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It is clear from the proof that by using Laguerre and Hermite
polynomials with the corresponding weight functions, one can obtain
similar results for the intervals (0, ) and (— «, »).
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Even today very little is known about which regular continued
fraction expansions represent transcendental numbers. In 1851 Liou-
ville! proved the transcendence of the numbers named after him, in
the expansions of which the partial quotients increase very rapidly;
in 1906 Maillet? proved the transcendence of certain expansions in
which the partial quotients may be bounded. C. L. Siegel® proved that
if the partial quotients of the expansion form an arithmetic progres-
sion of order one, the number represented is transcendental. In this
paper well known transformations of continued fractions are applied,
in conjunction with the Siegel theorem, to prove the transcendence
of certain classes of continued fraction expansions.

We shall use the notation

a aq
o+ — — .-
by + b +
to represent a continued fraction expansion, with the partial numera-
tors and denominators a; and b; respectively. The jth convergent is
denoted by 4;/B;. When the expansion is regular the following nota-
tions are also used:
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[bOy bl; bz, te ] = [bi]:_o'

In the expansions considered a;= +1 (j=1), the partial quotients
are integers, b;=1 (j=1), bj+a;1=2 for an infinite set of values of 7,
and b;+a;1=1 for all j except, possibly, a finite set. Thus the ex-
pansions are semi-regular, at least after a finite number of terms, and
so they converge.t The expansions considered in the theorems are of
Hurwitz type except when one or more partial numerators are —1 in
Theorem 1.

Siegel, in the paper referred to above, states that the methods ap-
plied therein suffice to prove that if x50 is algebraic, then there does
not exist between J(x) and Jy-1(x) a rational equation with rational
coefficients, if N is rational but not the half of an odd integer (Ja(x)
is a Bessel function of type one); also, that the same result holds
when \ is half an odd integer, due to the special form of Jx(x)/Ja-1(x)
in terms of e and to the Lindemann theorem: The form D ., £.em is
transcendental in each non-trivial case, if &, + - -, E,and 9, « + +, 9a
are algebraic numbers.

The theory of Bessel functions gives the result that

A + ay as
Tt De+ O+ 2+

is equal to 2Jx-1(2¢/%)/Ja(2¢/x) or Ja=1(2/x)/JA(2/x), according as
the a; are all +1 or all —1. If x and N\ are chosen such that x=d and
N =r, r and d being positive integers, = 2, then

a1 2]

T+ T+

where the a; are all +1 or all —1, is transcendental.’

(6))

TuEOREM 1. The number &, represented by

a1 -1 f1. @ -1 fo
(2)£=g0+.— . — —_— e —_ e
b + + bpa1 + g+ b+ + b1 + g2 +
is transcendental when the sequence {g;} is an arithmetic progression

of first order whose elements are integers which are positive except, pos-
sibly, go; by, - -+, b are positive integers, am= +1 (m=1, - - - , k—1),

¢ O. Perron, Die Lehre von den Kettenbriichen, B. G. Teubner, Leipzig, 1929, pp.
148-154.
§ If the a; are all +1, this becomes the Siegel theorem stated in the introduction.
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the f; are either all +1 or all —1, and git+a:21, butama=1,
bia+fiz1, form=1, .., k—2and j=1.

In the proof we may consider go=2; otherwise, the first 2+1 or
2k+42 terms are dropped and the remaining terms renumbered to
insure convergence of the semi-regular expansion. This does not affect
the algebraic character of the whole expansion. The continued frac-
tion (2) is transformed by “contraction”® to the continued fraction
with convergents 4 jx1/Bjt (=1, 2, 3, - + - ). This gives

(— 1D*lagay - - - ar—1fi
(g1Bk—1 + f1Bi—z + @1Bi—2,1)

(= 1)¥ay - - - arafe }
4+ (goBi1 + feBi—as + @1Bis,1) +
(— 1) 1gay - - - ak_1f1} .
n ’

E_

= {gOBk—l + @1Bi—2,1 +
By,

1

k—1

{gﬂBk—l + a1Bj—2,1 +

where 7 is a continued fraction of type (1), at least after a finite num-
ber of terms. The latter case may occur when either or both of a1
and fi; are —1. Since 7 is transcendental it follows that £ is also
transcendental.

It is interesting to note that if the expansion is regular, the partial
quotients may be made to increase as “slowly as desired” by choosing
bj=1(j=1,2, .- -, k) and k large.

THEOREM 11. If a, d and c are positive integers, either ¢ or d being
even, and b=c%+(1/2)c%d, e=c?d, then

a=[a,ba+d b+e a-+ 2d, b+ 2, |

is a transcendental number.
From the theory of continued fractions we obtain the following
result:8

CoC10y Ck—1Ck0k

b+ + abe +

ai ax
= ¢y bO + J— . e _— cee |,
b+ bt
¢ O. Perron, Die Lehre von den Kettenbriichen, B. G. Teubner, Leipzig, 1929, pp.
197-203.
7 By By.s,1 is meant the result of advancing by one the subscripts of all the a7
and b; in By_a.
8 O. Perron, Die Lehre von den Kettenbriichen, B. G. Teubner, Leipzig, 1929, p. 196.
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Application of this result with ar=1, cx=1/csm1, co=¢, cu=c
(k=1,2,3, ) to a yields
ca = c[a, ¢?a + (1/2)c%d, o + d, ¢%a + (3/2)¢%,
e+ 2d, ¢ + (5/2)¢%d, - - - |
= [ca, ca + (1/2)cd, ca + cd, ca + (3/2)cd,
ca + 2¢d, ca + (5/2)cd, - - - .
Since the partial quotients in ca form an arithmetic progression of
order one with common difference (1/2)cd, ce, and in turn ¢, is tran-
scendental by the Siegel theorem stated in the introduction.
In the last theorem we proved the transcendence of a class of regu-
lar continued fractions in which the alternating partial quotients form

an arithmetic progression of order one. The following theorem gives
two more classes of a similar type.

TuaeoreM 111. The numbers B and 7y, where
B=[14+4,3B+ 4j)u2]:=0 and v = [1,( 3+ 4)ut — 2,1,3 + 4j]i_=o,

u? being a positive integer, are transcendental.

Again appealing to well established theory of continued fractions®
we have
2 a9z’ a3z’ a43? e — e
=0 + -_ v e =
1+ 3 + 5 + 7 + e+ e
according as the a; are all +1 or all —1. Apply (3) with ¢=1/¢,
om1=1, c22=1/2% (j=0, 1, 2, - - - ) and 2=1/u; this yields

or tan 2,

5 [0+1 as as ay ay ]
—. o+t il L
1+@E)+5+0/H+ 9+
1 [123 as ' 7 as
SRICE e e

= (1/u)(1/8) or (1/u)(1/e),

according as the a; are all +1 or all —1, where ¢ is defined by the
above equality.

Since #? is a positive integer, # is an algebraic number not equal
to 0, and thus 2 is an algebraic number. Now by the Lindemann theo-

* O. Perron, p. 353.
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rem, tan z and (e*—e~*)/(e*+-¢~*) are transcendental when 20 is al-

gebraic. This proves the transcendence of 3 and e.
Convert the semi-regular continued fraction for € to a regular con-

tinued fraction;° this gives
1 1 1 1 1 1

1 1 1 1 1
e=04 — o — =
14+ @w—-2+14+3+1

1 1 1

‘

+ =2+ 1+7+
—:-= [1, G+ 4w — 2,1, 3+ 4] = .

Since e is transcendental, so is ¥.
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10 O, Perron, p. 159.



