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THEOREM II. Let CiPi+ -+ - +C.P, be identically zero, where the
P; are distinct power products each of degree d>0 in a nonzero F and
its derivatives. Then each C; is in the perfect ideal generated by F.
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ON THE NON-EXISTENCE OF ODD PERFECT NUMBERS OF
FORM 5°qig; - - - gi-gi

ALFRED BRAUER!

One of the oldest unsolved mathematical problems is the following
one: Are there odd perfect numbers?? If such a number # exists, it
must have the form

« 261 2B, 26t
n=pq q ‘g

where p, qi, ¢z, * - -, q¢ are primes and p=a=1 (mod 4). This has
been proved by Euler.? Sylvestert obtained estimates for ¢, in particu-
lar t=4, and (=7 if 220 (mod 3). Recently, it was shown by
R. Steuerwald® that the case fi=0:= : - + =8;=1 is impossible, and
by H. J. Kanold® that the same is true for Bi=0:= - - - =f;=2. More-
over Kanold proved that # is not perfect if the greatest common
divisor d of 28,41, 28:+1, - - -, 28,4+ 1 is divisible by 9, 15, 21, or 33,
and some similar results. All these results deal with the case d >1.
In the following, it will be proved that no odd perfect number # of
form p°giq: - - - ¢¢-14} exists. Here we have d =1. For the proof I use
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theorems of T. Nagell on Diophantine equations. With the same
method similar results may be obtained.

LeEMMA 1. Let g be a positive prime. The Diophantine equation

¢ t+g+1l=ym
has no solution for m>1,

Proor. T. Nagell” has proved the following theorem: If m >1 is not
a power of 3, then the Diophantine equation x*+x-+1=y™ has no solu-

tions in integers x, y with y¥ + 1. In order to obtain all the solutions
of

(1) 22+ x4+ 1 = 98,

it is sufficient to solve the cubic Diophantine equation
(2) @b — 3ab? + 5% = 1

and to set

(3) x=a—3a%+b*—1 and x = — a®+ 3a2 — b

It follows from the Theorem of Thue-Siegel that (2) has only a
finite number of solutions. Nagell gives the solutions

4) e=1,b6=0; a=0,b=1; a=b=—1; a=2,b=—1; a=1, b=3.

But it is unknown whether there are other solutions in integers a, b.
Since the discriminant of (2) is positive, we can not apply the general
theorems of Delaunay and Nagell for cubic Diophantine equations.
It follows from (3) and (4) that (1) has at least the following solutions:
x=0,y=16=—1,y=1; =18, y=7; x=—19, y=17.

By Nagell’s theorem we have only to consider the case m =3* for
the proof of our lemma. But we do not need the complete solution of
(1); it is sufficient to prove that this equation has no solution where
x =g is a positive prime.

For ¢=3 we have ¢?4¢+1=13. This is no cube. If g=1 (mod 3),
then

(5) ¢*+ ¢+ 1 =0 (mod 3),
but
(6) ¢*+ ¢+ 1 #£ 0 (mod 32)

7 Des équations indéterminées x*+x—+1=y" et x2+x+1=23y" Norsk Matematisk
Forenings, Skrifter (1) no. 2 (1921). Cf. L’analyse indéterminée de degré supérieure,
Mémorial des Sciences Mathématiques, vol. 39 (1929), p. 58.
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since it is well known that the prime divisors of the pth cyclotomic
polynomial f,(x), where p is a prime, are the primes of form ph+1
and p itself; but f,(x) is not divisible by 2 for any integer x. It follows
from (5) and (6) that ¢2+¢+1 is not a cube for ¢g=1 (mod 3).

Now, let ¢ be a prime of form 34+2. Since y2+y+1<y3 for y=2,
it follows from g¢?+4¢+1=%? that ¢>y. Moreover we have g(g+1)
=(y—1)(y2+y+1). Since ¢ is a prime and greater than y, it follows
that y—1 is relatively prime to ¢. Hence ¢ is a divisor of y2+4y+1.
This gives a contradiction because y2+y-1 has no prime divisor of
form 3h42.

LEMMA 2. Let r and s be different positive integers and p be a prime.
The system of simultaneous Diophantine equations x?—+x-+1=3p",
y2:y+1=3p% has no solutions in positive integers x, .

ProoF. Nagell® has proved that the Diophantine equation x24x41
=3z* (k>2) has no solution with 2>1. Hence we have only to con-
sider the case r=1, s=2. Then we have

@) 224+ x + 1 = 3p, ¥+ y+1=3p%

If these equations have a solution in positive integers, then it follows
from (7) that

(8) 0<x<p<y<2p
and, on the other hand, that
(2z+1)? = — 3= (2y + 1)* (mod p),
20+ 1=+ 2y + 1) (mod p)

since p is a prime, hence either

&) x = y (mod p)
or
(10) x= — 1y — 1 (mod p).

In the first case, it follows from (8) and (9) that
(11) =p+x
and in the second case, from (8) and (10) that
(12) y=2p—x—1.

