NOTE ON CLOSURE FOR ORTHOGONAL POLYNOMIALS
J. SHOHAT

In this short note we give a simple theorem concerning closure for
orthogonal polynomials (OP). The importance of closure in the theory
of OP, particularly in the study of expansions of functions in series of
OP, can hardly be overestimated.

The notations employed below are those of my monograph, Théorie
générale des polyndmes orthogonaux de Tchebicheff (Mémorial des
Sciences Mathématiques, vol. 66, 1934), referred to as M.

We write generally

@) ~ 3 fubnl)

n=0

to signify that
fa= fabf(x)m(x)dw, n=012---,
¢n(x) = ¢u(x; a, b; dY),
fb¢m(x)¢,.(x)d¢ =Omn, myn=0,1,2---.

The hereafter assumed existence of [5f2(x)dy implies, as is known, the
convergence of the series D _»_of2. By closure we mean the following
equality, Parseval’s formula:

[ Few =il
THEOREM. If closure holds for the “symmetric” sequence

€] {alw; — b B dp)}, (@) = $(2) = ¥(— )
[or

{$u(x; = B bs p(2)}, p(2) = p(— @]
then each of the following two sequences of OP is closed
©) {n(x; 0, 2% ¥} ), {@ulx; 0, B2 dy) )

di(x) = 2dp(x"?),  dys(x) = xd(x)

[or
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{da(2; 0, B2 p2(0)) ), {ala; 0, B2 pa()) }
pi(x) = a 2p(x1),  pa(x) = xpr(a)],

and conversely.

It suffices to give the proof for dy(x) proper, for the case where
dy(x) =p(x)dx is quite similar.
We have, for any =0, 1, 2, - - - [M, pp. 19-20],

b2a(x; — b, h; dY) = ¢a(2%; 0, A2 dy),

3
( ) ¢2n+1(x; - ky k) d»’/) = x¢n(xn2; Oy h2; d¢2)
This yields at once, for any =0, 1, 2, - - -,
h
fon = f f(@)ben(w; — Iy b; d)dY
—h
h2
- f Fu(2)én(x; 0, 125 dp)ds = fon
(4) |
fonrr = | f(®)b2nir(x; — b, h; dP)dy
—h
h2
- f Fa(2)gn(x; 0, %5 dfa)dpe = fun
0
where
) Fia) = f<x>+_2f<-x) SFo(a?) = &:21(;&)

We have further

() = Fx(s?) + aFa(a?) ~ 3 fubn(s — Iy b ).

n=0

Making use of (3), (4) and (5), we get readily

F1(9€2) ~ Zf2n¢2n(x; - hv h; d‘ll)y
n=0

]

aFa(x2) ~ D fonp1@ansr(x; — b, by dy),

n=0

6 o
©) Fy(x) ~ an.ld’n(x; 0, h%; dyn),
n=0

Fy(x) ~ an,2¢n(x; 0, A%; di»),

n=0
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f ' xF1(x®)Fo(x2)dy = 0,

h

iy — X1 = [ Fi(2)dy — ifi,l]
—h 0

n=0 n=0

+ [ f R g - Zf]

n=0

(M

By Bessel's inequality, both brackets on the right side of (7) are non-
negative, and this directly proves the theorem stated.

REMARK. In the above discussion %z may be assumed to be infinite,
for closure always holds for a finite interval.

The most interesting application of the foregoing is to Hermite and
Laguerre polynomials. In fact, it follows from the above theorem that
the closure of both sequences

{6a(2; 0, 5 e=x=) ], {¢a(x; 0, ;e =)}, az1/2,

implies that of {qb,.(x; — o, ;e e [ xl 2a—1) } ,and conversely. In par-
ticular, taking «=1/2, we conclude that the closure of Hermite poly-
nomials {¢.(x; —, ©; e**)} implies that either of the two se-
quences of Laguerre polynomials {d)n(x;O, 0 ; e"’x—m)}, {¢>,,(x;0, © ;
e""x”z)} is closed, and conversely.
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