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In an article of a few years ago [2]1 Kerékjartó obtained interest­
ing results about certain types of transformations which he called 
similitudes. With a few modifications and extensions his methods can 
be used to gain information about the structure of measure preserving 
transformations at fixed points. For simplicity the results are formu­
lated for Euclidean w-space although they could easily be given a 
much more general setting and in particular the relevant ones apply 
to any ^-dimensional manifold on which there is defined a measure 
satisfying light restrictions. Actually, as in most topological investiga­
tions of measure preserving transformations, the main property 
needed is that a bounded open set can not be carried into a subset 
of itself such that the difference of the two sets contains interior 
points. 

I t is shown that there are compact continua of assorted sizes which 
contain the fixed point and which are carried into themselves by the 
transformation. Such continua might, for example, be solid spheres 
# i 2 + • • • +xn

2^r2 as in the case of an orthogonal transformation. 
On the other hand they might be arcs as in the case of the transforma­
tion 

X\ :=z ZXi) Xn~i == Z#n_i , Xn =s 1 / £ Xni 

where continua of the type described are intervals on the #n-axis 
which include the origin. 

The results also show that there are certain points near the fixed 
point which remain near it under indefinite positive iteration of the 
transformation. We use the symbol Z7""1 for the set T~l(U)y and so on. 

THEOREM 1. Let T be a measure preserving homeomorphism of En 

onto itself', and let A be a compact connected set such that T(A)CZA. Then 
if U is an open set with compact closure which includes A, there exists a 
compact connected set K of which A is a proper subset and such that K 
isinV~landT(K)CK. 

The theorem applies to the particular case where A consists of a 
single fixed point. We divide the proof into two cases. 

Case I. Assume that there exists an open connected set V in U"1 

Presented to the Society, September 17, 1945; received by the editors August 20, 
1945. 

1 Numbers in brackets refer to the Bibliography at the end of the paper. 

949 



950 DEANE MONTGOMERY [December 

which includes A and which is such that T(V)QV. 
In this case F may be taken as the desired continuum because if 

either T(V) is in F o r T~\V) is in V, then T(V) = 7 . In order to see 
this suppose for example that T{ V) is in V so that we have immedi­
ately T(VyCT. If T(V) did not include all of 7 , then because of the 
nature of V it would havç to omit some interior points of V and hence 
could not have the same measure as V. When T~1(V) is in F, the 
procedure is similar and in either event we have T(V) = V which is 
even stronger than the stated conclusion. 

Case I I . Assume that there exists no open connected set F in U~l 

with the properties described in case I. Both U~l and U include A. 
Let 

u\ = ciu"1 n u) 
where C(U~XC\U) is used to designate the component of U~"1f^\U 
which includes A. We also have 

where, as usual, superscripts are used to indicate positive or negative 
iterates of a set, and subscripts merely distinguish between different 
sets. We see that U\ is not contained in U, because U\ in U implies 
Ui is in Ui. But this is impossible because U\ includes A and is in J7~\ 
and we have assumed there is no such set which goes into itself. Let 

so that 

U\ = C( f / iH u\) 

u2 = c([/1
1 r\ Ut). 

Then Z72 is not in [/, because Ui is in TJ~ZC\ f/~2n U~l and if it were 
also in U then U* would also be in U* and in U^ which is impossible 
because Z72 includes A and is in U~1. Continuing step by step let 

so that 

tfl = C(ff*-in tfLi) 

Uk = c(Uk!:inUk-d. 

Then Uk is not in U and we see this as follows : we have 

Uk c u^k+l) n • • • nu-1 

and 

u\ c u~k r\. •. r\ u"1 r\ u, 
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so that if Uh were in U then Uh would also be in Ukl because it will 
then be in Ui, C/i1, U2, C/21, and so on, which is impossible as before. 

Now let ___ 
K = Ui n u2 r\ • . . . 

