A NOTE ON THE INTERRELATION OF SUBSETS OF
INDEPENDENT VARIABLES OF A CONTINUOUS
FUNCTION WITH CONTINUOUS
FIRST DERIVATIVES!

WASSILY LEONTIEF

Let X be a set of # variables x;, x2, - - -, x, and y a continuous
function of these variables, y=f(x1, %3 * *+, %a.), also written as
f(X) with continuous partial derivatives of the first, second, and third
orders. Throughout the following discussion all the first partial de-
rivatives of f(x1, %2, - - -, %) are assumed to be different from zero.

Let S be a proper subset of X and S’ the subset which is comple-
mentary to S in X.

DeriNITION 1. A subset S of independent variables is locally func-

tionally separable at a point (a1, a3, * - -, @,) within the set X in
y=f(X) if there exist some function ¢ with continuous first deriva-
tives and defined in some neighborhood of (ai, as, - - -, @,) and an-
other function ¢ also with continuous first derivatives and defined in
some neighborhood of (b, @y41,@v42, + + +,a,) whereb=¢(ay, as, « + +,a,)
such that

(1) y = f(X) = ¥(¢(S5), §).

The function ¢(.S) is locally separable in f(X).

From the definition of a locally separable subset it follows that each
of the original variables, thatis, each of the elements of X, is a locally
separable subset of X in f(X); so is also the set X itself.

Let ;;R be defined by

#iR = fi/f}

where f! and f! are the partial derivatives of f(x1, %2, * + + , ¥,) With
respect to x; and x;. The necessary and sufficient condition for ;;R to
be independent of xy is

firfi = Jifi
aRY = T IRE
ViR
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where f and fj are the second partial derivatives of f(x1, %2, * + +, %n).
Thus if ;;R{ =0 then ;;R{ =0.
Since

(2) aRLflfl = aRiLflf — oRL[f1]%

if 1R and ;;R are independent of x;, ;iR is also independent of xy.
Similarly the relationship

3) aR] — aRl = GRLf] /]

implies that if ;+R is independent of x; and ;R is independent of x;
then ;;R is independent of xy.

THEOREM 1. A subset S is locally functionally separable from X in
f(X) if and only if the following set of equations is satisfied: o5, Ry=0.
The first two subscripts to R refer to any two identical or different elements
in the subset S, while the last subscript indicates any element of the sub-
set S’ which is complementary to S in X.

Let S be a locally separable subset, that is, relationship (1) is
known to be true. If x; and x; are elements in .S and x; is an element
in S/, then ;iR=f! /f} =¢{(S)/#} (S) and consequently ;;R{ =0.

In order to show that the local separability condition stated above
is not only necessary but also sufficient let the function ¢(S) be de-
fined by

#(S) = f(S, 5",

where f(S, S’ is obtained from f(X) by assigning to each of the n—v
elements X,41, Xpt2, * * -+, %X, of the subset S’ a constant value
Xor1r Xopas * * * 5 Ko

The subset S comprising the elements xi, x, « + -, %, is locally
functionally separable in X if the function f(X) can be shown to be
expressed in terms of f(S, S’ and of the set of the n—v variables

Xo+1, Xpi2, © * * , Xa. Let these be considered as parameters in f(X).
The derivatives of the functions f(X) and f(.S, S§’°), with respect to the
v variables xi, xs, + -+, %, form a matrix

f16S,8)  fi(S,8) - f/(S,5)
f1(S, 8 fi(S,8) -+ f/(S,57)

All the terms of the first row of this matrix are proportional to the
corresponding terms of the second row if the relationship

(S, 89/fi (S, 8% = fi(S,8N/fi(S, S
holds for all Z, j Sv. It obviously holds if S’ =S’ that is, in the special

.
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case when the parameters X,41, Xy42, * * * , £n, Which are elements of
S’, are assigned the particular values xJ,;, x0,5, + - -, 3. But if
iiR{ =0for all 4, j <vand k>v, that is, if the last term of the equation
above is independent of the variables comprised in the subset S’, this
equation holds also if %41, %y42, - * *, X, acquire values other than
Xor1, Xopg, * ¢+, X5 In this case the two rows of the matrix are lin-
early dependent: the first row equals the second multiplied by
f1(S, S8 /f1 (S, S'%). Since, furthermore, the element f; (S, S’) lo-
cated in the lower right-hand corner of the matrix is by assumption
different from zero, f(X) can, according to the general theorem on
functional dependence, be expressed in the form f(X) =y (f(S, S’°), S’),
where ¢ is a function having continuous first, second, and third partial
derivatives, or if we substitute ¢(S) for f(S, S’9)

F(X) = ¥(6(S), S")

which shows that the condition of local separability of subset .S in
X as stated in Theorem I is a sufficient one.

