SOME PROBABILITY LIMIT THEOREMS
A. M. MARK

1. Introduction. We prove the following theorems:

Let Xi, Xs, - - - be independent, identically distributed random
variables, each having mean 0 and standard deviation 1 and let
Sp=X1+Xo+ - - - +X&.

I. If N=[an] where 0 <a <1, then:

lim Prob {min (Snt1, Swiz, * =+, Sa) > Bnl/2} = Vy(B)

n—wo

where
1 © ) (ua?—g) (1—a) /2
Vai(B) = — e /%du f e=?12dt.
™ u=fa—1/2 t=0

I1I. If p(¢) is continuous in 0 ¢ =1 and has at most a denumerable
set of zeros in the interval, then:

. 1 & 2

lim Prob {-; > p(i/n)S; < B} = V,(B)

n— 00 n° j=1

where the characteristic function of V»(B) is given by
[ emaviie) = i)

and D(\) is the Fredholm determinant associated with the integral
equation

1
A f min (s, )p(0)/()dt = Js).
0
In the case where p(¢£)>01in 0<¢=<1, we have

f eBtdV,y(8) = JI (1 — 2ign )11
—00 =1
where N\j, Az, - - - are the eigenvalues of

g'(s) + p(s)g(s) = 0

subject to the conditions
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g(0) = g'(1) = 0.

We also prove the following:

II1. Let X1, Xpe, + + -, Xunbeindependent, identically distributed
random variables, each having standard deviation 1 and mean u,
where lim,., #2u,=u. Let Spj=Xu+Xn+ - - - +X,;. Then:

1 n
lim Prob {—2 > Si,- < B} = V3(B8)

n— o ne j=1

where the characteristic function V;(8) is given by

fwe"ﬁde (B) = (sech (—2i§)1/2)1/2 ex {_’f(M — 1)}
o T P\ G '

The pattern of proof is essentially the same for the three theorems.
We show first that the limiting distribution, if it exists, is inde-
pendent of the distribution of the X's. A particular distribution is
then chosen so that the limiting distribution can be conveniently
calculated. This method was first used in a joint paper by Erdés and
Kac [1].! Since our independence proofs differ only slightly from
those in the latter paper, the details will not be given here.? More-
over, it will easily be seen that the requirement of identically dis-
tributed variables may be relaxed since it is only essential that the
central limit theorem apply to the variables in question.

From I, the following corollary is obtained:

1
lim Prob {min (Sy41, - -+, Sa) > 0} = —sin~1 a?/2,
n—oo ™
If, in addition, we let M= [yn], 0<y<a<1, it can be shown by a
method similar to the one used in proving I that

lim lim Prob {min (Sas1, Sarsa, -+, Sx) > 0] Su| < wntr2}

R )
1 v(1 — a)\!/?
= —sin™! (-———-—-———) .
™ a(l — v)
These special results had previously been derived by Lévy [3]. As
stated, his theorems apply only to normally distributed X; although
he seems to have been aware that his theorems were true for the
general class of distributions considered here.
Theorems II and III are generalizations of the third theorem in
[1]. The calculation made in II for the special case where p(f) >0 is
similar to that made by Kac and Siegert [4, pp. 392-393]. There is a

1 Numbers in brackets refer to the bibliography at the end of the paper.
2 The details may also be seen in another paper by the same authors [2].
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footnote in the latter paper that in the general case we must resort
to the Fredholm determinant but the details are not carried out there.
The results of the special case of positive p(¢) in II and also IIT had
been obtained by Cameron and Martin [5, 6] in their work on
Wiener space. Their results are equivalent to ours for the case of
normally distributed X’s.

The theorems can easily be interpreted in terms of a one-dimen-
sional random walk. Theorems I and II would apply to a free particle
and III would apply to a particle in a constant force field.

2. Proof of I. Let
P,(8) = Prob {min (Sy41, * - -, Sa) > Bul/2}.
Let k be a positive integer and let

n1=N+[(”—N)]/k)] G=12---,k
and

.Pn.k(ﬂ) = Prob {min (S"'l’ Sn” cee, Sng) > Bn1/2}.
Then, for any ¢>0, we have
Poi(B+€) — 1/ke? < P,(B) < P.x(B).

