NON-INVOLUTORIAL SPACE TRANSFORMATIONS
ASSOCIATED WITH A LINEAR CONGRUENCE

M. L. VEST

1. Introduction. Vogt! has studied, using synthetic methods, the
space transformations associated with a linear congruence and with
a bundle of lines. In the present paper the non-involutorial transfor-
mations associated with these configurations are found analytically,
and by an entirely different geometric process. It will be shown that
the general transformation associated with a linear congruence so ob-
tained differs from that of Vogt in one important respect, having one
more fundamental curve in each of the projectively related spaces.
The transformations in the planes containing the directrices of the
congruence are also shown.

Given the directrices 7 and s of the congruence and two projec-
tive pencils of surfaces

! Fm+n+1l : rmsng2m+2n+2mn+l
and

/ . ron!
‘ Fm’+n’+1] Lrmst g2m’+2n'+2m'n'+1-

Through a generic point P(y) there passes a single F of | F|. The
unique line ¢ of the congruence through P(y) meets the associated F’
of | F’I in one residual point P’(x), the image of P(y) under the trans-
formation thus defined. The residual base curves of | F| and | F’|,
other than # and s, have been denoted by g and g’, respectively.
Through a point O, on g’ there is a unique line ¢’ of the congruence,
this line lying upon one surface of | F’|. The associated surface of | F|
meets ¢’ in a point P which generates a curve g. Similarly, beginning
with a point O, on g, a point P’ generating a curve g’ is found. It
will be shown that 7, s, g, g, g, g’ are fundamental curves of the
transformation.

2. Equations of the transformation. Let us take the equations of
the directrices 7 and s, respectively, as

¢)) X1 = x2 = 0, X3 = x4 = 0,
and the pencils of surfaces

(2) lF'm+n+1\ = U - XU

’ =34

0, |Frswial =0 =0T =0
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where
m,n m,n
Unini1 = 2 uoi(cin®), Uminir = D @9u(Cit),
7,k=0 7, k=0
m’,n m’ ,n’
! r ’ —_— 1,7
Unrynrgr = Z u0(C 1), Unrgnrpr = Z 1 9k(E 1),
7,k=0 7,k=0
— i om—i L i on—i
U; = Z a;jxX1%2 Uy = Z bikx3x4 5
=0 =0
(3) _ i3 _ i m—1 . L i n—1
Uu; = a;jxX1%2 Vs = Z bikx3x4 )
=0 =0
m’ . n’ . .
’ y T m'—i ’ y ot on'—i
u; = aijx1%s v = D birdsxs
1=0 =0
m’ . . n’ . .
! 1 i om/—i _r L n'—1
;= 2, dijxi%s By = 2 birdksxy
=0 7=
(cix®) = cju,a%1 + Cin,2%e + Cjk,s%3 + Cjk,a%4,
and so on.

Through a generic point P(y) there is an F of I Fl with parameter
A= U(y)/T(y) and to this corresponds the F’ having equation

(4) U®)U(y) = T'(x)U(y) = 0.

The unique line ¢ of the congruence passing through P(y) intersects
the surface (4) in the point P’ having coordinates

ox1 = Ry1 + Ky: = Sy

1 0'902=Ry2+Ky2=Sy2
(s) [m+m,’+n+n’+3:
oX3g = Ryg
oX4 = Ry4

where

! TT T’ —_ a7’ 7
Koimsninge = U U — UU', Rupwininsa = UW' — UW’,
m’,n’ m' ,n’

(6) Winrsr = 2, ui(cias), Woriwin = 2 #0(E52),

7.k=0 7,k=0
(cikz) = Cjk,1¥1 + Cik,2)2.
Equations (5) are those of the inverse transformation.