Since it is the intersection of a monotone decreasing sequence of con­
nected compact sets including A, it follows that K also has these 
properties. I t is clear that K is in J/"""1» and since 

Kl =U\r\ U\r\ • • • 

it also follows that T(K)QK because UklQ 27*-i. Each of the sets TJi 
includes a point not in U and consequently K must do the same so 
that K must contain points not in A. The proof of Theorem I is thus 
complete. 

COROLLARY 1. If T is a measure preserving homeomorphism of En 

Qnto itself with a fixed point p, then there exist arbitrarily small compact 
connected closed sets, which contain py and which are carried into them-
selves by T, and which contain more than one point. 

COROLLARY 2. If T is a measure preserving homeomorphism of En 

onto itself with a fixed point p, then there exist arbitrarily large compact 
connected closed sets which contain p and which are carried into them­
selves by T. 

The proof of Corollary 1 follows immediately from the proof of 
Theorem 1. We turn to the proof of Corollary 2. Let A\ be any com­
pact connected set which includes p and which is carried into itself 
by T. From Theorem I we know that we can find a larger set with 
similar properties and the proof of the corollary follows by transfinite 
induction or any similar technique. 

COROLLARY 3. Let T be a measure preserving homeomorphism of En 

onto itself and let A be a compact connected set such that T(A)CA. 
Further let U be an open setf including A and having compact closure. 
Then there exists a compact connected set K such that ACZKd C/_1, K is 
not in U, and T(K)QK. 

For the proof we must keep in mind the proof of Theorem 1 which 
has the same hypothesis. Notice that in either Case I or Case II we 
can assert that there exists a compact connected set larger than A 
which goes into itself and which is in U~~l- If this set is not in U we 
may stop. If it is in U we may proceed by transfinite induction to 
reach the conclusion. 

The first two lemmas show the existence of both small and large 
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continua of the type under discussion, but the third contains a slightly 
sharper result useful in the next theorem. 

If T(t\ x) is a one-parameter group of homeomorphisms of En onto 
itself, then a point p fixed under every element of the group is called 
a stationary point or a singular point of the group. The function 
T(t ; x) is always assumed to be simultaneously continuous in t and x. 

THEOREM 2. Let T(t; x) be a one-parameter group of homeomor­
phisms of En into itself and let A be a compact connected set having the 
property that for all positive values of t, A is mapped into itself. Then 
there exists a larger set with the same properties. 

Let U be an open connected set which includes A and has a com­
pact closure. For each n we may find a set Kn which is not in U but 
is in U~l and such that T(l/n\ Kn)GKn. Some subsequence of this 
set of compact connected sets approaches (in the sense of Hausdorff 
distance [l ]) a compact connected set K which is in U~l but not in U%. 
We show now that for all positive values of / this set is carried into 
itself. Let x be any point of K and let xn in Kn be a sequence of points 
approaching x. I t is clear that for all positive k and n 

T(k/n; xn) G Kn. 

Letting / be any positive number it will be sufficient to prove that 

T(f; x) G K. 

Let kn be the largest non-negative integer such that kn/n<t, so that 
as n approaches infinity kn/n approaches /. We know that 

T(kn/n; xn) G Kn. 

Since xn approaches #, kn/n approaches t, and T is simultaneously 
continuous we may conclude that T(t; x) is in K which therefore ends 
the proof. 

I t follows from these considerations that we could find sets similar 
to those described in Theorem 1 and its corollaries for the negative 
iterates simply by letting T~~l be the transformation. There need not 
be such sets which are carried into themselves by both T and 3T""1 as 
we can see for instance in the second example cited in the introduc­
tion. We may also make analogous remarks about the case of a one-
parameter group. 

Remark. I t is well known that any continuous transformation of a 
closed disc into itself has a fixed point. An orientation preserving 
homeomorphism of the interior of a unit disc does not necessarily 
have a fixed point but if this homeomorphism is measure preserving 
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then it must have a fixed point as we can see from the Brouwer trans­
lation theorem. We see from the above that there must be compact 
continua which include the fixed point, go into themselves and which 
extend as near as we please to the boundary of the disc. This fact 
may be of use in studying measure preserving homeomorphisms of 
the interior of a disc onto itself. 
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