COMPOSITION OF BINARY QUADRATIC FORMS
GORDON PALL

1. Introduction. The composition of quadratic forms, as originated
by Gauss,! is based on bilinear transformations. Thus, if a quad-
ratic form fi= Y aix; is expressible as a product of two forms
fe(y1, « + ¢, ya) and f3(c1, + ¢+, 2.) by means of a bilinear substitution
Xa= D @apyVs2y, and if the determinants of order # in the n-by-n?
matrix (a.g,) are relative prime, f; is called the compound, or product
under composition, of f; and f;. There are few examples of composi-
tion except for quadratic forms, and there it is confined to certain
classes of forms in two, four, and eight variables.

Now there is evidence that quadratic forms not admitting com-
position have certain properties akin to those which are most easily
established in the case of binaries by use of composition. This suggests
that the use of bilinear transformations is too restrictive, and that
other useful definitions of composition may be possible. Dirichlet? did
in fact base a theory of composition of binary quadratic forms on the
representation of numbers. However, bilinear transformations appear
(loc. cit., p. 159, formula (5)) in his proof of the uniqueness of the
product class. Again, Brandt? gave a theory of composition for
binaries, based on integral linear transformations of a Grundform
into multiples of the binary quadratic forms of a given discriminant.
The extension of this to # variables appears to be difficult.

In this article we define a compound of binary quadratic formsina
manner basically related to that of Dirichlet; and prove the unique-
ness of the product class without using bilinear transformations. We
also show that the basic lemma (due to Gauss) can be extended to
quadratic forms in # variables. All the usual consequences of com-
position of binary quadratic forms can be derived from our present
approach, some of them more simply. But we shall not enter into
these details here.

2. Gauss’s lemma and its generalization. The basic lemma of
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Gauss gives a criterion for equivalence of binary quadratic forms.
Let [a, b, ¢] denote the real form ax2+bxy—+cy? If [a, b, c] is carried
into [a’, b, ¢’] by the unimodular transformation

1) x = ax’ + By, y = vz’ + 8y, ad — By = 1,
then ¢’ =aB24-bB6+¢d2, and

(2) & = aa® + bay + cv?, ¥ = 2a08 + b(ad + Bv) + 2cvs.
From (2) it is easily seen that

{aa + 271(b + V')v}/a' and

(3) — A ! y
{271 — b)a + cy}/a'  are integral;

indeed these expressions are equal, respectively, to d and —f. Gauss's
lemma is as follows:

LeMMA 1. The real forms [a, b, ¢c] and [a’, b’, ¢'] with a’#0 are
equivalent if and only if thesr discriminants are equal and there exist two
integers o and 7y satisfying (21) and (3).

Indeed, if the expressions in (3) are denoted by § and —f, then
ad+v(—p) =(ao?+bay+cy?)/a’=1, and 0=a'(B6+6(—p))=acB
+ 271 (ab+Py) +cyd — 2107, in agreement with (2). Hence the trans-
formation (1) replaces [a, b, ¢] by [a’, &', ¢’’], where b’2—4a’c"’
=b'2—4qa'c’, ¢’ =¢’.

To extend this criterion to n-ary quadratic forms, consider a sym-
metric, nonsingular matrix 4 of order #. Apply to 4 the unimodular
transformation of matrix 7= (7T T2), where 71 has n —1 columns, and

T one column, and obtain
B, K’
B =TAT = [ ]
K B,
where By = T1AT:, K = T2AT:, By = T2AT.

(4)

Thus, if 4 and B are equivalent matrices, then the leading minor
matrix B; of order n—1 of B is represented primitively by 4, the
representation being Ti. Also, if S’=T7T-1, S=(S5: S:2) can be parti-
tioned similarly to T, with .S; a single column. It should be noted that
Sz is uniquely determined by T3 alone, since S; is the column of co-
factors in T of its last column. Also,

TiS1=1Iy, TiSa=0, T35 =0, T:5, =1,

where I, is the identity matrix of order » —1. Finally, notice that
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B
T'AT, = [K‘], hence AT; = $1B; + S.K.

Thus (A4T1—S.K)B;! is an integral matrix. This is the analogue of
condition (3) above. We are now ready to state and prove the gen-
eralization of Lemma 1:

THEOREM 1. Let A and B denote symmetric nonsingular matrices of
order n, of equal determinants. Partition B as follows, with By of order
n—1 and B; a number:

5]

Let Ty (with n rows, n—1 columns) be an integral matrix such that
B,=T{ AT\. Denote by S; the column vector of cofactors consisting of
the minor determinants of order n —1 of T taken with appropriate signs.
Assume that (AT)— S:K)B{' is an integral matrix. Then A and B are
equivalent, and it is possible to construct T so that (T T3) is a uni-
modular transformation of A into B.

ProOF. Set (AT, —S:K)B;'=S,. It is not clear whether (S; S:) is
then unimodular. However, the equation A7;=3S51B:1+ 5K yields
T{AT,=T{ S$iB1+T{ S:K, By=T{ $1B;, and since B; is assumed to
be nonsingular, 7Y S; = I,. This implies that T} is primitive, that is, the
minor determinants of order n—1 of T} are relatively prime. Hence,
the most general integral matrix R; (with #» rows and #—1 columns)
satisfying 7Y Ry=1, is given by R, =51+ S,H, where H is an arbitrary
integral matrix of one row and #»—1 columns. Indeed, if R;—S; =X,
then each column x; of X isa solution of TY x;=0; since T} is primitive,
this solution is x;=S:k; where k; is an integer. Since T3 is primitive,
there exists a column T3 such that (T T3) is unimodular, and (T T2)!
=(R, S:)’, where R, is thus a solution of 7Y Ri=1I1;. Hence R;=3S;
+S,H, for some integral H, and (51 S,)’ = (T T\H' + T:). Accordingly,
we can rename T H'+ T as T3, and have (S, S;)’ =(T1 T2)~. Then
T4 ATy=T3 (S: K+ S1By) =K. The value of B; is fixed by the equality
of the determinants of 4 and B. The theorem follows.