The first half of the foregoing argument holds also if the function
¢(.S) by which S is locally separable from X in f(X) is more generally
defined as ¢(S) =®(f(S, S’°)) where ® is some continuous function
with locally nonvanishing first derivatives.

The conditions of simultaneous local separability of mutually ex-
clusive locally separable subsets of any given set of independent vari-
ables can be stated as follows:

LemMA. Given A, B, C, three mutually exclusive subsets of set X and
G the rest of X, if each of the sets A, B, C is locally funciionally separa-

ble from X in f(X), these subsets can also be separated simultaneously
from X in f(X).

Proceeding along the line of argument used in proving Theorem I,
let the individually locally separable functions «(4), B(B), ¥(C)
be given the particular forms f(4, B°, C°, G, f(4°, B, C° G°) and
f(4°, B°, C, G°). Differentiating f(X) and the three separable functions
with respect to all the variables comprised in subsets 4, B, and C,
form the four-rowed matrix:

fa(ABC,G) -+ f2(A,B,C,G) -+ fo(A,B,C,G) -+ for(4,B,C,G)
f;l(A,Bo,Co,Go) e 0 oo 0 te 0

0 . f,',l(A"',B,C",G“) [N 0 o 0

0 ... ° <o fo(4°,B°C,G0) ¢+ + f.,(4° B°C.\G°)

The first m columns of this matrix contain the derivatives with re-
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spect to the m variables a4, @3, * - -, an contained in the subset 4, the
next 7 columns consist of derivatives with respect to the 7 variables
by, bs, - - -, b, included in subset B and the last » columns are com-
posed of the derivatives with respect to the v elements of subset C.
All elements of subset G appearing under the function signs in row
one are regarded as parameters. An argument similar to that pre-
sented in the proof of Theorem I shows that the four rows of the
matrix are linearly dependent. Since all derivatives are assumed to be
different from zero, the determinant formed by the second, third, and
fourth elements of the first, second, and third columns (as written out
above) respectively is also different from zero: the rank of the matrix
is three. From these two properties of the matrix it follows that f(X)
is a function of f(4, Be, C°, G°), f(4°, B, C°, G°), f(4°, B°, C, G°) and
of the variables comprized in the subset G. In general:

J(X) = &(a(4), B(B), v(C), G).

TuEOREM I1. (a) If two functionally locally separable subsets S and T
of X in f(X), of which neither is a subset of the other, intersect each
other, then each of the three nonoverlapping sets—one of which comprises
all elements of S which are not elements of T, the second consists of all
the elements of T which are not elements of S, and the third contains all
elements common to S and T—is also a funciionally locally separable
subset of X in f(X). (b) Furthermore if $(S\IT) is a function of SIT
locally separable in f(X) the three nonoverlapping sets mentioned above
are additively locally separable subsets of S\IT in ¢(S\IT); that is, if
A, B, and C are these three subsets, there exist functions o, 8, and y with
continuous first derivatives such that

¢S\ T) = a(4) + B(B) + v(0).

Let X be partitioned in four nonoverlapping subsets 4, B, C,
and G,

X=4UBUCUG,
and the two overlapping subsets defined as
S=4VU B, T=C\U B.
S and T are locally separable from X in f(X), that is,
4) f(X) = v(¢(4\J B),CUG),
(5) f(X) = w((C\Y B), 4 \JG).

First let it be shown that these two equations imply
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(6) f(X) = u(a(4), B(B), 7(C), G).

From (4) and (5) it follows, according to Theorem I, that
aR! =0, aaR{ =0, R, =0,

aRJ =0, R/ =0, Ry =0,

R4 =0, Rd =0, wRd =0,

R, =0, Ry =0, wR, =0,

(M

where @, b, ¢, and g represent any elements in 4, B, C, and G respec-
tively, while the combinations of two identical subscripts such as aa
or bb refer to any two elements, identical or different, both belonging
to the same set, in this instance 4 or B respectively.

