PROOF OF A THEOREM OF LITTLEWOOD AND PALEY
A. ZYGMUND

1. Introduction. In recent years, important results in the theory of
Fourier series were obtained by Littlewood and Paley [3].! They used
complex methods, and their main tool was an auxiliary function, g(8),
which they themselves had introduced.

Let ¢(2) be any function regular for [z| <1. The real-valued and
non-negative function g(0) =g(0; ¢) is defined by the formula

1 1/2
(1.1) = 1{[ a=leemat . 0sp<t

The integral on the right is finite or infinite, but always has meaning.
Let f() be any L-integrable function of period 2w, and let f(p, 6)
be the Poisson integral of f. Thus

1 27
16,0 = = f ) P(p, 6 — w)du,

where P(p, t)=(1—p?)/2(1—2p cos t+p?) is the Poisson kernel. If
f(o, 6) is the harmonic function conjugate to f(p, ) and vanishing at
the origin, and if we set

¢(Z) = f(pv 0) + if(Pv 0)1 z = pe”,

the function (1.1) will sometimes be denoted by g(8; f).

The function g(f) is suggested by some heuristic argument (see
[3, I]). It does not seem to possess any obvious geometric signifi-
cance, although it has a majorant, s(8), with a simple geometric
meaning. The reader interested in this problem is referred to papers
[4, 7]. In the present note we shall be exclusively concerned with the
function g(@).

As usual, by H* we denote the class of functions ¢(z) regular in
[zl <1 and satisfying

27
(1.2) [ gteemy pas = o, 0sp<t.
0
As is well known, this condition implies almost everywhere the exist-
ence of the radial limit ¢(e*) =lim,.; ¢ (pe®).
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Basic for the Littlewood-Paley theory (see also[8]?) is the following
result.

THEOREM. Suppose that ¢(2) EH N>0, and that g(0) =g(0; ¢). Then

wy A oo} "saf [ ot pask "

with C\ depending on \ only.

This result is proved in Littlewood and Paley [3, II] (where, un-
necessarily, it is stated in a form valid for A>1 only). The proof the
authors give is far from simple. The inequality (1.3) is first established
for A\=2, 4, 6, - - - . In this case, the integral on the left of (1.3) is
treated as a multiple (\-uple) integral, whose complexity obviously
increases with N\. On the other hand, the passage from these special
values of \ to general A >0 is simple.

The purpose of this note is to give another, perhaps slightly simpler
proof of (1.3). The general idea of the proof will be as follows.
(a) First we establish (1.3) for A =2, which is immediate and quite
familiar. (b) Next we show that the validity of (1.3) for any particu-
lar X implies its validity for any smaller and positive \. (c) Finally, by
a certain conjugacy argument we pass from the case A<2 to A>2.

The details of the proof are developed in the second section of this
note. Part (b) of the proof is borrowed from Littlewood and Paley,
and whatever novelty of the subsequent argument is restricted to
part (c).

We shall also need the following two lemmas.

LEMMA 1. Let ¢(3) CHM N >0, and let $(0) =supos,<1|d(pe®)|. Then

{ fo " <1>X(o)do} " §Ax{ fo"| o(ei) Pd@}m.

LEMMA 2. For any regular function ¢(2), z=pe®,

1 9 a 1 92
41¢'(d) |2 = A N =— —(p— 2) - 2
@1 = a6y == (ol ]) +— o4l
Lemma 1 is a very well known result of Hardy and Littlewood (see
[1] or [6, p. 247]). Lemma 2 is also very well known. Its use in the
sequel is analogous to that made by Littlewood and Paley in their
proof of the theorem.

2T take this opportunity to correct a misprint in [8, I1]. On p. 349, line 2, the de-
nominator (log )% should be replaced by (log ),



1945] PROOF OF A THEOREM OF LITTLEWOOD AND PALEY 441

2. Proof of the theorem. It is enough to prove (1.3) for ¢(z) regular
in Izl =1.Forif 0<R<1, and if gr=g(0; ¢(R3)), then

1 1
w@® =R [ (1= 0|6 Rt o 5 [ (1= o) | #6Re i
0 0

- f (1 = )| ¢/(oe®) |2d.

Thus gr(0) <g(8), gr(0)—g(8), as R—1. If (1.3) is valid with g, ¢(2)
replaced by gz, $(Rz2), then on making R tend to 1 we get (1.3) in
full generality.

