A NOTE ON CHAIN CONDITIONS IN NILPOTENT
RINGS AND GROUPS

S. A. JENNINGS

Maximal and minimal conditions for ideals in associative rings have
often been considered, but little seems to be known of these conditions
in non-associative rings, or of chain conditions on the non-normal
subgroups of a group. Moreover, it is usual to assume the condition
for one-sided ideals in noncommutative rings, and the weaker condi-
tion for two-sided ideals rarely appears. In this note we first consider
a class of groups which are “nilpotent” with respect to a set of opera-
tors Q. These groups include ordinary nilpotent groups, and associa-
tive and non-associative nilpotent rings and algebras as special cases.
Our main theorem is to the effect that, for an Q-nilpotent group, the
maximal or minimal condition for Q-subgroups implies the corre-
sponding condition for all subgroups. As immediate consequences of
this theorem it follows that, for nilpotent rings and algebras, the
maximal or minimal condition for ideals implies the corresponding
condition for modules, while for nilpotent groups, the maximal or
minimal condition for normal subgroups implies the corresponding
condition for all subgroups.

1. Definition of Q-nilpotency. Let R be a group, and let Q be a
set of (left) operators of R which includes the inner automorphisms
of R. R may also admit a second set of operators ®, in which case it
will be understood in what follows that all subgroups are supposed to
admit ®. The statement that a certain subgroup is an Q-subgroup
means that this subgroup admits Q as well as &.

If 4 is any Q-subgroup of R, 4 is normal, and we may suppose
that R/A4 admits the same sets of operators, @ and ®, as R.

We take the following as our

DEFINITION OF AN {-NILPOTENT GROUP.! R is Q-nilpotent if there
exists a strictly decreasing chain of Q-subgroups
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1 Originally I discussed the chain theorems for groups for and rings separately,
and while it was clear that the results were analogous, I did not succeed in unifying
the proofs for the two cases. The referee, Dr. Irving Kaplansky, pointed out, however,
that this could be accomplished by the use of the general notion of ©-nilpotency which
we give here, and which was suggested by him. I would like to express my thanks to
the referee for his contribution to this paper.
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¢)) R=41D4: D430 - DAn D An1 =1,
terminating with the identity, and such that if \EQ and a;,EA; then
(2) @i (Na;) € Ay, i=1,2,--+,m,

for some r, where in general r may be any positive or negative integer,
or zero, but if N happens to be an inner automorphism then r must equal
one.

The minimum length of all chains satisfying (1) and (2) above will
be called the exponent of R and any chain of Q-subgroups satisfying
these conditions and having minimum length will be called a mins-
mum chain.

The following results are needed for our later induction.

LeEMMA A. If R is an Q-nilpotent group of exponent m, and
R=A41D4:D DAnDA4mn1=1

is a minimum chain, then R/A, is an Q-nilpotent group of exponent
m—1.

LemMA B. The subgroup A., of any chain satisfying (1) and (2) above
1s contained in the cenire of R. Moreover, every subgroup of An is an
Q-subgroup of R.

LemMma C. If 4 is any Q-subgroup of R, then the maximal or minimal
condition for Q-subgroups of R implies the corresponding condition for
Q-subgroups in R/A.

Lemmas A and C may be readily verified. To prove Lemma B,
we note that if ¢,E 4., NE Q, then a,"(N\an) =1, since Ama=1, and
hence Aa,,=a;,, which implies that every subgroup of 4,, admits Q.
Again, if x€ER, x~'@mXx =am, since for inner automorphisms r=1, and
hence very element a,, of 4., is in the centre of R.

2. The chain theorem. We are now in a position to prove the fol-
lowing

THEOREM. Let R be an Q-nilpotent group. The maximal or minimal
condition for Q-subgroups in R implies the maximal or minimal condi-
tion respectively for all subgroups in R.

We prove that if the maximal conditions for Q-subgroups holds in
R, the maximal condition for all subgroups also holds; the correspond-
ing result for the minimal condition may be proved in a similar way.

Suppose that R has exponent m, and satisfies the maximal condi-
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tion for Q-subgroups. If m =1, our result is true by Lemma B. We
proceed by induction and assume that the result holds for groups
with exponent at most m —1, and hence, by Lemma C and Lemma A,
for R=R/An. Let

MiCT M S M;C -

be an ascending chain of subgroups of R, and let M;=(M;UA4,)/An
be the image in R of M;. We have clearly

MCcM,CM;C - -,

an ascending chain of subgroups in R. Now the maximal condition for
subgroups holds in R, since the condition for Q-subgroups holds in R
by Lemma C, and hence there exists an integer j such that

M;=Min for 1 = j.

