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where p, #, d=0 (mod 1); n<p;¢=0,1,2, - - -,d—1; and m, ¢=0,
+1, +2,---.

Thus we have obtained transformations of the Mirimanoff and
Vandiver congruences connected with the solution of equation (1.1).
Other, and in some cases more symmetric, transformations of these
congruences are possible by using one of the other permissible forms
for the quadratic functional equation (2.11).
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1. Introduction. In some work devoted to the derivation of certain
congruences connected with the solution of Fermat's Last Theorem,
it was found necessary to develop several quadratic functional equa-
tions of a particular function which we shall define later. This note
will deal with the derivation of these functional equations. Maier?
derived two such quadratic functional equations for a generating
function of the Bernoulli polynomials. This work of Maier serves as
the basis for our developments.

2. The Maier results. The function, f(x, #), used by Maier was
defined by the infinite series

+o0 ezrizr
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where x is a real variable satisfying the inequality 0 <x <1, and where
u is a real variable subject to the restriction ##0 (mod 1). Maier,
then, showed that if «, v, x, £ are such that %, v, (#+9)0 (mod 1)
and 0<£<x<1, that the function f(x, #) is a solution of the func-
tional equation

f(xv u)f(E, U) = f(f) u + 7))f(x - & u)

(2.2)
— flx, u + v)f(x — & — v).
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If the restriction on x and £ is replaced by the condition 0 <£<1—x
<1 (since we must have 0 <x+£<1), Maier obtains the functional
equation

fx, wf(E, v) = f(x, u — 0)f(x + & 9)
+ f& v — wf(x+ & w.

Returning to the definition of the function f(x, %), (2.1), we note
that by considering a special contour integral it has been shown? that

(2.4) f(x, u) = 2wie2rizu/(1 — g~2rin), u # 0 (mod 1).

In this form the function f(x, ) is defined for all values of x, and we
shall now use this form of the function f(x, #). Further we note that
the addition-theorems (2.2) and (2.3) must remain satisfied by the
function f(x, #) when the form (2.4) is used.

(2.3)

3. The function f,(x, #). For our purposes it was necessary to in-
troduce a new function, which we denote by f,(x, #) and which will
be defined in terms of values of the function f(x, #). We define

(3.1) fol#, ®) = [+ p,9) — f(z,4), =0 (mod 1),
Hence by means of (2.4), we have

3.2) fo(®, w) = [e“”"’"“ - l]f(x, u).

Thus

(3.3) f(x, u) = fox, w)/(e72xirv — 1).

By means of (3.2) we can show that

(3.4 fol® ) + fp(1 — 2, — u) = 0.

Other formulae involving the function f,(x, #) which shall prove to
be useful for our immediate purpose are

3.5) fp(x + 2, u) = _2'ipufp(x’ u),
(3.6) J-o(, u) = — fo(x — p, u) = 774fy(x, u).

In the above formulae for f,(x, #) we can replace # by #+4«, where
the condition #$#0 (mod 1) now becomes (#-+a)#0 (mod 1), and
everything else remains valid.

2 Namely, the integral I,=[¢"(e®*~D#*i/gin x2)-(ds/(z+u)), where 0<u<l1,
##0 (mod 1) and where C, is a rectangle with the sides x= +(2n+1/2) and y=1m
with m an arbitrarily large positive number and # as an arbitrarily large positive in-
teger so chosen that z= —u lies in the interior of the rectangle C,. Finally it has been
shown that limm,newls =0.
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4. Addition-theorems for the function f,(x, ). In §2 we gave the
two addition-theorems for the function f(x, #). In this paragraph we
shall derive similar addition-theorems for the function f,(x, u).

Let us write the addition-theorem (2.2) in the form

fx,ut+a)fEv+B) =fEutov+atB)flx—§u+ a)
—fxuto+atpB)fx—t —v—p),

where (#+a), (v+8), (u+v+a+pB)#0 (mod 1).
On applying (3.3) to the equation (4.1) we have

Io(% 4+ &)fp(§ v + B)
[e2miptuta) — q][e2rintoth) — 1]

=h@u+v+a+®h®—au+®

[e2rintutotats) — 1][e-2rintuta) — 1]

_f?(xvu+v+a+ﬁ)fp(x_gr—v'—B).

[e-2rirtutvtats) — 1][g2riret) — 1]

(4.1)

(4.2)

This reduces to
[e—zn'p(u+v+a+ﬂ) — 1]fp(x, u+ &)f,(E v+ B)
—_ [e—zrip(v+ﬁ) —_ 1]fp(£, ut v+ a4+ B)fp(z— ¢ u+ a

4.3 [e2miretd) — 1]

— |e—2wip(uta)
[e Tip(uta 1] [ezﬁp(”_'_p) — 1]

o, u+ v+ a+ B)fp(e— & —v—§).

