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Under the weaker hypothesis that px merely approaches a constant
the same proof shows that pw also approaches a constant.

A later note considers the existence and character of solutions of
quasi-linear networks for periodic impressed force.
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THE ELECTROSTATIC FIELD OF TWO COPLANAR PLATES
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1. Introduction. In a recent paper in the Philosophical Magazine
[1, p. 168],* N. Davy published what he called an “attempt” to ob-
tain the electrostatic field about two thin, infinitely long, parallel, co-
planar metallic plates of unequal width and at potentials + V,. It
was this remark, no doubt, that led M. C. Gray [2] to call this solu-
tion “tentative.”

Actually, the solution given by Davy was but one of infinitely
many that might fit his given conditions. The reason is that this is a
two-dimensional potential problem, and in two-dimensional potential
theory infinity is not a suitable zero point for the potential function
as it is in three-dimensional potential theory. Consequently, to make
the potential function definite, it is necessary either to specify its zero
point or to specify some other condition which effectively does this.
Davy made no such specification but chose the particular potential
function which corresponds to the case in which the charges on the
conductors are equal and opposite in sign.

It is the purpose of this paper to solve the problem fulfilling Davy's
conditions, but in which the charge per unit length on one plate bears
to the charge per unit length on the other plate a given ratio 7.

For any 751, the charges on the plates may be increased until the
potential difference between the two plates is 2V,. If the zero point
for the potential function is then taken as the point between the two
plates at which the potential is the arithmetic mean of the potentials
on the plates, one plate will be at potential 4+ Vi and the other will
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be at potential — V,, corresponding to Davy’s given conditions.
Davy'’s solution corresponds to the case r = —1.

2. The electrostatic field. Let the two plates have widths %, ks, re-
spectively, and let their adjacent edges be separated by a distance 4.
Define

(1) k

[rha/ (B + hi)(h + ko) |72, = (1-— k)2
hl/(h + h1), 0"2 = I’l/(h + h]) = 1 - 0'2,
ha/(h + hs), p?= (h+ h)/(h+ h1+ hs).

Let the plate of width %, occupy the interval 0<x <%y, and the
plate of width %, occupy the interval h-+4h<x <h-+4hi+he on the
x-axis of a rectangular x, y-coordinate system. Let z=x-1y, and let
E.(2), Ey(2) denote the x and ¥ components, respectively, of the elec-
tric field. Let the charge per unit length of the plate of width %, be
times the charge per unit length on the plate of width ..

The method to be used here is that of [3, §4]. Let x:=0, x2=Fh,
x3=h-+hy, xs=h-+h+h,. Take the “undisturbed” field to be zero,
so that f(x) =0. Then by [3, §§4.1, 4.7, 4.9, 4.10],

E.(z) — iE,(2)
= (dz+ B)/[3(z — h)(z — b — hi)(z — b — b1 — h) ]2,

Q
3]
I

©)

2

T

3)

where the constants A and B must be determined.
3. Determination of the constants. By [4, pp. 24, 483],
h hthithe
(4) E,(x + i0)dx — r f E,(x + i0)dx = 0.
0

h4+-hy

If the plate of width %, is to be at a potential + V,, and the plate
of width £, is to be at a potential — V,, then

(5) thlEz(x + i0)dx = — 2V,.
1
By (3),
Ey(2+140) = — (A %+ B) [2(h1— %) (h+ b1 — 2) (h+ ha+ ha— %) |17,

0<x<h,

E(2+i0) = — (A x4 B) [2(x— h1) (h-+ b1 — %) (h+ Byt ha— %) |12,
h1< < h+ hl,
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E,(2+10) = (A 2+ B) [2(x— hy) (6 — h— hy) (h+ hy+ ks — x) |12,

hrt+m<x<h+hi+ b
Therefore, from (4), (5),

(6) (Pl + rRl)A + (Po + fRo)B = 0, QlA + QoB = Vo

where

O 2P,,=fhl an [w(hy— &) (h+ hy— %) (B4 ha+ he— x) |71/%d %,
0

ht+hy
®)  20.= f wn[(x— hi) (bt hy— &) (b by ha— 2) |12z,
k
h+h1+he
9 2R.= o [2(— hn) (w— h—ha) (h+ ha+ by — ) |2 2d .
hthy

From (6),
(10) 4 = — Vo(Po+ rR0)/(M + rN), B = Vo(P1+ rR))/(M + 7N),
where
(11) M = P1Qo — Q1Py, N = RiQ¢ — Q1R

A and B may be calculated from (10), (11) if Py, Qo, Ro, Py, Q1, R1
are known. To determine them, in (7), (8), (9), respectively, make the

substitutions
%=h+ h— h/[1 — o sn2s, k)],
%= h/[1 — o'* sn¥g, ¥)],
© = hi+ k/[1 — 72 snXe, k)]
Then
K
(12) P, = k(hlhz)“””f {1 — ho® sn¥(9, B)/[1 — o® sn%(6, B)]} "ds,
0