In a similar manner the equations of the direct transformation are
found to be
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oy1 =Rz + K'x, = 5x
. oy2 = R’xg + lez = S/xz
)

[‘m+m’+n+n’+3:

gy = R/xs
oYy = R’x4
where
’ —/ _— ’ ’ === _
Km+m'+n+n'+2 =UU —UU = — K, Rm+nL’+n+n'+2 =U - U W,
(8) m,n m,n
Wm+n—|—1 = Z Mj’Uk(Cj}cZ), Wm+n+1 = Z 12]'7-)1.;(5,'162).
7,k=0 71k=0

3. Images of fundamental curves. The transformations 7' and T
applied to an F’ and F of IF’I and IF[, respectively, give

9 U ~ (T-YUS™R"G, U~ (DU'S'"R'"G’
where

Gamryonpa = UW = TW/, Gomiznsz = UW — TW,
Sm+m'+n+n'+2 = UM, - ﬁM’, S:n+m’+n+n’+2 = UIM - U,Mv

Miwss = W = U = 3 uph(chw),

7,k=0

m,n
Mm+n+1 =W-U= Z uka(cfkw)9
(10) . =
— ——— —— . I .
Muyiwir=W =T = u;vi(c;kw),
7 k=0
. _ _ m,n
Mm—}-n—{-l = U = Z (CJ/Cw)
7,k=0

(cinw) = cina%s + Cjk, 4%

Here U and U’ are the corresponding surfaces of | F| and | F'| and
g'~(T1)G, s'~(T1)S, g~(T)G', s~(T)S’. Similarly,
K' ~ (T-)K'R#0'S™wGE, K ~ (T)KR'wS' m+w'GG,
K' ~ (T)K'R'"+S'mtm'GG!, K ~ (T)KRwHn'Smtm’
G’ ~ (1‘—1)SZM+1R27R+1G” G ~ (T)S’?m'-f—lR’?n'-}-lG,
G' ~ (T)S/2m+1R’2n+1G” G ~ (T—I)S2m’+IR2n'+lG’
R’ ~ (T-)S§™+m+1Rn"+2GG! | R ~ (T)S' mtm"H1R n+'GG! |
R ~ (T)§'m+m'+1R!n+n’' [R'2 — K'(W'W — W'W)],

R~ (T-)Smtm+1Rmtn' [R2 — K(W'W — WW)],
S ~ (T-1D)§m+m Rutn'+1GG!, S ~ (T)S' m+m RImtw GG,
S" ~ (T)§'m+m' R!m+w'+1[R'S" + K'(W'M — W' M)],

S ~ (T-1)Smtm' Rrin+1[RS + K(WM' — WM'")].

(11)
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Through a point O, on 7 there is a pencil of transversals through s.
Each direction in this pencil determines an F’ and the associated F
cuts the line in one residual point. The locus of such points is a plane
curve ¢ which generates the surface R, image of 7. The order of ¢, de-
termined by the intersection of R and a homaloidal surface, is
n-+n’+1. Similarly, taking a point O, on s, we find a plane curve &
of order m~+m’+1 generating the surface .S, image of s.

Through a point O, on g’ there is a unique line ¢ of the congruence,
but every F of ]F[ is associated with O,., hence O, ~(T-Y)t. The
ruled surface G generated by ¢ is the image of g’ under 7. Further-
more, every point P’ of the transversal determines the same F’ and ¢
meets the associated F in one point P so that P~(T)t. The locus of
points P is the curve g and g~(T)G. The order of g, determined by the
intersection of two homaloidal surfaces, is 2m'n’+2mn’+2m’'n+m
+3m’+n+3n"4+3. In a similar manner we find a curve g’ of order
2mn~+2mn’+2m'n+3m+m’+3n+n’+3 such that g’~(T-1)G’.

We can now write the following correspondences:

y ~ (T)R' Sm+m'+lrn+n’g/g” ¥y~ (1‘—1>R Sm+m’+lrn+n’gg,

(12) s~ (T)S/: Sm+m’rn+ﬂ’+1g/g’, s~ (T—I)S: sm+m'rn+n’+1gg,
g ~ (T)G’: s?m+172n+1gg’, g’ ~ (T—I)G: 32m1+172"’+1gg’,
g/ ~ (T——I)Gl: 82m+lr2'n+1gg” g ~ (T)G: S2m’+lr2n’+1gg"

4. Invariant and homaloidal surfaces. The eliminant of the param-
ter from | F| and | F’| is the pointwise invariant surface K. Generic
planes subjected to the transformations give