From ,R! =0 and .+R{ =0 we have, by (3), «R¢ =0. Let the sub-
script ¢, refer to one particular element in C and b to one particular
element in B, then on the basis of the last relationship g Ry, =ay, Ry,
=+ -+ =44, =0, where aj, as, - - -, anrefer to all the m elements
of A. Applying to these m equations the rule derived from (2) we
have 4,;R;,=0 where a; and a; refer to any elements in 4, and &
to any element in B; in short, ..R{ =0. By an analogous argument
we find that Ry =0. These two equations in combination with the
eight equations in the last two columns of (7) constitute according
to Theorem I a sufficient condition for the local separability of each
of the three subsets 4, B, and C of X in f(X). According to the
lemma proved above the individual local separability of subsets 4, B
and Cin set X implies their simultaneous local separability. Thus it is
shown that (6) follows from (4) and (5).

Now we can proceed to demonstrate that 4, B and C represent ad-
ditively locally separable subsets of the set A\UB\UC.

Let 4R be defined, in analogy to i;R, by

aﬁR= ua’/uﬁ';

then expressing the first two equations in the first column of (7) in
terms of (6) we have

’ ad ’ot
abR; = P Ry ve =0,
[24
’

Qgq
abRa’ = ’ﬁ",— aﬁ‘Ra' = 0.

b

Since the assumed properties of function f(X) exclude (ad /B4 )vs =0
and a4 /By =0, it follows that
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(8) a,g‘R-,' =0 and apRa’ = 0,

Being thus independent of v, and of any element g of G, R can be
considered to be a function of o and 8 alone:

(8a) «#R = ofR(a, 6).
Analogous arguments show that

9) 2R4 =0 and ,.R; =0,
(10) pRd =0 and aR; =0,
and consequently

(%a) 7R = yR(7, @),
(10a) 8 R = s, R(B, 7).

Multiplying all the left-hand and all the right-hand terms of the three
equations (8a), (9a), and (10a) with each other and expressing the
resulting equation in logarithms we have:

log «sR (@, B) + log 4R(v, @) + log sR(B, 7)

= log ud /ud + log u, /us + log ud /u, =logl = 0.
If .sR(e, B), voR(v, ) or g,R(B, v) is negative, they can be made
positive by temporarily replacing one of the variables ¢, 3, or v by
its negative. An opposite substitution must then be made at the later
stage of the argument after natural numbers have again been substi-

tuted for logarithms. Successive partial differentiation of both sides
of the last equation with respect to « and 8 gives

0 log R ) _
dadf

’

which means that log .sR(e, B) can be written as a sum of two
terms, one of which is a function of « alone and the other a function
of B alone:

log «sR(a, B) = log Ma) =+ log u(B)
or
ua [uf = Ma)u(B).
The characteristic equations of this partial differential equation are
da ag du dy dx A%

1/Ma) —uB 0 0 0
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where xx, + -+, x, are variables in G and its general integral is
(11) r(a) + #(B) + m(v, G, y) = 0,
where

y = f(X) = w(a, B, 7, G).

Expressing the two equations in (9) in terms of (11) and in accordance
with the definition of ,,R and using implicit differentiation to find
the partial derivatives of u, we have,

— ( @)\ _ _ (@m0, G, y)us _
v 88 \m (,G, y) [my (v, G, »)]? '
, 9 (T
R ag (mv’ (v,G, y)

(@ mr, G, D)o+ mao(r, G, 9)] —0

[my (v, G, »)]?

In the operations of partial differentiation indicated by the middle
terms of the two expressions, a and 4 in accordance with Theorem I
are held constant; in the first expression y and B, in the second y and
g, are allowed to vary. The partial derivative m, (v, G, y) is by as-
sumption different from zero. Since no other functions in the third
terms of these two expressions can vanish,

my(v, G, 3) = 0,
myy(¥, G, M)y + myy(v, G, ) =0,
from which
myo(7, G, 3) = 0.
These equations imply that function m has the general form
m(y, G, y) = K(v) + UG, ).
Substitution in (11) gives
(12) () + #8) + K(v) + UG, y) = 0
and solving for y, we obtain
y = h(r(a) + #B) + K(v), G).

But « is a function of A4, 8 is a function of B, and + a function of C;
thus the same relationship can be written as
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y = f(X) = u(a(4) + B(B) + v(0), G),

which shows that:

i. The function a(4)+B(B)+~v(C) of the set AAVBUC is locally
separable in f(X) and this set itself is a locally functionally separable
subset of X in f(X).

ii. The sets 4, B and C are additively locally separable subsets of
AVUBUC in a(4)+B(B)+v(0).
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