A GENERALIZATION OF CONTINUED FRACTIONS!

B. H. BISSINGER

1. Introduction.? The generalizations and analogues of regular con-
tinued fractions due to Pierce [8], Lehmer [5], and Leighton [6]
concern the iteration of rational functions to obtain rational approxi-
mations to a real number. The present generalization proceeds from
the fact that the continued fraction

1

1.1) 1

al+a2+...

can be written in the form

(1.2) fos + floa + - -

where f(£) =1/t. This suggests the possibility of using functions other
than 1/ to obtain generalizations of (1.1). In §2 a class F of functions
which includes 1/¢ is defined and in §3 meaning is given to (1.2) for
each fEF and each sequence ay, @z, a3, + - - of positive integers. An
algorithm is given for obtaining for a fixed fE F an expression of the
form (1.2) corresponding to each number x in the interval 0 <x<1;
this expression is then called the f-expansion of x. The analogue of
the nth convergent of a simple continued fraction is defined, and its
behavior with respect to x is noted. In §4 the form (1.2) is called an
f-expansion when fEF and a1, as, ag, - - - is a sequence of positive
integers. The convergence and some idea of the rapidity of conver-
gence of an f-expansion are established. The one-to-one correspond-
ence between f-expansions and f-expansions of numbers x, 0 <x<1,
is given in §5 by Theorem 5. In §6 statistical independence of the a;
of an f-expansion is defined in the customary way and a subclass F,
of F for which the q; are statistically independent is considered. Vari-
ous sets of numbers ¥ whose f-expansions are restricted by conditions
on the a; are considered and the linear Lebesgue measures of these
sets are given. In §7, when fEF,, certain sets of numbers ¥ which
have been studied for f(£) =1/t by Borel [2] and F. Bernstein [1] are
shown to be of measure zero.
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1 The author wishes to thank Professors Agnew and Kac for their help in the
preparation of this paper.

2 Numbers in brackets refer to the bibliography.
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2. The class F. Let F denote the class of real functions f(¢) defined
for t=1 and having the following properties:

(2.1) ) =1;

(2.2) f(@®) > f@) > 0, 1254 <ty
(2.3) lim f(#) = 0;

(2.4) | ft) = ft) | < |t — 1, 156 <t
there is a constant A such that 0 <A <1 and

(2.5) | 782) — F() | < N2| 82 — 8], 1472 <h <t

3. The f-expansions of numbers. Let f(t) € F and « be a fixed num-
ber, 0<x<1. Let 2, be defined by x=f(2,) and let the sequences

21, %, ** *, 010 - -,and ay, @y, - - -+ be defined by the relations
(3-1) A = [zn—-l]r 0n = %p—1 — @n, 0 = f(zn),
forn=1,2, - -.1f 6,50 for n <k while 6;=0, we shall say the ex-
pansion terminates and that the f-expansion of x is?
(3.2) flar + flaa + - - - + f(an).
In this case it is easy to see that ¢;=2 and that the f-expansion of &
is equal to . If 0,50 for n=1, 2, . - -, then the expansion will not
terminate and we shall call
3.3) far+ flas + - - -
the f-expansion of x.

By analogy with simple continued fractions we define
(3.4 %n = flar+ f(as + - -+ + f(an)
and call the elements of the sequence x1, %3, - - - the convergents of x.
The integers a4, a2, - -+ - and the convergents xy, %3, + - + are uniquely

determined by x for almost all x, 0<x<1. When we wish to em-
phasize this functional dependence we shall write them in the form
ai1(x), aa(x), - - - and x1(x), xa(x), « « - .

To facilitate notation we introduce the function ¢,(f) defined when
fEF and ay, ay, - - - is a sequence of positive integers by

(3.5) on(t) = flar + flas + - - - + flan + 9), t20.

A simple induction proves the following lemma.

3 In (3.2) and similar expressions we shall use a single parenthesis on the right.
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LEMMA 1. The function ¢.(2) is a decreasing (increasing) function of ¢
when n is odd (even).