On the other hand, it follows from (7) that p#3 and that x=y=1

8 Loc. cit.
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(mod 3). This contradicts (11) and (12).
Now we are able to prove our theorem.
THEOREM. A7 odd number of form n=p*qiqs - - - g;—1q; is not perfect.
Proor. We change the notation and write # in the following form

a 2 2 222 2 4
n=pqiga--- qrira - 1S (kz0,7120)

where the primes ¢, are congruent to 1 (mod 3) and where the primes
7) are incongruent to 1 (mod 3). Let us assume that # is perfect, then
we have

2 = o(n) = o(p")o(g)algs) - - - o(gn)a(r)e(rs) - - - a(ry)ols),
where o(n) denotes the sum of the divisors of #. It follows that

a 2 2 2 22 2 4
2n=2P qlqz...qkrlrz...rls

(13)

k l
VLU + g+ [ {U+n+mld+s+s+s+s).

A=1

Each factor 1+¢,+¢ is divisible by 3, but not by 9; each factor
147,47 is not divisible by 3. All the other prime divisors of

k 1
Ha+a+oIld+n+n

k=1 A=1

have the form 32+ 1. We have now to distinguish between some cases.

I. n#0 (mod 3). Here we have £=0. Since # is not divisible by 3,
it follows from Sylvester’s theorem mentioned above that #» must con-
tain at least 8 different primes; hence /= 6. Moreover we obtain from
(13) that [[4-,(1 +7\472) is a divisor of p=st. It may happen that one
of the / factors of this product equals p, but each of the / —1 remaining
factors cannot be a power of p by Lemma 1. Hence each of these l—1
factors must be divisible by s, and their product must be divisible
by s8 This gives a contradiction.

IT. =0 (mod 3), ##0 (mod 27). Here £<2. One of the primes ),
say 71, equals 3 since =3 is not possible. It follows that » is divisible
exactly by 32, and hence by ¢(3%) =13, because of (13). Therefore we
have either 13=p, 13=¢, or 13=s.

Ila. p=13. Since a+1 is even, g(p*) =(p*+1—1)/(p—1) is divis-
ible by p+1. Hence # must be divisible by 7, and it follows that either
one of the primes g¢,, say ¢1=7, or s=7.
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ITaa. ¢1=7. n must be divisible by ¢(¢?) =57, therefore by 19, and
we have either ¢2=19 or s =19.

ITaal. g2=19. = is divisible by o(¢3) =381, hence by 127. Since
127=1 (mod 3) and k=<2, we have 127=s. Thus

2

n=133.719. 121" - 1,
o(m)  o(13%)-13-57-381-6(127")a(rs) - - - o(r})
21 2-13%.9:49.361-1274s% - - - 12

(14)
{(1/14)-0(18") }o(127)0(r2) - - - ar))

13«1—1.7.19.1273.,22. . rzl

Since the prime divisors of ¢(127¢) have the form 5k+1, they are
different from 7, 13, 19, and 127. It follows now from (14) that they
are of form 34+2, hence of form 15%4+411. Since

c(127) =14+ 74+ 4+ 13+ 1 = 11 (mod 15),

the number of prime divisors of ¢(1274) must be odd if # should be
perfect.

Let us first assume that ¢(1274) is a prime. Then we have ¢(1274)
=7\

o) =14 n+rm=1+1+127+ 127 + 127" + 127°
+ (14 127 + 1277 + 127" + 1279’

Setting o(r7) =4 it follows from (14) that 4 can have only the prime
divisors 7, 13, 19, and 127. But, by (15),

4 # 0 (mod 7), 4 $# 0 (mod 19), A4 # 0 (mod 127).

Since 4 >13, it follows that 4 is a power of 13. This contradicts
Lemma 1.

Let us assume now that ¢(1274) is composite. Since the number of
its prime divisors would be odd, there would be at least 3 factors 7y,
and at least one of them, say 7;, must be less than {0(1274) 13, But

{o(1279} 13 < {1273(127 + 1 4 .01) } /3 < 641,

therefore 7, would be one of the following primes of form 154+11:
11, 41, 71, 101, 131, 191, 251, 281, 311, 401, 431, 461, 491, 521. Since
a(r3)#7, 13, 19, 127, it must be divisible by at least two of these
primes, by Lemma 1. But f(x)=14x+x2=0 (mod 7) for x=2, 4;
f(x)=0 (mod 13) for x=3, 9; f(x) =0 (mod 19) for x=7, 11. Hence

(15)
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it is easy to see that o(#3) is relatively prime to 7-13-19 for r,=41, 71,
101, 131, 251, 281, 461, 491, 521. For r,=401 and 431 we have
(o(r3), 13-19) =1 and o(73) #0 (mod 127). For the remaining primes
11 and 191 we have ¢(1274) 50 (mod 11) and ¢ (1274 0 (mod 191).
This is impossible since 7, was a divisor of ¢(1274).