7 = (A'x) ~ (T"HYR(A"'y) + K(4'2) = bmim'tnin'+3
T = (4y) ~ (DR (Ax) + K'(42) = dmimininis
where the ¢’s are homaloidal surfaces of the transformation. Further,
& ~ (T)(A'x)S' m+m R ntn" +1GG
¢’ ~ (T-1) (A y)Sm+m"+1Rm+w+GG! |
hence the homaloidal webs are

OO3| d)‘ : sm+m’+lrn+n'+1gg’ oo3l ¢,’l : Sm+m’+1rn+n'+1g'g/.
The intersection of two homaloidal surfaces gives the homaloidal net

. 2 ’2 ’ ’ 2 r1nt2 ’ -

H ~ [¢¢] cgm +m’“+2mm’+2m+2m +17,n +2nn'+n’“+2n+2n +1ggb /4’43
, 1,07, 2 ’ ’2 ’ 2 ’ ’2 ’ 1=110

H = [¢ ¢ ].sm +2mm’+m’ *+2m+2m’ +1yn F2nn’+n’ +2n+2n +1g g b ! 30

We now write the additional correspondences:
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(13) T~ (T)d)" sm+m’+1,n+n'+1g’g/ T~ (T—1)¢,: sm+m'+lrn+n’+1gg’
K~ (T)K’': smtmiyntn’gglss! K' ~ (TO)K; smtmyntn’og5g/,

The jacobian of the transformation is J=RGG'S.
5. Tangency along » and s. The projectivity x; =11, X2 =1y, 3= kY3,
x3=73+7y4 is applied to the fundamental surfaces of the transforma-

tion and an examination of the coefficients of the highest powers of x;
shows K and S to have

Dy = 25 u?(meki)(kc',-k,a+c’jk.4>

,k=0 i=0

3
3

]TM

,< Z bivk ) (kc—;'lc,:i + Cjr,a)
0

7 1=0

s
3

|
M

u,( D bk ) (kcir,s + ¢jr,a)
0

7 =0

m’

> u( > z;kki) (ehs + Ed) = 0

7,k=0 =0

as common tangent surface along 7. D is also a common tangent sur-
face to K’ and S’ along 7. A similar process shows

WEDS v,ﬁ( > (h{fk’) (ki + Cina)
i k=0 =0

. Z ﬂk( Z diiki> (kéjun + Cix,2)
i, k=0 i=0
Z‘”k( > aik )(kcim + ¢jr,2)
7,k=0 =0
Z < Z al] >(k5;k,l + C—;k,2) =0
7,k=0 =0

to be common tangent surface to K, K’, R and R’ along s.

6. Intersection table. Referring to (12), (13), and §5 we can now
write the following intersection table.

[.R/S/] . sm2+m’2+2mm’+m+m’rn2+n’2+2nn’+n+n’g'g’

1], 2. ’ ’ 2 ’ ’ =1
[RG ] SZm +2mm’+3m+m +lr2n +2nn’+n +ng dl,l e dl,2mn+2n

R 2 ,2, ’ ’ 2 ’2 ’ rr=1
[R é ] smEm Atz mmi k2 mt 2 m Ly e 2nn bt gl 5l L

[R’K’]: smiHm it mmit mtm! n’2+2nn'+n2+(n+n’)tgg
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I 2. 2. -
lslal]: §2m +2mm’+m+m’72n'+2nn +3”+"’+1gl31,1 © e e1,2mntam
[S'¢>’] . sm2+m’2+2mm’+m+m’rn2+n’2+27m’+2n+2n'+1g’g/km+m,+1

2 2 2 2, -
[S’K’]: smF2Zmm!+m!“+ (mt-m’) tynta’ +27m’+n+n'g’g/

’ 2 2 ’ IR TY)
[G'd> ]: s2mi+2m! mt3mtm/+1yp2n +2nn'+3ntn +1g 11,1 - 'll,2m+2mn+2n+1
[G'K']: s2m*+mt2mm!+m'yont+ntonn/+n’ ool
. 2 ,2, ’ ron2int? ’ )
[¢ K ] smiHm k2 mm bt i 2 b g gl

7. The T,yn42 in a plane through ». A plane w=ux; = 6x; cuts the
surfaces of | F| and | F’| in residual pencils of curves