(a) To prove (1.3) for A\=2, let ¢(2) =co+c1z+c222+ - - - . The se-
ries is absolutely and uniformly convergent for |z| =1, and

2_11; ” g%(6)d6 = _f “do{f (1 = p) | ¢'(oe®) lzdp}
o e

(1 —p) Z zl ¢ lz 2~2¢dp

v=0

0 -]

> 0ol f (1 = oty = 3

y==1 py=1 2V(2V - 1)

2
= — Z|c»l* —— | [¢(e?) 0.
0

=1

v? I

c:,.l2

(b) Suppose that (1.3) is established for some particular value of A
and let 0 <k <\. Suppose that ¢(z) EH* and assume for a moment
that ¢(z) has no zeros for |z| <1. Let Yy =9¢** Thus ¢*=y*, and

'PhEIf\ If we set W(0) =supos,<1| ¥ (pe?) |, g(6) =g(8; 9), G(6) =g(8;¢),
then

£ = 007 (1= 9 9]0 ¥y = /00150160,

27
f g d0 £ (\/x)* f W—rGrdh
0

27 A—x)/\ 2r k[N
< ()x/x)"{ f we} { f Gx(zo}
0 0

by the inequality of Hélder. Since we assumed the validity of (1.3)
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for our particular \,

e s a7 wenr)
G { fo ” | (") deo} "

o )

—K) /K ir [ 3 Ux
= (MAx ”cx{ f |¢»<e’>|d0} :
0

This is (1.3), with « instead of \, and with C,= (\/x)724}=9/C,.

Suppose now that ¢(z) (#0) does have zeros in Izl <1. Itis well
known (see [2]) that then ¢(3) =¢1(2) +62(2) (|2] <1), where ¢; and
@2 have no zeros, and ]¢>,(z)] §2]¢(z)| , for k=1, 2. If gr=g(0; ¢v),
then g =g1+g:, by the inequality of Minkowski. Thus

27 x . 27 M 2% x
f gdo <2 {f gldﬂ—l—f gzdﬂ}
0 0 0
27 2r \
s 2‘{C:(f |¢1|‘de+f lml‘do)}
0 0
27 .
é 22x+lc:f qu(e‘a) dee.
0

This completes the proof of (b). In particular, (1.3) is established for
0<A=2.

(c) On account of (b), it is enough to prove (1.3) for A =4. Let u be

defined by
1/(N\2) + 1/p = 1.

Thus 1 <u =2, since A =4. Let £(0) denote any non-negative function
such that M,[£]= (/) £#d9)V*<1. Then

27 2/\ 27
e il = { [T = s [
0 ¢ 0

where g=g(0; ¢). We may even restrict £ to trigonometric polyno-
mials, without invalidating (2.1). Let us fix any such polynomial £(6),
and let us write v(0) =g(8; £). If {(z) denotes the analytic function
whose real part is the Poisson integral £(p, 0) of £(0) and whose imagi-
nary part vanishes at the origin, then M,[{(e®)|SR.M,[¢]SR, by



1945] PROOF OF A THEOREM OF LITTLEWCOD AND PALEY 443
the very well known result of M. Riesz [5]. Here R, depends on u

only. Thus, observing that (1.3) has already been proved for N be-
tween 1 and 2, we get

(2.2) Mn['Y] = CM#[K] = CR"M“[E] = CR,,

where C=supisi=2Ch is an absolute constant.
We write

/ " )0 = f - p>{ / hlw(pew)l%w)de} o
=2 a=w{ [ ewen o) s
<4 f 02'(1 - p){ fo 2rIqb'(pzew) |2£(0)d0} dp.

The function w(z) = |¢’(z)| 2 being subharmonic,

1 2
wote) 5 — [ w26, 0 = wya
™ 0
2r ) 1 2r 2r .
fo W' )E0) 8 < — fo g(e){ fo w(pe™) Pp, 0 — u)du} i
= f T'w(pe"")s(p, u)du,

27 1 27
2.3 2(0)£(0)d6 < 4 1 - " (pet®) |2E(p, 6)d6 p dp.
ey [Teoxonss [ a-n{[ 16 06001
By Lemma 2, 4|¢’|2=A|¢|2 The formula

p? 962

(2.4) AU=— —(p —)+

1 9 U 1 02U
=p U, 4+ U, + 072U
p 9p dp

implies for any functions a(p, 9), b(p, 6)
A(ab) = aAb + bAa + 2(a,b, -+ p~2asbs).
Thus, taking a= |¢| 2 b=£(p, 0), and observing that Af=0, we get
alo e = aclel —2{l ol + 5 oleks).

It follows that the right-hand side of (2.3), which is non-negative,
does not exceed
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foh fol (1 — p)A(| ¢|28)pdpde

+4forf., A—=o) || (oll&]+ 072 00|l &])dpde = 4 + B

say. Since |¢| =@, || =19, |o7%00| = 0’|, |&] =[¢"], [o72%0]
<|¢’|, we find

B_<_.8f0h¢<0>do{fol<1—p>l¢'l|s°'ldp}

<38 fo " 20)50)v(6)db

< 8M\[®]Mu[g] M, [v] < 8CARM\[g] M [6(¢) ).

