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THEOREM 7. The set a is a modular ideal in L containing the set ML . 

PROOF. I t is obvious that a is an ideal; that it is modular follows 
from the corollary to Theorem 5, equations (7) and Lemma 2. Now 
if (b, c)M', then by Lemma 2 &<g)c(£Z,, whence be = (b®c) 0 <*>, and 
k g a . Hence ML C a . 

I t should be observed that both possibilities ML = ct and ML 9e a 
can occur. In our special example where A is a projective geometry 
and A — L consists of all subelements x of a hyperplane h with x not 
^ oo, ML = a if there exists k(£L with oo <k<h. On the other hand, 
if no element exists (in A) between oo and A, then ML 7e et, for then 
oo (£ML • This example shows also that ML need not be an ideal. 
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1. Introduction. Let T(x) denote a polynomial in a single real vari
able x with real coefficients. T. Popoviciu1 established sufficient con
ditions that T(x) be positive for all real x. In this paper we shall con
sider polynomials in several real variables with real coefficients, and 
establish sufficient conditions that the polynomials be positive for real 
values of the variables. 

2. Polynomials in two real variables. In this section we shall de
velop sufficient conditions that a polynomial in two real variables 
with real coefficients be positive for all real values of the variables. 
Let us consider then, 

2m 2n 

T(x, y) = J2 12 hjCijxtyi, 

where the bij are positive constants, and the Cij are real numbers. In
troducing parameters, we write T(x, y) in the following form 

Presented to the Society, April 13, 1940; received by the editor June 26, 1941. 
1 T. Popoviciu, Sur une condition suffisante pour qu'un polynôme soit positif, Mathe

matica, vol. 11 (1935), pp. 247-256. 
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m—l ra—1 / r* / c \2 

T(x, y) = £ Z Ws* « * V ( 1 + Pu -^—L A 
i=o 3=0 I LA Ci% 2 y / 

\ ^2t 2/ / J 
2 

( 1 / X 2 ) c 2 i 2^2 t+2 2? — C2*-fl 2/ 0 . ^ 0 
+ f,y X2*2y2j 

C2i 2j 
2 2 

( 1 / X )c 2 * 2 ^ 2 i 2 3+2 — C2i 2/-fl 
i- ij,-,- x2ly2i+2 } 

^ ( o / C2m2/+1 \ 2 

+ 2^ 2 a W C 2m 2 / r T M 1 + 7m/ ^ ) 
3=0 V \ 2^2m 2 ƒ / 

} 
+ E 1 2 o f a C « 2 n X 2 ^ 2 " ( 1 + fr» * J2 

i=0 \ \ 2C2i 2n / 

2 2 
( 1 / X )C2i 2wC2i+2 2n ~ ( 1 / 2 ) C 2 Î + 1 2ra „. , „ ) 

+ Un x^+2y2n L 

^2i 2» / 

w—1 n—X 

+ Z ) X ^ + 1 2/+tf2i+l 2 3 >l^ 2 i + 1 >' 2 y + l + 2aMWt:2w 2nX 2 w^ 2 n . 
i=0 3=0 

^2i 2/ 

2 2 
( 1 / X )^2w 2jC2w 23+2 — (l/2)02m 2/+1 . _ ., _ . 

+ 7lmj x2my2,+2\ 

C2m 2/ 

By comparing coefficients, we find 

2c*oo = ^oo, 
2 

2oùijPij = 02i-fl 2 3» f*j = = Hijaih 

i = 0, 1, • • • , m - l;j = 0, 1, • • • , n, 

2aijjij = b2i 2 3+1» Vij = yij&iji 

i = 0, 1, • • • , m\ j = 0, 1, • • • , n - 1, 

1 
— f«-i o + 2at0 = b2i o, i = 1, 2, • • • , w, 
X2 

1 
— r?o 3-1 + 2a0 ,- = bQ 23, ? = 1» 2, • • • , n, 

X2 

1 1 
~ ~ f*-i / H 7 *7* j - i + 2a;ƒ = #2i 23, 

X2 X2 

i = 1, 2, • • • , m;j = 1, 2, • • • , n. 
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We define f_ij? = rji-i = 0 (i = 0, 1, • • • , ra;j = 0, 1, • • • , n). The last 
three equations can be written 

1 1 

X2 X2 

i = 0, 1, • • • , m\j = 0, 1, • • • , n. 

The parameters OHJ are determined by the recursion relations 

2 2 2 
4X 02i 2j<*t-l ƒ«* ? - l ~~ 02Î -1 2 j« t / - l — 02i 2 j - l « i - l ƒ 

Q, = , 

- 1 jOLi j - i 

where we have defined &_iy = &i_i = 0 and a t_i = a_iy = 1 (i = 0,1, • • - ,m; 
j = 0, 1, • • • , n). Let us write 

P</(X) 

2X&7(X) 

where PijÇK) and QijÇK) are polynomials in X. The polynomials PijÇK) 
and QijÇK) satisfy the recursion relations 

Poo(X) = 6ooX, Öoo(X) = 1, 
2 

PijÇK) = X&2* 2]Qi}ÇK) — !&2i-l 2?Pi j - l (X)ö*_ i j(X) 
2 

~ ^02t 2j-\Pi-l j(K)Qi / - l (X) , 

0„(X) = P;_i y(X)P< y_i(X), 

where we define P_i;(X) = Pi-iÇK) = Q-ijÇK) = Qi-iÇK) = 1 (i = 0, 1, • • • , m; 
j = 0, 1, • • • , n). Let X»y be the greatest positive zero of PijÇK). Then 
we establish the following lemma. 

LEMMA 1. Kijis greater than or equal to the greater 0/Xt_i jand Ki y_i. 

We proceed to prove this lemma by induction. