TRANSFORMATIONS OF MULTIPLE FOURIER SERIES

L. B. HEDGE

1. Introduction. The object of the present paper is the study and
characterization of certain classes of factor sequence transformations
of multiple Fourier series. A recent moment problem solution! by the
author and a scheme of summation of multiple Fourier series de-
veloped by Bochner? are used in the study. The results include and
extend known results for single Fourier series.

2. Definitions and notation. Let # be a positive integer, fixed but
arbitrary. R* will denote the euclidean n-space. (x), (), and so on
will denote (x1, %2, * * + , %n), (1, ¥2, - * *, ¥n), and so on, points of R".
v, 7, j, k, s will be used for non-negative integers, and (v), (), and
so on will be used for (v1, v2, + + +, ¥n), (11, T2, * * *, Tn), lattice points
of R (0) will mean (0, O, - - -, 0), and (x) =(y) will mean x;=y;,
7=1,2, - - -, n.(k-x)willstand for thenumber kix1+kaxs+ - - - +kuxs,
|| for the number (x3+a3+ - - - +a2)V2 A, I, and X will be used for
functions defined on the lattice points of R*, and I will be the char-
acteristic function of the lattice points of R*. E will be the set
Egy(—m=x;<wm,j=1,2,---,n). Rand ¢ will be used for real num-
bers. (x+y) will stand for (x1+v1, x2+ys, + + +, xu+9y.), and B(n)
for a real constant depending only on #. ® will be used for a func-
tion U* of bounded variation in the sense of Saks, and if ®(H)
=®,(H)+ $(H) for any Borel set H with ®;(H) 202 $,(H) we will
write [uf(x)|d®(E)| for [uf(x)d®i(E)— [uf(x)d®:(E). When & is the
Lebesgue measure function we will write [uf(x)dx for

fH H(x)d®(E).

We will write fEL to indicate that [zf(x)dx exists, and fE€C to indi-
cate that f is continuous on E and f(x) =f(x+y) for all combinations
of y;=0or 2w, j=1, 2, - - -, n. A function f defined over E will be
defined over R, by the extension f(x)=f(x-+y) with y;=0 or 2w,
j=1v2)"'rn-

Let
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1 S\ A4, ©) = 3 AE)A(R)eitk =),
(k)
and
(2) S\ 4, x) = X, MNE)A(k)eitk ),
k7S
If
3 R)A(R) = (2m)~" f Ha)eitk 0y
E
or

@ MBAR) = @) f

E

ik 13 (E), f | d8(E) | < w,
E

we will write &(f, x) or &(d®, x), respectively, for the left side of
equation (1), and similarly alter equations (2) and (5).
We write
(5) Se(\ A, ) = 2 ¥(| k| /RME)A(R)e+-2),
(k)
where \
Y(@) = e,

for the Bochner-Gauss? spherical means of the sequence (2), and

(6) Kr(u) = Z‘I'<l I;l >e"""°‘“’ = Se(I, I, u)

)
for the corresponding kernel.

3. Spherical summation. We proceed to some modification (largely
notational) of the Bochner summation theory. The transformation
which takes (2) into (5) is given by the matrix T:”a;z,y , where
or,,=Y(R,/R)—¥(R,;1/R), and {R,.} is a subsequence of {0, 1, 2112,

3uz 4qyz ... RUZ ... } We have at once
0
ar, 20, limag,=0, 2 ag,=1,
R y=0

whence T is a regular Toeplitz transformation.?

3 See, for example, A. Zygmund, Trigonomeirical series, Monografje Matematyczne,
vol. 5, Warsaw, 1935, pp. 79-86. That R is a continuous variable is unimportant.
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The following properties of the summation scheme follow immedi-
ately from Bochner’s work:

(N 0 < Kp(u) £ Mg < »,

® Sulf, ®) = BO) [ fe)Kn(u— du,  ifEL
E

and,

9) Sz(f, ®) = f(x)

at every point (x) of continuity of f, and uniformly on E if fEC.

4. Classes of multiple Fourier series. The theorem of MP may now
be given in the following form:

THEOREM. In order that S\, 4, x)=S(dP, x) with
1. fEldq>l =M, o 2. 20,
it is necessary and sufficient that
1. fE{ Se\, A, %) |[de < M, or 2. S\, 4,x) =0,

and in order that S\, A, x) =&(f, x) with
3. fEL, o 4 |fl=M, o 5 fEC,

it is necessary and sufficient that 3. {S r(\, 4, x)} converge in the mean
with exponent 1, or 4. ISR()\, 4, x)| <M, or 5. {SRO\, 4, x)} converge
uniformly in B.

We shall write S(\, 4, x) &S to indicate that S(\, 4, x) =S(dP, x)
with [z|d®| < M,and ®(\, 4, %) EL, M, or C,if S\, 4, x) =S({, x)
with fEL, fEM or fEC respectively. We will write A\E (P, Q) to
indicate that &(I, 4, x) &P implies ©(\, 4, x) EQ.

5. Transformations. We begin with the following lemma.
LemMA 1. &(I, I, x)ES.
Proor. Let fEC. Since Sg(I, I, x) =Kg(x), we have

&m@=3ijW&@Lu—@m

but f is continuous, the left-hand member converges uniformly to f,
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and for any sequence of values of R, {|Sz(f, x)| } is bounded uni-
formly. {Sz(f,x) } is a sequence of linear operations whose norms are

f ISR(I, I, x)ldx,
B

and by a simple corollary of a theorem of Banach and Steinhaus*
these must be uniformly bounded, or S(I, I, x) ES.
We now have this theorem.

THEOREM 1. The transformation classes (S, S), (M, M), (L, L), and
(C, C) are identical, and N\ belongs to each of them if and only if
S\, I,x)ES, or

(10) f | Seh, 1, #)| dx < M.

(A) ME(S, S)>-(10). This follows immediately from Lemma 1.
(B) (10)>-A&(S, S). From (5) we have
| K|

Sr(\, 4, 1) = Z\If(———))\(k)A(k)euk-x)
(k) R

=D q,(l.il) )\<k)(2,,.)—nf ¢itk == P (E)

(k) E)

= (27)~" S\, I, x — w)f(u)d®(E),

E (u)

whence

f | S\, 4, x)|dx < 2m)= M- f |d®|.
E E

(C) N&(M, M)->-(10) and NE(C, C)»>-(10).

We have immediately in both cases

Sr(\, 4, x) = B(n) Se\, I, x — w)f(u)du

E (u)

and the boundedness of the set {Sz(\, 4, 0)} implies (10).
(D) (10)=>-AE(M, M), (10)>NE(C, C), and (10)>-N&(L, L).
From (5) and (10) we have

4 S. Banach, Théorie des opérations hinéaires, Monografje Matematyczne, vol. 1,
Warsaw, 1932, p. 80.

5 The notation fzqf(x, #)d®(E) is used to indicate the integral over E of f re-
garded as a function of a point (%).
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Se(\ 4, %) = D \I/(I-I;—!>A(k)(21r)—" fE e~ itk a—w d H(E)
w

(k)

= (2m)~" Sr(I, 4, x — u)d®(E),
E (u)

and the boundedness, uniform convergence, or mean convergence of
{SR(I, A, x)} implies the same for {SR()\, A, x) } .

(E) NE(L, L)»>-(10).

Suppose (10) does not hold. Then there is a sequence {Rm} and a
sequence of sets { G}, each G being a finite sum of nonoverlapping
cubes of E, such that

meSR,,,()\, 4, x)dx = (21r)'nfE(u)f(u){meSRm()\, I, x— u)dx}du

is not bounded. But this is a sequence of linear functionals defined
over L, of norm

max
u

Se, (N I, x — w)dx
G

’

and by the theorem of Banach and Steinhaus* there is an f&L such

that
{fSRm()\, A4, x)dx}
E

is unbounded, and hence &(\, 4, x)&.S, which obviously implies
&(\, 4, x) &L, contrary to hypothesis.

THEOREM 2, The transformation classes (S, L) and (M, C) are identi-
cal, and \ belongs to each of them if and only if S\, I, x) EL, or

(11) lim

Sr(\, I, x) — Sr-(\, I, x)
R, R'—w E

dx = 0.

Proor. (A) NE(S, L)->(11), immediately, from Lemma 1.

(B) (11)>AE(S,L).

Since Sr(\, 4, x) =(27) " [£wSe(\, I, x —u)dP(E) it follows that
(11) implies the convergence in the mean of {Sz(\, 4, x)}.

(C) (11)>\E(M, C).

Since Se(\, 4, %) = (27) " [2ySe(\, I, x — u)f (u)du, with | f| £ M by
hypotheses, the uniform convergence of the sequence {Sr(\, 4, x)}
follows immediately from (11).