This theorem opens the way to a possible extension of the methods
of this article to » variables.

3. Preliminary lemmas. As a first application of Lemma 1, we
have the following lemma.

LEMMA 2. Let a, a1, as, b, ¢ be integers, aa;#0. Then [a1, b, aasc]
~[az, b, aaic] implies that [aas, b, asc]~[aas, b, aic]. If (a, b, ¢) =1,
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then the equivalence of the latter two forms implies that of the former.

Proor. By Lemma 1, the equivalence of the first two forms is
tantamount to the existence of integers a and » satisfying

(6) @2 = a1a? + bawv + aascv?, a1o0 4 by = 0, aasc = 0 (mod ay);
and the equivalence of the last two forms amounts to
(1) aaz = aaa® + bay + ascy?, agio + by = 0, azcy = 0 (mod aa,),

with some integers o, v. If (6) holds, defining ¥ =av yields (7). If (7)
holds, then a|by and a|¢y, and hence if (g, b, ¢) =1, a|v, and v=7/a
is an integer.

The importance of this lemma may be seen from

LeMMA 3. For any primitive binary quadratic forms ¢, + + +, ¢q Of
the same discriminant d, there can be found integers b, s, a1, * * +, Gq
such that
(8) ¢i~ [ai, b, say - - - ag/ai] Gi=1,--+,9.
Furthermore, these integers can be chosen so that a;, + + + , aq, and 2d are

coprime in pairs.

PROOF. A primitive form represents primitively integers prime to
any assigned integer, and any integer primitively represented can be
taken to be the first coefficient of an equivalent form. Choose for a,
any integer primitively represented by ¢; and prime to 2d; for a; any

finally, for a, any integer primitively represented by ¢, and prime to
2a; ¢+ » ag3d. Then the ¢; are equivalent to respective forms

las, bi, ¢i] (i=1, - - -, @). By the Chinese Remainder Theorem, an
integer b can be chosen to satisfy

9) b = b; (mod 24;) (t=1---,9.
Then ¢i~[a;, b, k], where d=b%—4a;h; (i=1, - - -, g), and hence
since ay, * * *, @4, 2 are coprime in pairs, d=5b2—4a; - - - a., with
an integer.

4. Composition of binary quadratic forms. By the preceding
lemma, there can be constructed within any two primitive classes C;
and Cq, not necessarily distinct, of binary quadratic forms of the same
discriminant, united forms of the type

(10) b1 = [01, by, 0201] in Cy, b2 = [az, b, a101] in C,.

This is easily seen to be true when the classes are not primitive, if
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merely their divisors are coprime. The divisors are integers, {; and #,
such that ¢1/f; and ¢./t: are primitive forms. The product, or com-
pound, of the forms ¢; and ¢, will be defined to be the form [aias,
b1, ¢1], and will be denoted by ¢i¢e. The significance of this definition
lies in the fact that, when # and #; are coprime, it defines a unique
product class.

THEOREM 2. Let the divisors of the classes Cy and C; of discriminant d
be assumed coprime. Then, for all choices of united forms (10), the form
[a:az, b, c1] belongs to a unique class.

Proor. Consider, besides the forms ¢; and ¢, a second pair,
¢ = [as, bz, ascz] in Ci, pa= [a4, b, asc1] in Cu. It is to be proved that
drpa= [aras, by, 1]~ [asas, by, ¢2] =¢pspe. The difficulty in applying
Lemma 2 immediately lies in the circumstance that aia; and asas
may not be coprime, and hence that it may not be possible to obtain
equal middle coefficients by merely adding multiples of 2a;a; to b,
and 2a3a4 to b.. To circumvent this difficulty, we introduce inter-
mediate forms, with coefficients prime to both. Thus, an integer as
can be chosen, which is primitively represented by Cj, and such that
as/t is prime to 2a;a:asa4; and an integer ae, primitively represented
by Cs, such that ae/s; is prime to 2a1a:asa4as. Construct ¢ = [as, bs, c3]
in C1, ¢ps= [as, b4, cs] in Cu. Since 2a1az, as/t, and ae/t; are coprime in
pairs, an integer b5 can be found to satisfy

(11) b5 = bimod 2a102, b5/t = bs/timod 2as/t1, bs/t: = bs/t; mod 2a/t;.
Then d —b} is divisible by each of 4a;a,, as/t, and ae/ts, and hence

d— b: = 4410205045/ 1, t = tit, with ¢ integral.

Hence ¢1~[a1, bs, asasaecs/t]~][as, bs, arasaecs/t], Prpa~ [araz, bs,
asaecs/t]. By Lemma 2, ¢upa~ [asas, bs, aiaecs/t]. Similarly, since
¢a~ee, the last displayed form is equivalent to [(15(10, bs, a;azca/t].
We now choose an integer bg such that

be/t = by/t mod 2a3a4/t, b/t = bs/t mod 2asas/t.

Then o3, Pu, P5, Ps, P4, and ¢psps are equivalent to new forms with a
common middle coefficient bs, respective first coefficients as, a4, as,
@e, Gsas, asae; while the last coefficients are determined from d =057
—4a3a4a506c6/t, With cg an integer. By Lemma 2, ¢s~¢s, dsps~Psds;
Du~s, Pspi~Psps~Psps~edip2. This completes the proof.
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