- ! ! !
(14) | ot =u—pa =0, |fop|=o" —pi' =0
where
m,n m,n -
tnir = D, Yiwu(ajnx), b1 = D, ¥ion(@x),
7,k=0 7,k=0
m’,n’ m!,n’
_ — !
Unrp1 = Yiwn(asix), Ty = ¥ ior(@nx),
7, k=0 7.k=0
m _ m , m’ , -, m’ ,
Yi= D i, Yi= DL b, wi= D, aid, ¥i= D, aip
=0 =0 =0 =0
(15)
2 i on—i _ L
Wi = Z 2N ’ Wi = Z birass y
=0 =0
’ » r ot n'—i _t i -t 1 n'—i
wr = Q2 bixsxy or = buwxsxs
=0 =0

(ajex) = (ojr,10 + aje,2)®2 + ajr3®s + ajra¥a

The second directrix s cuts 7 in the point P: (8, 1, 0, 0) which is
an zn-fold point on the curves of ‘ f] and an n’-fold point on the curves
of [f’|. Through a generic point P(y) of m passes an f of [f having
parameter u=u(y)/#(y) and to this corresponds the f’ of |f’| having
equation

(16) W' (x)a(y) — @' (x)u(y) = 0.

The unique transversal ¢ through P(y) and P meets (16) in a point
P’(x), image of P(y) under the transformation. The inverse transfor-
mation is thus

—~1
an Toinge: ®2 = ays + X3 = 0Y3, Xy = 0V,

where
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Kpnin'42 = 14”12 - d'u Optn’+1 = MYI)’ - ﬁw',
’ men ror,or ’ ml'",——l 1,
(18) Wpr = Z ‘/’iwk(aikz): Wy = Z ‘l’i‘:’k(aikz)v
7. k=0 7. k=0

(@irz) = ajk,10 + aj,2

while the direct transformation is

(19) Toynrga: y2 = o'xa + ¢, Y3 = o’ %3, Y4 = 0’24
where
7 ’ r _ 7
K = — K, Opin'+1 = U W — U W,
(20) m,n mmn )
w, = D, Ywilas), W = D, ¥i6u(@is2).
7, k=0 7, k=0

The curve « is pointwise invariant under the transformations.
The application of the transformation and its inverse gives

(21) w'(x) ~ (T Nevwy,  u(y) ~ (Do’ u'y,

where You 1 =u'®w’'—a'w’, v4,.1 =uw— 4w, and, furthermore,

K~ (T o vy, k ~ (T)ka'"+'yy/,
K~ (T)'a"™ vy, Kk~ (T Hkamtn'yy',
v~ (T Yoty v~ (T)e"*'*y,

v ~ (T)d'*+ly, v~ (T o' +1y,
o' ~ (T~Ye" vy, o~ (D)o ™ 'yy',

o' ~ (T’ [¢'2 + (W' — wi')],

o~ (T [o2 + k(w' — w')].

The base points of the pencil |f| are P and 2n+41 other points

Iy, Ty, - - -, gy while those of |f" are Pand I/, Iy, - - -, T'}yy.
We designate the lines PI'y, PT's, - - -, Ploni1 as¥{, Y3, * * * s Yons1
and PI{, PTS, - - -, PT,  1asy1,¥e, * -+, Yenr4a. The curvesy and v’
in (21) consist of the lines y1, 2, * + * , Yowraand ¥{,¥s, * - *, Yons1, re-

spectively. [tiseasily seen that T'i~(T)y!, T ~(T~ Yy, vi ~(T-HT;,
vi~(T)TY.