(D) Ae(M, C)»>(11).
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Writing
SR()‘y Ar x) = (27!')—” SR()‘) Iy X — u)f(u')du)
E (u)

we have
SR()\, A, 0) = (21r)‘”f SR()\, I, u)f(u)du = Uf(SR()\, I, u))
E

which defines a linear function U;. The sequence of wvalues
{U;(Sr(\, T, u))} converges for every bounded f, that is, {SR()\, I, u)}
converges weakly. But L is weakly complete,® whence there'is an
F&L such that

lim | {Se(\, I, w) — F(u)}f(u)du = 0

R—w» E
for every bounded f. Consider now the two series

S(F, u) >~ > C(k)eitkw
(k)
and

S\, I, u) == Y N(k)eithw),

(k)

and note that

K
Se(\, I, u) = Z\P(‘———L> N(E)eitk W,
03] R
Let

Un() = [ gueior-oan,
E

which is linear on L. Now

;iﬁ Un(Se(\, I, w)) = é_% ‘I'(-I—ZI%L) AMI) = N\(N)
= Un(F) = C(N)
whence
Se(\, I, w) = Sr(F, u).
But

8 S. Banach, Théorie des opérations linéaires, Monografje Matematyczne, vol. 1,
Warsaw, 1932, p. 141.
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lim f | Se(F, u) — F(u) | du = 0
E

R—w
which, in view of the preceding equality, implies (11).

THEOREM 3. The transformation classes (S, M), (L, C), and (L, M)
are identical, and \ belongs to each of them if and only if S(\, I, x) EM,
or

(12) ISe (\ I %) | < M.

ProoF. (A) NE(S, M)->(12) follows immediately from Lemma 1.
(B) (12)>NE(S, M).
Since

SR()‘y A’ x) = SR()‘v Iy X = M)de)(E),

E (u)

we have from (12)
| Sk 4, 2) | = Mf | d®(E)|, and &\ 4, 2) € M.
E

(C) (12)»re (L, O).
We have immediately

| Se(\, 4, ) — Se/(\ 4, %) | < Mf | Sr(I, 4, 2) — Sg/(I, 4, x) |dx
E

where S\, I, x) =&(f, x), and lfl = M. The integral on the right ap-
proaches 0 as R and R’ approach infinity, whence &\, 4, x) EC.
(D) N&(L, O)»>(12).

We write immediately

2m)»Sr(\, 4, x) = Se\, I, x — u)f(u)du
E (u)
and (12) follows from a theorem of Steinhaus and Banach.*
(E) N&(L, C)>»-N&(L, M) is obvious.
(F) NEL, M)>NE(L, C).
Since
Se(\, 4, x) = (27)~" Se\, I, x — w)f(u)du
E (u)
and |Sz(\, 4, )| < M(f) by hypothesis, it follows that Sk(\, 4, x)
exists for every f&L, and {SR()\, 4,0) } is a sequence of linear func-
tionals on L, whose norms are
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esssup | Se(\, I, %) | = max | Sz(\, I, w) |,
u u

and for every fEL
| Sz(\, 4, 00| = M(),

whence, by the theorem of Steinhaus and Banach* the norms are uni-
formly bounded. Hence A& (L, M)>(12)> & (L, C).

THEOREM 4. \ belongs o the transformation class (S, C) if and only
if &\, I, x)EC, or

(13)  lim | S\ I, %) — Se/(A, 1, )| = 0, uniformly in x € E.
R, R—»

Proor. (A) NE(S, C)>(13) immediately from Lemma 1.
(B) (13)>re(S, O).

Since

Sr(\, 4, 2) — Srr(N, 4, ) = 27)— Se\ I, x — u)d®(E)
E ()

— 7)™ Se'N I, v — u)d®(E),
E (u)
we may write

I SR()\: A: x) - SR’()‘s Ar x) |
< sup | Sz(\, I, ®) — Se(\, I, «) lf | d3(E) |
=EER B

and the uniform convergence of {SR()\, A, x)} follows from that of
{Sr(\, I, %) }.

6. Conclusion. Of the factor sequence transformations among the
classes S, L, M, and C, all of those characterizable in terms of these
classes applied to @\, I, x) have been discussed. The class (L, M)
of transformations does not exist in a proper sense since, by Theo-
rem 3, its range is a subset of C contained in M. The results of the
paper may be taulated as follows:

e\ ILx)eS =N E(S,S) =W, L)= M, M) = (C,CQC),
e\ ILx) L =NxeE(S, L) = (M, 0),

eI,y eEM=N e (S, M) =(L,0),

e\I,x)eC =2 (S, 0.
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