THEOREM 1. If fEF and 0<x <1, then the odd (even) convergents of
the f-expansion of x form a decreasing (increasing) sequence bounded be-
low (above) by x; thus

(3.6) <<y <+- S <xg<x=1

When ¢,(¢) is defined by (3.5), we have x,=¢,(0), x =¢,(0,), and
Xni1=Pa(f(@n+1)). Since f(@n41) 20,>0, we can apply Lemma 1 to
obtain x,>x=%,41 When 7 is odd and x,<x=x,41 when #» is even.
Since f(@nt1+f(@ni2)) >0 and xni2 =@ (f(@ns1+f(@ns2))), We similarly
have %, >x,42 when 7 is odd and x, <x,.2 when 7 is even. These in-
equalities establish Theorem 1.

COROLLARY. If lim, ., &, exists, then lim, ., x, =x.

4. Convergence of f-expansions. If f& F we shall mean by an f-ex-
pansion either a finite expansion f(a1+f(a:+ - - - +f(ax) in which
the a@; are positive integers and ax=2, or an infinite expansion
flai+f(as+ - - - in which the a; are positive integers. It is to be
proved later that each f-expansion is generated by a unique x; mean-
while this is not assumed.

THEOREM 2. Let fE F. If sequences x, and vy, are defined in terms of
an f-expansion by the formulas

4.1) %n = f(a1 4 f(az + - -+ + f(an),

(4.2) ¥n = flar + f(a2+ - -+ + fla. + 1),

then

(4.3) O<m<u< - << =1

and

(4.4) tnt1 € Iy, 03, - - -, a2),

where I(ay, as, - - -, a,) 1s the closed interval with end points at x,
and Y.

Proof of (4.3) is identical with a part of the proof of (3.6). The con-
clusion (4.4) follows from Lemma 1 since x, =¢,(0),

Xnt1 = ¢'n(f(au+1))r Yn = ¢n(1), and 0< f(an-i-l) =1
LEMMA 2.4 Let fEF. For a fixed positive integer n, the least upper

4 We use the symbol IE | to denote the linear Lebesgue measure of a set E.
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bound of II (ay, @, - - -, a,.)l Jor all sequences of positive integers a; is
less than "2 where \ is the constant in (2.5); that is, if fEF and

(4.5)4n= Lub. =llf(al + -t flant 1) = flar+ - + flaa) |,

ey,

where ay, Gz, - - -, @, assume independently all positive integral values,
then
(4.6) A, S A2 n=12---.
For n=1, we can write
I(a sttty O
An+2 = Lu.b. | ! +2)| 4 ‘ I(asy Tty an+2) l
DAY "¥Py-3 ) l I(aBy tt a’n+2)|
— fla
< 4. Lub |f(ar + f(az + w) — f(a1 + f(az + ”)l,
a8 1; 0<u<?S1 I U —v l

from which we obtain

Sflas + f(az + u) — f(a1 + f(az + v)
[a1 4+ f(az + w)] — [a1+ fla2 + 9)]
faz 4+ u) — f(as + v)

u —9

If a: =1, then a,+f(as+u) >a1+flas+v) =14F(2) when a, is a posi-
tive integer and 0 <# <v =1, so that by (2.5) and (2.4) the first and
second factors of the product of which the least upper bound is taken
in (4.7) are less than A? and 1, respectively. If a;=2>14f(2), then
the first and second factors are less than 1 and A2, respectively. So
we have 4,2 SN24,, n=1, 2, - - -, Since 4;<4,<1, the statement
(4.6) follows easily by mathematical induction.

Anp2 S Au lub.
(4 7) 6,85 215 0<u<vS1

.

THEOREM 3. If f&F, then each infinite f-expansion converges to a
number x in the interval 0 <x <1; moreover

4.8) lx,.—-xlé)\"‘z, n=12-+-.,
where \ is the constant in (2.5).

From Theorem 2 and Lemma 2 we conclude that | %, —2,| SAn=2
forn=1,2, - - . andsince 0 <A <1, x, converges to a number x which
by (4.3) lies in each of the intervals from x, to £,41. This proves (4.8).

THEOREM 4. If fE F and 0 <x <1, the f-expansion of x converges to x.

In the terminating case the f-expansion of x obviously equals x
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and in this sense converges to x. In the non-terminating case the con-
clusion follows directly from Theorem 3 and the corollary to Theo-
rem 1.