Letting #— » and using the multidimensional central limit theorem,
we have

Prob {min (Ry, Ry, - -+, Ri) > (B + € k1/2} — 1/ke?
(1) < lim inf P,(8) = lim sup P.(B)
< Prob {min (Ry, - - - , Ri) > BkY/2}
where

Ri= (1 + (k= 1)a)'’2Gy,
Ej=?1+(1_a)l/2(G2+G3+"'+Gi) (G722

and Gy, Gy, - - - are independent, normally distributed random vari-
ables each with mean 0 and standard deviation 1.
We now consider the particular case in which Xi, X, + « « are in-

dependent random variables such that
Prob {X; =1} = {ProbX; = — 1} =1/2

for each j. We next obtain estimates on P(n, [) for large #» where
P(n, 1) = Prob {min (S, S, + -+, Sa) >— 1}

and ! is an integer. For I >0, we make use of a reflection argument to
show that
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Prob {S1> —1,S:> =14, , 81> =1L Sa=— 1+ p}
= Prob {S, = — I+ p} — Prob {S, = — I — p}

and it will easily follow that

!
P(n,l) = 2, Prob {S, = j} — Prob {S, = 0} — Prob {S, = I}.

=0
We have
Prob {S. = — 1 + p}
=Prob {S1> — 1, -+, 81> =1, S = — I + p}

+ Prob {S, = — I + pwithS; = — I for at least one i < #}.

We consider the third probability in this equality and we suppose
that S; is the first such sum for which S; = —I. Since

Prob {XH-: + X2+ -+ X, = 17}
= Prob {Xi1+ -+ + Xo = — p},
we have
Prob {S, = — I + pwith S; = — I for at least one i < n}
= Prob {S. = — 1 — p}
and the desired result follows immediately.
We now make use of the following well known result [7, p. 135]:
(2/mn)1 127120 4~ A if n = j (mod 2),

Prob {S,. - j} - { 0 otherwise

where IA[ < 3n%/2 provided that # = 100. Thus, for sufficiently large #,
we have?

l 2 1/2
P(n, 1) = 22*(“) e+ e >0
j=0 \TH
where | &| <8In—3/242n-12, Since
P(n,0) = P(n — 1,1)/2
we have
P(n, 0) < Tu1/2,

Moreover, since
Prob {$;> —1i} =0 = -1,

3 An asterisk on a summation sign will indicate that only those values of the index
of summation are taken for which the index and the upper limit are congruent
modulo 2.
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we have
Pln,l) =0 <0
Now
N
P,(B) = > Prob {Sy = I, min (Sx41 — Sw, Syt — Sy, -+ +
=N
Sn = Sy) > — 1+ nti2}
N
= D, Prob {Sy =1} P(m, 1 — p)
=N

where m =n—N and p= [Br'/2]. Using the previous approximations,
we then have

1 N l—-p
(2)  P.B)=— X* {2N‘1/2e—l’/2N Z*zm—uze-ﬂlzm} + &
T l=—p =0

where |e| < Cn~12, C being bounded independently of #. The sums
in (2) correspond to Riemann sums and, letting n— , we have

1 © . (uallﬁ__ﬁ) (l_a)-—l/2 ,
lim Po(g) = — f 2y, f 1%t = V(8).
n—w ™ u=fa—1/2 =0

The proof is now easily completed. Applying our particular result
(1) we have

3 Prob {min (Ry, Ry, - -, Ri) > (8 + _e_)kl_/ﬁ }— 1/{e_62 < Vi(B)
< Prob {min (Ry, Ry, - -+, Ry) > ﬂk””}.
Replacing B by 8 —¢, we have

Prob {min (R, Ry, - -+ -, Ri) > BEY?} — 1/ke? S Vi(B — )
and replacing 8 by 8-+e¢ in (3), we have
Vi + € < Prob {min (B, - - -, Rp) > (B + e)k!/2}

and applying these results to (1), we find that for the general case

1
VilB + ¢ — o < lim inf P,(8) =< lim sup P,(B)

7n—>0 n—o

SViB— ¢+ 1/k%

The proof is completed by letting 2— « while e is held fixed and then
letting e—0 and using the fact that Vi(B) is continuous. The corollary
follows by calculating V1(0) explicitly.

3. Proof of II. Letting
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12 9
P,(8) = Prob {; 4_2‘1 p(i/m)S; < ﬂ} ,

and again following the method of Erdés and Kac, we find, for any
€>0 and all positive integers k, that

Prob { Z (/DR < B — e} — C/ekM?

i=1

4) < lim inf P,(8) =< lim sup P.(B)

n—ro n—ro

< Prob {k 3 P(j/B)R; < B + e} + C/ek112,
=1

where C is a constant, R;=G1+Gs+ - - + +Gj, and Gy, Gy, - - - are
independent, normally distributed random variables each having
mean 0 and standard deviation 1. The remainder of the proof is
essentially a calculation of limy., ¢x(£) where ¢x(£) is the character-
istic function of the distribution of (1/%%) D_%., p(j/k)R:.