Moreover, there is a particular f of |f| consisting of the lines v/
and an #-ic through T's, T's, - - -, '2,41, P, the latter being an (n—1)-
fold point on the #z-ic. The #n-ic intersects v/ in another point P,.
Then Pi~(T)T! and T{~(T-1)y{. Similarly, we can find points
T/, - Ty, Ty, - - -, Tongasuch that T/ ~(71)y/! and Ti~(T)y..
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We can now write the following correspondences:
P~ (T)p': Pr+¥' Ty Tapyal1 - - Tonpr,
i~ (T)yi: PT.T,
Ti~ (T7Y)vi: PT.T},
kK~ (T)k's P7'Ty -+ Tgpyali-++ TopyaTy- - - Tepyaly - - - Tonyn.
When the transformations are applied to a generic line we get
N =(4dx) ~ (T Vo(dy) + kA2 = buinr+2,
A= (dy) ~ (T)o"(Ax) + k'dy = ¢’I’L+n'+2y
¢~ (T)(Ay)o' "+ yy', ¢ ~ (T (Ax)omt"+lyy!
and the holaloidal nets are therefore
002\ ¢’l . Prtn/HLD L p2"+1f‘1 R fzn'+1,
Qozl ¢l\ . prtn’Hlp] L I‘z',,.'+1l_’i e f;n+1~

The translation x;=x;3 +1, x3=x4, x4s=2x{ is applied to the funda-
mental curves of the transformation and ¢’ and «’ are found to have
the curve

men’ r o1, 0 ’ = -
b = 2, Y0 (@jrd + ajig)- vo(ar10 + ajr,2)
2,k=0 i k=0
m,'",—‘l r, ot ’ iy
— 2V (@kd + @jra) 2 Yelajd + airs) = 0
i k=0 i k=0

as common tangent at the point P.
The jacobian is g2yy’.
The intersection table is as follows

l¢’¢’]: Pritenn’ta e b1 L L 1‘2’n,+1f1. o ToniiF

(the homaloidal web)
loyi]: Pl [yi']s PPy, [y ] PR
lalx’]: Pn2+2nn’+n’2+(n+n’)tr‘; . F;n1+1f‘; . f;n+1
lo'¢" ] Pri+ennnbntn' Dl Ty Ty - - - Tappa
[K,Sb ]; Pn2+2ﬂn'+n’2+n+n’r‘{ R FZ’n’-{—lf‘; C. f2’n+1-

As the plane 7 generates the pencil on 7 the T'../42 generates the
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space Twmim'4nin+3 Whose equations may be obtained from (17) and
(19) by replacing u, @, u’, @', w, w, w’, @', (az) and § by U, U, U/, T,
W, W, W', W', (cz) and x;/x,, respectively.

When the surfaces are cut by a plane 7’ =x;= exs through s a simi-
lar plane transformation of order m—+m’+2 is found.

8. The transformation associated with a special linear congruence.
If we take the directrices 7 and s of the congruence as

(22) X1 = X4 = 0, X = X4 = 0,

respectively, and pencils of surfaces F and F’ as in (2) and (3) where
wj= o vp=2 0 obaxbah ! and similarly for @;, #/, and so
on, the equations of the inverse transformation obtained by the pres-
ent technique are

—1
(23) Tmimgninr42: ¥1 = Ryi, @ = Rys, a3 = Rys + K, x4 = Ry,
Where Km+m’+n+n'+2 = U,-U—— U(_],, Rm+m'+n+n’+1= UW,_FW,,

m’,n’ m’,n’
4 17 ! =/ 1.1,
Wonrinr = E % 05(Cik,3), Worgnr = Z a@9%(Cjk,3)-
3, k=0 i, k=0
Such transformations are well known so that no discussion will be
given.

9. Discussion. Vogt, in his general skew transformation, finds three
fundamental curves and their images in each space. These he desig-
nates as gi, gi, ki, l2, Ri, Ry having images 72, Y1, N2, M, p, p, respec-
tively. Of these g1, go, L1, I, Y2, Y1, N2, My, correspond to 7, 7, s, s, R’, R,
S’, S of the present paper. However, Ry, R, p, p, are replaced by
g, 8; ¢, 8 G, G; G, G, respectively. The sums of the orders of g
and g, g’ and g/, G and G’ are equal to the orders of Ry, Ry, and p,
respectively, as given by Vogt.

The properties of the transformation in §8 are the same as those
of the “central” transformation which he describes.

Quadratic transformations associated with a linear congruence may
of course be gotten from those of the present paper by taking |F |
and I F’l as pencils of planes, that is, making m =#=0, in the plane
transformations of §7 and the space transformation of §8.
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