(13 & = B2

Kl
* f {hl + hla'l2 sn2(¢, k,)/[l - 6,2 Sn2(¢s k’)]}”d¢,
0

R, = k(hyhy)—1/2
(14) (hahs)

K
7 bt e snto, /11— 5 swie, D],
0
where K=K (k), K'=K(k’).
From (12)-(14),
(1) Py= k(nko)=K, Qy = k(h)"PK', Ro= k(luh) K.
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Py = k(hihs)12[IK — hF(s, B)],

(16) Q1 = k(hlhz)—l/z[th, + th(O", kl)],
Ry = k(haho)='2[(h + WK + hF(r, E)],

where

K 2 sn2 (¢, k
(17 F(=, k)=fo lj:jsrf;b@,)k) %

Define the constant a by
(18) sn (a, k) = x/k.

a is real when 0 <x <k, but is complex when k <x <1. By [5, §22.74],
F(x, k) may be expressed in terms of the elliptic function of the third

kind as
F(x, k) = sc (a, k) nd (e, B)II(K, a, k).

By [5, §22.74], this may be expresed in terms of theta and zeta func-
tions as

F(x, k) = sc (a, k) nd (a, ) {i po&—a KZ(a)} .
2 O(K+a
Now the @-function is even and periodic of period 2K, so
F(x, k) = sc (a, k) nd (a, k)KZ(a).

By [5, §22.731], F may be expressed in terms of the incomplete
elliptic integral of the second kind as

(19) F(x, k) = sc (a, k) nd (a, k) [KE(a, k) — aE].
By [5, §§22.732, 22.734],

E(c + ib, k) = E(c, k) — iE(b, ¥) + isc (b, ¥)
-[dn (8, k") — k2 sn (c, k) sn (¢ + ib, k)] + b.

From (18) and [5, §§22.31, 22.34, 22.41],

(20)

a = sn (x/k, k), 0< x<k,
a = K + idn~! (k/x, ¥), E<x<1.
From (20), (21), and [5, §§22.11, 22.31, 22.34, 22.41],
E(a, k) = E(sn! (x/k, k), k)

(21)

when 0<x <k, and
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E(a, k) = E + i(1/%)[(«? — k(1 — a?)]112
— GE(dn— (k/x, K, ¥) + i dnt (k/%, ¥)

when k<x<1.
From (19), (21),

F(x, k) = a[(k* — «)(1 — 2?) [?V2[KE(sn™ (x/k, k), k)

2 — Esn~! (x/k, k)], 0< x <k,
22 F(x, k) = — K + z[(«? — k(1 — «?) |"12[KE(dn~! (k/x, k'), )
+ (E — K) dn! (k/%, k)], E<ax<1.

From (16), (22),
Py = [(h+ m)/(h+ hy)]'?K — KE(du~ (v, ¥), ¥)
+ (K — E)dun™! (r, /),

Q1 = k(h1/h2)'*K’ + K'E(sn (p, k'), k') — E' sn* (p, F),
Ry = k(hi/h)'2K + KE(dn™! (o, ¥'), k) — (K — E)dn™! (o, ).

By (1), (2), p=¢'/k’. Therefore, by [5, §22.11],
(24) dn! (o, k) = sn~! (p, F).

By (11), (15), (23), (24),

N = k(hho)™'?[K'R, — KQ]
= k(hihs)"2[KE' — KK' + K'E] sn~! (o, ¥).

By using Legendre’s relation [5, §22.735],
(25) N = 27'7k(hihs)~1/2 sn1 (p, ¥').

By (1), (2), o7 =k. Therefore by [5, §22.31] and (24),

dn~! (7, ¥') = K’ — sn™! (p, ).

(23)

By [5, §22.732],
E(dn™! (7, k'), k') = kh(kiihy)~1/t — E(sn! (o, ), ¥') + E'.

Substituting this into the expression for P; in (23), and using Le-
gendre’s relation, we obtain

(26) Py = R, — /2.
From (11), (15), (26),
M = N — 277Q,.
From (15), (25),
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(27) M = — 27'nk(hhs) " 2[K’ — sn! (o, ¥')].

From (10), (15), (23), (25), (27),
(28) A= (2/m)Vo(1 + NK/[K' — (1 + r) sn~! (p, )],

B = Vo[(h + h)(h+ k) ]712{1 — 2-2x(1 + ) [k(hs/ o)} 2K
(29) + KE(sn™* (p, k'), ¥) — (K — E)
su7 (o, )]}/ [K" — (1 + 1) sot o, B)].

The constants in (28), (29) are given in (1), (2). K and E are the

complete elliptic integrals of the first and second kinds, respectively,

with respect to the modulus %, and K’ is the complete elliptic integral
of the first kind with respect to the modulus &’.
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