Henceforth we shall use the notation x =f(a1+f(as+ - - -+ to mean
that the f-expansion on the right side converges to x.

When f(¢) =1/, the least upper bound of |f(x)—f (y)[ / |x-—y[ for
3/2<x<yis (2/3)?, and so we may take A=2/3. It follows from (4.8)
that

(4.9) I %a(x) — xl =< (2/3)"2, n=12---.
From the theory of simple continued fractions we know [7, 4] that
(4.10) I 2,(x) — x| =< 27, n=1,2-.-,

where z=(3—5%2)/2. Comparison of (4.9) and (4.10) shows that our
method of obtaining estimates of the rapidity of uniform convergence
of f-expansions gives, when applied to f(f) =1/¢, an estimate which is
similar in form to the stronger estimate of (4.10).

5. Uniqueness. In this section we establish a one-to-one corre-
spondence between f-expansions and f-expansions of numbers x,
0<x<1. We note, as in simple continued fractions [7, p. 22], the
following lemma.

LemMmA 3. If fEF, then any two of the three equations

(5.1) x=f(a1—|-f(a2+--- ,
(5.2) y = f(@n + fl@ns1+ -+ -,
(5.3) x = flar+ flaa+ - - - + fl@n-1+ )

implies the third, the f-expansions in (5.1) and (5.2) being infinite.
The proof of Lemma 3 is straightforward.

THEOREM 5. If fEF and 0<x <1, then an f-expansion which con-
verges to x and the f-expansion of x are identical.

If the twoinfinite f-expansions f(a1+f(as+ - - - and f(b1+f(b2+ - - -
converge to the same x, then by successively applying Lemma 3 we
obtain a,=b,, n=1,2, - - - . A similar argument proves that an in-
finite f-expansion and a finite f-expansion or two different finite f-ex-
pansions do not converge to the same x. Theorem 4 completes the
proof.

6. Statistical independence. From (3.6) and (4.4) we see that
I(cy, €2y + + +, €s) except for at most its end points is identical with the
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set of x, 0<x <1, for which a;(x) =c¢;, j=1, 2, - - -, 5. More exactly
we have’

Elai(#) = ¢j55 = 1,2, -, i]

=I(esy e+ 0 6) = {fla+ flea+ - - + flei + 1)}
unless =1 and ¢;=1 in which case
(6.2) Elay(x) = 1] = I(1) = {f()} — {7@)}.

Lemma 4. If fEF and ¢1, ¢y + + -y cnand cf ,¢f, - - -, ¢d are two
sets of positive integers such that for at least one j, 1 Sj<n, cj¥%c}, then
the intervals I(cy, 2y -+ -, €n) and I(c!, cd, - - -, ¢d) have at most an
end point in common.

6.1)

The proof of this lemma follows from (6.1) and (6.2) and from the
fact that the sets E[aj(x)=cj; j=1, 2, - -+, n] and Elajx)=c};
j=1,2, - - -, n] are mutually exclusive by Theorem 5.

COROLLARY. If fEF, then
I(Cly Cay * * ,C”) = {f(cl+ A +f(cn)} + ZI(CIy Coy * ** ’Cn,j)-

=1
If y1, ¥e, -+ - - is a decreasing sequence of positive numbers such that
y1=1 and y,—0 and f(¢) is the function whose graph is the polygon
joining in order the points (%, ¥,), =1, 2, - - - , then f(}) EF. Let F,
be the class of all such polygonal functions.

THEOREM 6. If fE F,, then for any positive integers © and k
| Elai(=) = #]|= f(B) — f(& +1).

By (6.1) and (6.2) we have | E[ai(x) =%]| =|I(k)| =f(k) —f(k+1).
For any positive integer m, it follows from (6.1) and Lemma 4 that
| E[amia(x) =k]| =2_| I(b1,be, - - -, bm, k)| WhereD is to be taken in-
dependently over all positive integral values of by, b, * * , bm. By
the mean value theorem we have

| E[ema(x) = k]|

=2 | f@r4 -+ fF 1) = flr -+ SR

= 2| f(br) — fr+ D || fBa+ - + f(k+ 1) — fba+ - - - + f(B)|
= (| ) — fb1+ D) I, -+, by B )

=2 I -+, bm B) | = | Elam(x) = £]].