(2.5)

Here we use Schwarz’s inequality, Hélder’s inequality with the three
indices N\, N, u, and the inequality (2.2). To 4 we apply the first
formula (2.4) and note that, owing to periodicity, the integral of
(]¢I 2£) g9 over (0, 2m) is zero. Thus

2% 1 a all
e[ a0 2o Lok
. fo( p)appap¢2p

27 1 a
=f dﬂf p— (| ¢|2)dp
0 o Op

2. 2 !
@0 fo { | #(e®) [2£(6)d0 — fo | (o) |*(o, O)dp} db

= [ Tlot" Px@an = 3a3la e 5 331" )
From (2.1), (2.3), (2.5) and (2.6) follows

Milg] S SCARM[]Mnl6(c )] + Malo(e )],

so that X = M [g]/M>[¢(e*)] does not exceed the largest root of the
equation X?=8CA\R,X+1. This proves (1.3) for A 24, and so also
for all A>0.

3. Additional remark. The constant 4, in Lemma 1 is bounded
for A =e>0[1;6,p.247]. On the other hand, R,=0(u—1)"1=0(\) as
pu—1 (that is, A>®) [5; 6, p. 149]. Hence the largest root of the
equation X?2=8CA\R,X+1 is O(\) for A— . In other words, the
constant Cy in (1.3) is bounded in every interval 0 <e<A=1/¢, and
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is OQ\) for A—> . Thus Cy S KA\ for A 21, where K is an absolute con-
stant.

Suppose that ¢(2) is regular for |z| =1, and does not exceed 1 in
absolute value there. Let « be any positive constant less than 1/Ke.
Summing the inequalities

n 27 n 27
2 grao =X (&w)» f | () |*ds < 2m(aK)™n"/n!
n! 0 n! 0
forn=0,1,2, .- weget
27
(3.1) [ ew {est@}an < 5.
0

This inequality may be considered as the limiting case of (1.3) for
A= . It may even be slightly strengthened. If ¢(2) =u-+1v is regu-
lar for Izl <1, and if lu| =1, then we have (3.1) where a and (3 are
positive absolute constants.

To show this, we observe that the proof of §2 could be slightly
modified, by using instead of Lemma 2 the relation

2|¢’|2=Au2 (p = u + 1)

and instead of Lemma 1 the inequality

{j;zrv*(o)do} "< Bx{j;"l u(1, 6) |w} T

where #(p, 0) is any harmonic function satisfying f:" u(p, 6)|*do
=0(1), and where %(1, 6) =lim,.1u(p, 6), U(0) =supos,<1%(p, 8). The
coefficient B) depends on N only and it is O(1) as A= ». (Unlike 4,
B, tends to infinity as A—1.) This modification of the argument of §2
leads to the following analogue of (1.3)

(3.2) { fo 2Wg%(o)da}”x <c { fo w1, 6) IXdo} "

AN>1,¢=u-+ 1)

and here again CY =0\) asN— . Let CY SK\for A 22. If |u| <1,
and if we consider (3.2) for A\=2, 4, 6, - - -, we immediately obtain

27 27 0
f exp agdf < Zf cosh agdd < 4r Y,
0 0 0 (2”) !

2n

(K-2m)* S B < .

This completes the proof.



446 A. ZYGMUND

REFERENCES

1. G. H. Hardy and J. E. Littlewood, A maximal theorem with function-theoretic
applications, Acta Math. vol. 54 (1930) pp. 81-116.

2. , Some new properties of Fourier constants, Math. Ann. vol. 97 (1926)
pp. 159-209.

3. J.E. Littlewood and R.E. A. C. Paley, Theorems on Fourier series and power
series. Part I, J. London Math. Soc. vol. 6 (1931) pp. 230-233; Part I1, Proc. London
Math. Soc. vol. 42 (1937) pp. 52-89; Part III, ibid. vol. 43 (1937) pp. 105-126.

4. J. Marcinkiewicz and A. Zygmund, On a theorem of Lusin, Duke Math. J.
vol. 4 (1938) pp. 473-485.

5. M. Riesz, Sur les fonctions conjuguées, Math. Zeit. vol. 27 (1927) pp. 218-244.

6. A. Zygmund, Trigonometrical series, Warsaw, 1935.

7. , On certain integrals, Trans. Amer. Math. Soc. vol. 55 (1944) pp. 170-
204.

8. , On the convergence and summability of power series on the circle of con-
vergence. I, Fund. Math. vol. 30 (1938) pp. 170-196; II, Proc. London Math. Soc.
vol. 47 (1942) pp. 326-350.

Mrt. HoLYoRE COLLEGE