This implies that
M;UAm=M,'+1UAm fOl"ig]..

Consider N;= M\ An; clearly N; is a subgroup of 4., and hence by
Lemma B is an Q-subgroup of R, and we have

NiEN, S Ns &S+,

an ascending chain of Q-subgroups of R. Hence there exists an integer
k such that

N;= Nin for i = k.
Under our hypothesis, therefore, we see that, provided 4= max (j, &),
M; S My,
3) M;JVAn=M\JA,,

M;‘(\Am = M,-+1F\A,,..

Now A4, belongs to the centre of R, and hence M; is normal in
M\JA,, and therefore normal in M;;\UA,: also M;,; is normal
in M;\JA.. Therefore the five subgroups M;, M., M,\JA4.,
=Miu\JAn, MiNAn=M;11(N\An, An are all normal subgroups of
M;\\JA,, and hence form a modular lattice, and hence the condi-
tions (3) above imply M;= M1, which proves our theorem.

3. The chain theorem of nilpotent groups. Consider now the case
where R is a nilpotent group in the usual sense.? It is easily seen that,
if Q is the set of inner automorphisms, R is Q-nilpotent. For let

? For definitions and properties of nilpotent groups see, for example, H. Zassen-
haus, Gruppentheorie, vol. 1, Leipzig, 1937, pp. 118-119,
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R=41D4:D - DAn D 4mu=1

be any strictly decreasing central series of R (for example, the lower
central series) ; we have always, if ¢, €4, xER,

(a.-—lxqa.-x) E A¢+1,
which is precisely condition (2) above applied to an inner automor-
phism, with r=1. Since the Q-subgroups are precisely the normal
subgroups of R, we have:
“In a nilpotent group the maximal or minimal condition for normal
subgroups implies the corresponding condition for all subgroups.”

4. The chain theorem for nilpotent rings. The definition of nil-
potency is not well established for general non-associative rings. We
give here a definition which applies to any ring, associative or not,
and which is equivalent to the familiar one in the case of associative
and Lie rings. This particular definition seems natural, and the defini-
tion of an Q-nilpotent group as given earlier is a further generaliza-
tion.

We shall say that R is a generalized ring, or briefly a 7ing, which
admits P as a set of (left) operators if the following conditions hold:

(a) R is an abelian group which admits &.

(b) If a, *ER, then ax € R, thatis, Ris closed under multiplication.

(c) If a, b, xER, then x(a+b) =xa+xb, (a+b)x=ax+bx, that is,
the multiplications are left and right operators of R.

It is clear that associative and Lie rings and algebras, and hyper-
complex systems both associative and non-associative, are rings in the
above sense. We may also suppose that & is not empty, since the ra-
tional integers may always be adjoined to any domain of operators.
By a module of R we mean an additive subgroup of R which admits &,
that is, a module is a ®-subgroup. By a left, right or two-sided ideal
of R we mean a module which admits the elements of R as left, right
or two-sided operators respectively. Unless otherwise stated, we shall
understand by ideal a two-sided ideal.

If 4 is any ideal of R, the residue classes modulo 4 form a general-
ized ring R/A4 which is homomorphic to R, and we may suppose that
R and R/A have the same set of operators.

Because our rings are not necessarily associative, we take the fol-
lowing as our

DEFINITION OF A NILPOTENT RING. 4 generalized ring R will be said
to be nilpotent if it has a strictly decreasing chain of ideals

R=A1DA2:)A33"'DAmDAm+1=0»
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terminating with zero, such that if xER and a;EA; then
x0; € Ay, a;ix € Ay

If R is an associative or Lie ring or algebra, the above definition of
nilpotency is obviously equivalent to the usual one.

It is clear that a generalized ring which is nilpotent as defined
above is an Q-nilpotent abelian group, where Q consists of the right
and left multiplications of R, and the integer 7 of condition (2) above
always equals zero. The Q-subgroups are precisely the ideals of R,
and our earlier theorem implies that

“In any generalized nilpotent ring (and in particular, in any nil-
potent associative or Lie ring or algebra) the maximal or minimal condi-
tion for ideals implies the corresponding condition for modules.”
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