In order to further simplify the above equation, we write [e~27ir(+®
—1] = [e2rirtutvtatprairuta) — 1] and similarly

[6—2rip (v+8) — 1 ]

—2mip (uta) —
[e wip(uta 1] [ezn‘p(v+ﬂ) — 1]

= [e—zn‘p(u+a) - 1] [e“z‘l'il’(”'l'ﬁ) _ 1] e—2mip (v+6)
- [1 — e2rineim]

= — [g—2f‘p(u+a) _ 1]8—2n'p(v+ﬂ) = — [g—zrip(u+v+a+ﬂ) — g—2Tip(v4h) ].
Then (4.3) reduces to
[em2rintutotats) — 1]f (5, u + a)f5(E, v + B)

= [etrirtutotatp)gtrisis) — 1]

(4.4) o ut v+ atB)fp(x— & ut )

—27ip (utv+at+p) — o—27ip(v+p)
+ le e

Xt ut+v+atB)fle—§ —v—pB.
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Then on making use of (3.5) we obtain a quadratic functional equa-
tion of the function f,(x, %), namely

fo(x 4 p, u =+ Q)fp(§ + p, v+ B) — fo(2, u + @)f,(& v+ B)
=foll+putovtat+B)f(t—E—puta
(4.5) —fEutov+at Bf(s—&u+t o)
+ @+ putov+at Bf(x—§ —v—§)
—fmutovtatB)fls—E—p, —v—§),
where (#+4a), v+8), (u+v+a+B)#0 (mod 1), p=0 (mod 1).

Next, on using (3.4) with (4.5) we obtain for the latter equation the
following modified form:

— (1 —x—p, —u—a)fs§+ v+ )
+ fop(l — %, — u — a)fp(§ v + B)
=—fik+putortatpf,(l-—ast+éit+p —u—o
+hEutrtatB)f (1l —x+E —u—a)
+fo(l—z—p —u—v—a—B)f,(1—x+&v+6)
—fl—2, —u—v—a—B)f ,(1—x+ £+ p, v+ B).

Consequently, on replacing 1 —x by x and —«—a by u+«, (4.6) be-
comes

foo(x — pyu+ &)fp(E+ 9, v+ B) — fop(®, u + &) fo(&, v + B)
=fo6+pv—ut+B—a)fp(x+E+puta)

(4.7 —fol&v—u+B—a)fp(x+ & u+t o)
+fw(@u—v+a—B)f(x+E+pv+B)
—fo(x—pu—v+a—B)f (x+ v+ B).

Introducing (3.6) in equation (4.7) we obtain the following func-
tional equation for the function f,(x, %),

fo(e — pyu+ a)fp(§ v+ 8) — fo(® — 2p, u + fp(E+ p, v+ B)
=foll,v—u+B—a)f(x+Et+puta)

(4.8) —fof+pv—ut+B—afs(s+&u+t o)
+fx—pu—v+a—Bf(x+ &0+ 8)
—folz—=2p,u—v+ a—B)f)(x+ £+ p, v+ B),

where (#+a), v+8), (u —v+a—B)#£0 (mod 1).

(4.6)
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The addition-theorem (2.3) for the function f(x, #) may be written
in the form

flx,u+ a)f(§, v+ B) = f(x,u — v+ a— B)f(x+ & v+ B)
—fEv—u+B—af(x+ & u+ a),

where (#+a), (v+8), (u—v+a—B)£0 (mod 1).
Then on applying (3.3) to the equation (4.9) and simplifying, we
obtain the following addition-law

folx+ b, u+ &)fp(§ — b, v+ B) — falx, u + a)fn(§, v+ B)
=fola+pu—v+a—B)fo(x+ £+ p,v+8)
(4.10) —fo(®,u—v+a—PB)fs(x+ &0+ 6)
+fE—pv—ut+B—af(e+§u+t a)
—fo&v—u+B—a)fs(x+ £+ p,u+ a),
where p=0 (mod 1) and (z+a), (v+8), (u—v+a—8)#0 (mod 1).
If we apply (3.4) to (4.10), then replace 1—x by x and —u—a by
u+a, and finally apply (3.6), we obtain another functional equation
fole — 2p,u+ a)fp(E— pyv+B) — fp(x —put a)fP(E’ v+ 8)
=fo(x—2p,ut+v+a+ Bfs(x—&—2p, —v—p)
(4.11) —fle—puto+a+t+p)f(x—E—p, —ov—B)
+HE—putv+at+Bflz—t—puta
—fEutov+atBfuls—E—2pu+ a),

where (#+a), (v+8), (u+v+a+B8)#0 (mod 1) and p=0 (mod 1).

Thus we have derived four addition-theorems for the function
fo(x, u). These functional equations were used in connection with the
solution of a certain diophantine equation.

(4.9)
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