8 The symbol E[ - - - ] shall denote the set of x satisfying the proposition in
brackets.
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An induction completes the proof.

The functions a:(x), =1, 2, - - -, are said to be statistically inde-
pendent [4] if for each set of positive integers 7, <73 < - + - <7 and
each set of positive integers ¢i, ¢z, * * * , Cm

(6.3) |Elany(®) =ci55=1,2,-+-,m]| = I1| Elan,(2) = ¢;]].

Jumal
THEOREM 7. If fEF,, then the functions ai(x), 1=1,2, - - -, are
statisticably independent.

The equation (6.3) is trivial for m=1. By (6.1) and Lemma 4 we
have

lE[a,.j(x) =c37=1,2---,m]|
= Z'| I(by, -« ) buscty Cobnsgny * * * 5 Cay @+ * ,cm)l

where >’ is to be taken independently over all positive integral values
of b; for all indices ¢ from one to 7., excepting t=mn;, 13, - * * , ##m. By
an argument similar to that used in the proof of Theorem 6 we obtain
| E[anj(x) =¢i3j=12--: 1m”

= 2] 7®) = fOr+ D] - [ 1o+ -+ busy 01, <+, Cm) |

= Z'Il(bz,"',bm—hcl,-",cm)l = ...

= 2" ety buytry -+ + 4 ) |

=|fe) = fler + D[ (X! Imars - -+ s cm) )

= | E[am(2) = c1]| - | E[anj(2) = c;j =2, -, m]|
and again an induction completes the proof.

CoROLLARY. If fEF,, then for each set of positive integers
m<ne< -+ - <m, and each set of positive integers ci, Cs, * - *, Cm,
di,dsy - -+ ,dmsuchthatc;<djj=1,2, - - -, m, we have

| Elc; < any(2) S dj;j =1,2,-+ - ,m]| = II| El¢; S ani(2) < dj]]
jem1

= TT{je) — 1@+ D).
Jum1l
7. Sets of measure zero.® The results of §6 will now be used in order
to prove a few measuretheoretical facts concerning f-expansions
under the assumption that fE F,.

¢ Theorems, similar to those in this section, applying to the simple continued frac-
tion have been proved by Borel [2] and Bernstein [1]; for expositions see [3].
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THEOREM 8. If fE F,, then the set of x, 0<x <1, for which the se-
quence a1(x), as(x), - - - is bounded, has measure zero.

Let the set E[a:i(x) Sk;i=1,2, - - -, m] be denoted by GP. In the
corollary to Theorem 7 we set n;=3, c;=1, d;=Fk and obtain

lGr| =TT {1 —fe+ 1)} = {1 - fk+1)}"
=1

If welet Gi=E[ai(x) Sk;4=1,2, - - - ], then G,EGP, m=1,2, - - -,
and so IGk[ =0. The set of x, 0<x<1, for which the sequence
a1(x), as(x), - - - is bounded is G=) . ,G; and consequently IG | =0.

Similarly the set of x, 0 <x <1, for which a;(x) >%,1=1,2, - - -, m,
has measure { f(k+1)}"‘. An argument similar to that used in the
proof of Theorem 8 proves the following theorem.

THEOREM 9. If fE F,, then the set of x, 0 <x <1, for which a;(x) >1,
t=1,2, - - -, has measure zero.

THEOREM 10. If fEF, and ¢(1), ¢(2), - - - is a sequence of positive
integers for which

(7.1) f‘f(«»(n) + 1)

is divergent, then the set of x, 0<x<1, for which a.(x) S¢(n),
n=1,2, -, has measure zero.

Let H,=E[a:(x) £¢(:);i=1,2, - - -, m]. By an argument similar
to the one used in proving Theorem 8 we have
(7.2) | #2a| = T1 {1 = f(e(5) + D}
f=1

Since 0 <f(¢p(?) +1) <1 for ¢=1, 2, - - -, the divergence of the series
(7.1) is equivalent to the limit as m— » of the product in (7.2) being
zero. If we let H=E[a:i(x) S¢(1);i=1, 2, - - - ], then since HEH,,
for every positive integer m, it follows that IH | =0.

The last three theorems can be generalized to infinite subsequences
of the sequence a,(x), az(x), - - - .
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