duality that
in the mapping H"(X, X — P)—*H"(X, X — Q) induced by inclusion,
Im 4 is f.g.; or, using the symbols of [13, p. 166] (with appropriate
change in position of dimensional index) that the group
H(X:X, X—P; X, X—0Q) is f.g. It is interesting to observe, how-
ever, that the analogous statement holds for homology. More gen-
erally, we have the following theorem:

8 Compare Theorem 3 of [12].
9 See Principal Theorem in [12].
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TuEOREM X.1. If the locally compact space X has property (P, Q, ~)*
and is 1c;, k=<n, then the groups H,(X: X, X—P; X, X—Q), r=k,
k41, - - -, naref.g.; and if, in addition, X is semi-(n+1)-connected,
the same holds for r=n-1.

Proor. By Theorem VI.9, X has property *(P, Q)" so that for
every canonical pair P, Q, the groups h’(Q|P) are f.g. for r=k%k,
kE+1, - - -, n. The first half of the conclusion of the theorem now fol-
lows by duality.

Again by Theorem VI.9, X has property (P, Q). and a fortiori
(P, Q, ~)a; and if X is semi-(#+1)-connected, then X has property
(P, Q)+ by Theorem VI.5. The second half of the conclusion of the
theorem now follows. |

Secondly, we recall the original Vietoris theorem [8] to the effect
that the group H,(X) of a compact metric space X has a countable
fundamental system of elements Z! such that each element of H,(X)
is expressible in a natural manner (using the topology of H,.(X)) as
an infinite polynomial in the Z! with coefficients in the basic field.
This result was extended in [13, p. 189, Theorem 5.8] to all compact
spaces that are imbeddable as G;’s in locally compact lc* spaces
where r<n. As a consequence of Theorem III.1 above, and using
precisely the same arguments as in [13, p. 186, Theorem 5.1] and
[13, p. 189, Theorem 5.8], we have:

THEOREM X.2. If the compact space X is imbeddable as a Gs in o
locally compact space S which has property (P, Q, ~),_1 and is r-lc,
r>0, then H.(X) has a countable fundamental system {ZZ} of elements
and H*(X) has a base {Z}} such that Z!-Z;=§l.

Thirdly, and finally, it was pointed out to me by Dr. John Gary
that the proof of Theorem III.1 goes through just as well if it only be
assumed that “sufficiently small” canonical pairs satisfy the
(P, Q, ~), condition. In order to make this precise, we may proceed
as follows:

DeriNiTION X.1. If € is a covering of X by open sets, then a
canonical pair of open sets P, Q, will be said to be of diameter <&
if there exists EEE such that PCE.

DErFINITION X.2. A space X has a given “P, Q” property = re-
stricted by a covering € if X has property w for every canonical pair
P, Q of diameter <€. When X has a given “P, Q” property restricted
by some covering €, we may indicate this by saying that X has the
property in the small.

TaeoreEM X.3. The properties n-lc, (P, Q), in the small, and
(P, Q). are successively stronger for locally compact spaces.
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Proor. That (P, Q),=(P, Q). in the small =n-lc follows easily.
That the converse of the first implication does not generally hold is
shown by the space X defined in Example II1.1; for here X has prop-
erty (P, Q) in the small but does not have property (P, Q):. That
the converse of the second implication does not generally hold is
shown by the configuration M of [13, p. 237, 7.15], which is 1-lc but
does not have property (P, Q) in the small. l

The proof of Theorem III.1 goes through as before even if the
assumption of “(P, Q, ~),” in the hypothesis is replaced by
“(P, Q, ~), in the small,” provided that the sets P(x) are all taken as
of diameter <&, where € is a covering of X such that X has property
(P, Q, ~), restricted by €. It will also be found that other theorems
above can be subjected to a similar modification, as for instance
Theorems I111.2, VI.1, VI.2 and VI.3.
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