ITaa2. s=19. Since ¢(19*) is divisible by 151, we have ¢2=151, and
since ¢(1512) =22953=3-7-1093, we have ¢;=1093. This contradicts
k=2.

ITaB. s=17. Since ¢(74)=2801 is a prime and since o(28012)
=37-43-4933, it follows that ¢1=37, g2=43, ¢3=4933. This is im-
possible.

I1b. ¢1=13. Since o(qg}) =361, we have either p, g; or s=61.

IIba. p=61. Here » is divisible by (p+1)/2, hence either
g:=31 or s=31.

IIbad. g;=31. Since o(g3)=3-331 and k=<2, we have s=331.
Therefore % is divisible by ¢(3314), hence by 5, and # has the form

(16) n = 61%-32.132.312.52-3314- M2,
Since a(p?)/p22 (pr+p*1)/p*=(p+1)/p, it follows from (16) that
o(n)/2n > (62-13-183-993-31)/(2-61-9-132-312.25) = 331/325 > 1.

This is impossible.

IIba2. s=31. ¢(314) =0 (mod 11) and ¢(112)=7-19. Hence g2 =7
and g3;=19. This contradicts 2 <2.

IIbB. g2=61. Since ¢(612)=3-13-97, we have either p=97 or
s=97. If p=97, then = is divisible by (p+1)/2="72, therefore s=7
since ¢1=13, ¢2=061, and 2 <2. But it was proved in IIaf that s=7
is impossible. For s=97 the proof is the same as in IIba2 since
97=31 (mod 11).

IIby. s=61. ¢(61%) is divisible by 5 and by 131. Therefore 7,=131,
and either p=35 or r3=5. If p=5, then ¢(p*) contains the factor
p+1=6. Thus o(#) can contain only one other factor 3, hence k=1.
Since ¢(1312)520 (mod 13) and ¢(1312)#£0 (mod 61), it is necessary
that 0(1312%) and # contain another prime factor of form 3%+1. This
is impossible. If 73=35, then # is divisible by ¢(5%) =31, hence ¢»=31,
¢s=2331. This contradicts £ < 2.

IlIc. s=13. Since 0(13%) =30941 is a prime, we have either p = 30941
or r2=30941. But » =30941 is impossible because #» must be divisible
by (p+1)/2 and 30941=—1 (mod 27). Hence n=0 (mod 27); this
contradicts 2 <2. Therefore 7,= 30941, and # is divisible by ¢(309412).

Let us first assume that ¢(309412) is a prime, then ¢(309412) =¢q,
since 0(309412)=3 (mod 4). Now ¢(¢?)=0 (mod 151), therefore
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¢2=151, and = is divisible by ¢(1512), hence by 7. This contradicts
kE=2.

Let us now assume that ¢(309412) is composite. It is easy to see
that all the prime factors of ¢(309412) are greater than 151. Since
these prime factors are congruent to 1 (mod 3), it follows that either
¢1>150 and ¢2>150, or ¢:>150 and p >150.

In the first case we have £=2 and hence p#2 (mod 3), therefore
p=1 (mod 12). Since (p+1)/2 is a divisor of # and since 19 cannot
be a divisor of #, the case p =37 is impossible. It follows that p > 60.

In the latter case we have g;>60 if £ =2, because otherwise o(g%)
is divisible by one of the primes 19, 127, 331, 7, or 631; this is im-
possible since these primes are not divisors of ¢(309412). Hence, if
k=2, two of the primes qi, ¢s, p are greater than 150 and the third is
greater than 60. The product

2 l
P = T o(gnIT o)
k=1 A=1
must be a divisor of 9p°¢igés*. Each factor o(¢?) is divisible by 3. But
only one of them may have the form 3p¢ by Lemma 2. Therefore at
least one of the 8 prime factors of @¢is* is a divisor of o(g})a(g);
hence only 7 of these factors may be divisors of the product
(o (73) - - - a(#}). It may happen that one of these I factors equals p;
each of the others is not a power of p, by Lemma 1, and contains,
therefore, at least one of the remaining 7 prime factors of gjgis®. It

follows that I <8.

We have r1=3; r,=30941. The primes 7, are different from 5, 11,
23, 47, 53, 83, since ¢1>60 and ¢.>60. Therefore r3=17, 7,229,
rs=41, 76259, r, =71, r5=89 and

o(n) <<7(151“’) -151-61-13-30941-0(172) - 6(29%) -41-59-71-89-30941
2n 2-1512.150-60-9-134-172-292.40-58- 70 88- 30940

This is not possible. For k=1, it follows similarly that /<7, and the
proof is the same.

III. s=3. Here we have k=<4. Since n must be divisible by
a(3%) =121, it follows successively that # is divisible by 7, 19, 127,
5419, and 31. These five primes are congruent to 1 (mod 3) and
congruent to 3 (mod 4). Hence £=35; this is impossible. Herewith
our theorem is proved for each case.
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