We consider first the case in which p(¢) >0, 0=<{=<1, and for con-
venience we let p;=p(j/k). We then have

$u(8) = (21‘.)—76/2-[.—:. f exp {iE/kz,:Zl Pi( g x.-)z
1 k

——Z—Z }dx1 --dxk

j=1

it & 1
(21r)‘k/2f - f exp {k2 Z_;pm —_Z_yl
- E (yi = yi-1) }djh <o dYh

=2

(%)

Let 4 =((a:;)) be the matrix of the quadratic form
2 k 2
y1+ 20 (yi — 9i-1)
=2

and let the transformation z;=p}’*y; take 4 into B = ((b;;)), so that
bij= (pspj)~"2a;;. We then have

é1(§) = (2m)~*2(p1ps - - - i)~/ f - f exp {z.‘;‘ > 5

i=1

1
- - Z b,‘,‘Z.‘Z,’} dgy - - de,

1, ja=l
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and if we denote the eigenvalues of B by pix, pek, * * * , Mkr, it follows

easily that
k 2 s -1/2
ou(t) = H{Pi(mk - —E)} .

=1 k?

Since ¢:(0) =1, we have

©) o0) = fI{l -

j=1 k2

Now B=C-! where C=((p}?ci;;p}’*)) and ((¢i;))=((min {1, j}))
=41, It then follows that 1/uix, 1/uax, - - -, 1/usx are the eigen-
values of C. From Hilbert’s approach to Fredholm’s theory [8, p.
14], it follows that 1/k%u;—\; where Ay, A, - - - are the eigenvalues
of the integral equation

f () min (5, D(2(0) )k = M),
Letting g(s) =£(s)(p(s))~2, we obtain

[ olmm (s, D2 (et = rg(s)

and differentiating twice we find that

Q) Ag"(s) + p(s)g(s) = 0.

Thus Ay, Ny, - - - are the eigenvalues of (7), subject to the conditions
g0) =¢g1) =0

which arise from the integral equation. Since min (s, t) is a positive
definite kernel, it follows that (p(s))Y? min (s, )(p(£))'2 is positive
definite and by Mercer’s theorem we have A;>0 for each j and also
Z;‘.’.l \; converges. Hence we may pass to the limit in (6) and we

have
]

(8) lim ¢4(8) = IT (= 2ien )1,

i=1

the convergence being uniform in every finite é-interval.

We now remove the restriction that p(¢) be positive and we require
that p(f) have a most a denumerable set of zeros in the unit interval.
Moreover, using a continuity argument, it is easily seen that we need
only consider the case where the zeros of p(¢) are irrational. Letting
u=2iE/k2, it follows from (5) that
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oi(8) = (277)_k/2f'_:‘ f CXP{ . (i aiiyiyi

2 \iji=1

k 2
P> ?iyi)} dy1 - -+ dym.

1
Letting
a1 — uP1 a1 s a1k
Q21 Q22 — UP2 s A2k
J = . ? .
G s Qpx — UPk
it follows that
¢u(®) = | |12

Letting H = ((h;;)) where hi;=a;;/p:, we have
| J] = paps - pu| H—ul],

where I is the identity matrix. Moreover, if we denote the eigenvalues
of Aix, Naky * * ¢, Miky it follows that the eigenvalues of H—ul are
Ak—UNex—%, + * -, Megx—%. It then follows easily that

k

ox®) = I {p:0in — w)}112.

=1

Using the fact that ¢x(0) =1, we have

©) ot = 11(1- 25)

Moreover, it is clear that 1/\x, 1/Ask, + - -, 1/Ar are the eigen-
values of the matrix G=((g;;)) =H"! where

8ij = p;min (i» j) = P(j/k) min (in j)~

To evaluate limy.. ¢x(£) we again make use of Hilbert’s considera-
tions. We shall be concerned with the integral equation

(10) 76 = [ “min (5, 020 0at = 0

and for convenience we write K(s, ) =min (s, £) p(¢). Now let K;;
=K(i/k, j/k) =min (4, j)p;/k. Following Hilbert [8, p. 9] we define
Dy(1) to be the determinant
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1—1IKu —IKy-+ —IKu
—IKy 1—1Kg+++ =1Ksu
- 'lKk]_ bt lKkz ¢ 1 - lKl;k

and it follows that
(11) lim Dx(\/k) = D())
) ]

where D(\) is the Fredholm determinant associated with (10) and
is defined over the entire complex A-plane. Moreover, the conver-
gence is uniform in every bounded region of the complex plane. It is
easily seen that

Dy(l) =

!
J—— GI
k
and since the eigenvalues of G are 1/\x, 1/N\ex, + -+, 1/As, it easily

follows that
b l
D) = 1— ),
o) :,[;.Il( kN

and from (9) we have ¢(&) = (D(2:¢£/k))~V2. Letting k— « and using
(11) we have

(12) Lim ox(§) = (D(2:§))~/2

Since l¢k($)| =1 for all £ and for all real £, it follows that D(2:£) 0
and limg., ¢x(£) is defined for all real £. Furthermore, it is easily seen
that (12) is equivalent to (8) when p(¢)>0. In the general case it
follows readily that (10) is equivalent to (7) and it is known that
(7) will have eigenvalues even if we remove the restriction that p(¢) be
positive. However, in the general case we are unable to pass to the
limit termwise as in (8) since our integral equation would not have
a positive definite kernel. Therefore, we must resort to the Fredholm
determinant.

As yet we have not shown the existence of the limiting distribution
in the general case. We first consider the special case of normally
distributed random variables. We have shown that ¢+(£) approaches
a certain function ¢(£) uniformly in every finite £-interval as % be-
comes infinite. Applying the continuity theorem for Fourier-Stieltjes
transforms, we see that there exists a distribution function V2(B)
such that -

lim Prob {—k—z > p(j/k)Rf- < By = VaB)

E—o je=1
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at every continuity point of V,(8). Furthermore, we have

6(8) = f " 8tV (8).

—0

For p(¢) >0, we have

© N
lo@| = TII1 — 2ien; [ < TI| 1 — 2in |2

=1 i=1
since |1—2iE\;| =1. Taking N =4, we see that |¢(£)| is integrable
over (—», «) and it is evident from the inversion formula for
Fourier transforms that Ve(8) must be continuous at all points. The
theorem then follows from (4). In the general case, however, we are
unable to show that V,(8) is continuous everywhere and the theorem
holds only at the continuity points of Va(B8).

4. Proof of III. Letting

1 n
P.(8) = Prob {—2 > Shi< 3} ,

n? i

we find, for any €>0 and for all positive integers &, that

1 k
Prob {E SR < B — e} — C/ekM2

i=1

< lim inf P, =< lim sup P,(8
. m inf Po(f) < lim sup Pu(6)

1 &
< Prob {ﬁ S R <8+ e} + C/ekM?

=1

where C is a constant, Ryj=Gu+Gre+ - - - +Grjand Gy, * * -, Gij
are independent, normally distributed random variables each hav-
ing mean wpk~Y? and standard deviation 1. We now compute
limg.., ¢r(§) where ¢i(§) is the characteristic function of the dis-
tribution of

1 k
— > Ris
ko

We then have

oo f o (525

1 k
"exp {— 5 2 (5 — #k'1’2)2} dxy - - - dag,

i=1



1949] SOME PROBABILITY LIMIT THEOREMS 895

and making the substitution y;= > j_; %; we have

) . k
00 = oyrrews [0 [ e {”—y— + ;} > yi}

k112

1, 1@
exp {—-—yx —— 2 (yi— yi-)pdy- - Ay
27 2 %

We shall make use of matrices again and we shall denote the transpose
of a matrix by a superscript “7.” Let

1 0
%]

y=|" and ¢ = )
3;1: Mk.m

y and ¢ being column matrices each with k rows. Furthermore, let 4
be the kX% matrix of the quadratic form

2 L 2
yi+ 20 (9i — yi-1)

i=2
It then follows that

$u(t) = (27r)"’°/2e"ﬂ2/’f.~: f
i

£ 1
- €xp {—k; ¥y — 5 yTAy + tTy} dyr- - - dyn

(14)

Let A have eigenvalues A1z, A2k, * - -, Azz and let C be an orthogonal
matrix such that

CTAC = D,

where D is the diagonal matrix

Let

2k
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and applying the transformation y=Cz to (14) we have

$u()) = (2m)~Hi2ew’2 f _: f

i£ 1
- exp {—— 273 — — 37Dz + uTz} dzy -+ - dzg,
k? 2
where
U
%
u = 2= CTt.
Uk,
We may now separate variables in the last integral and it follows
easily that

ou(f) = {i[l(hk - iki;)—”?}

ST Y

=1 Njk — ZzE/kz

We define Z'2 in the plane with the negative real axis removed and
satisfying the condition that ZV/2 be positive for real and positive Z.
Since ¢,(0) =1 for any u, we consider the case u=0 and we find that
Auihes © ¢ - Mgp=1. We then have

k 24f \~1/2 1 & y
éi(§) = {g(l - Ajkk“’) } exp {——-—_l_ 2 E m} )

Let

k u;
= g Aix + a
where
a= — 2it/k?

and it readily follows that
g = 17(D + oIy U
where I is the identity matrix. We then find that

g =174 + oD
and letting

= (4 + al)™ = ((5:))
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we find that
u2
q = -; bkk.

We then have

(15)  ¢ul®) = { ,If.Il (1 - i:,iz)*m P {';"2 (?"’1?— - 1)} '

We wish to let k— o in (15). It is known [1, p. 299] that

k 215 —1/2

(16) lim H(l - ) = (sech (— 2:§)1/2)1/2
koo ] )\jkk2

and the convergence is uniform in every finite £-interval. Hence we

need only consider limg., bw/k. Let F=A-+al=((fi;)) where

a= —2¢t/k? and it readily follows that

bkk=|Fkk|/iFl

where | F| is the determinant of F and | Fi| is the co-factor of fu.
To evaluate these determinants we make use of the following well
known result:

Let
1 @ 0
1
Dn(a) =
a
0 a 1

where m is the order of the determinant. If a?541/4, we have

m—1 m—1
141 — 72
Dm(a) - 4 r
17— T2

where 7; and 7; are the roots of x2—x+a2=0.
We shall be interested in D,,(a) as m— © and a?*—1/4 and we shall
find it more convenient to use Gn(a) where

m—1 m—1
Gul@) = 272" 9mp.(a). *
7y — 72
Since F is the 2 Xk matrix
24a -1 0
-1 2+4a
o 24a -1

0 -1 14«
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it follows that

1 a 0
k| G -
(17) F = as . .
-1 a
0 e aifa,
where
d1=1+a, a2=2+a, 0=—1/(12.

Expanding the determinant in (17) by the last row, we find that

k=2
12}

IFI = (alasz_l(a) bt 2Gk-—2(a))

2k—1

Similarly we have

k—1
az

| Fur| = Gi—1(a),

zk—l
and combining the last two equations we have
a:Gr-1(a
018:Gr—1(a) — 2Gr_s(a)

We next obtain estimates on Gi_i1(a) and Gi_2(a) for large %2 and
we shall use C to denote a number bounded independently of k. The
various C’s will not necessarily be equal. Since r, and 7; are the roots
of x2—x+a?2=0, we write

n=>1+¢/2

and
ro=(1—¢)/2
where
e = (1 — 4a?)1/2,
It is easily seen that
@g)r  C
T O w

(19) €

where &= —1¢. Now

) k
71— T2

Guos@) = 23 (220) = :;1(1 + ORIt — O,

1 — T2
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Letting
Zi= (1471 — *,

it follows easily from (19) that
1 27(2¢,)1/2
log Z; = — (2£)'* — " (&1 + (28)'7) + — + C/#
and

1 2j
Z;=C/k + exp {— 21 — — (& + 28)') + % (2&)‘”} .

Finally, we find that
sinh (2¢,)¥2 C

(20) Gi-i1(a) = (k — &) W + n .
Since
k=1
Gr-a(a) = 2 (1 4 FX(1 — gk~
=1
we have

Goa(a) = —— (Gos(a) — (1 + 9*1}.

1 —e¢
It follows readily from (20) that
Q) Giald) = (b — £) BT ey + S
(281)12 k
Combining (18), (20), and (21), we find
bue  2(k — &) sinh (2£)'/2/(28)** + C/k
& £(2 cosh (2£)'/ + C/k)
and letting k— «, we have
tim _bj’_‘_ _ tanh (2%,)1/2 .
oo k (281172
Letting k—« in (15) and using (16), we find that

lim ¢x(§) = (sech (— 2:§)'/%)'/2
k—o

u? ftanh (— 24§)1/2
2 (— 24g)1/2

(22)
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and the convergence is uniform in every finite ¢-interval.

The proof is completed as in the previous section by applying the
continuity theorem for Fourier-Stieltjes transforms. Thus there
exists a distribution function V3(8) such that

1 k
lim Prob {;; > Rii < B} = V3(8)

ko fe=1
at every continuity point of V3(8). Furthermore, if we let

(¢ = iim oi(£)
we have

$(t) = f "otV (B).

—o0

It is easily seen from (22) that ¢(£) approaches zero exponentially as
|£| becomes infinite and therefore [qS(E)I is integrable over (— =, ®).
Hence V3(8) must be continuous at all points and the theorem fol-
lows easily from (13).
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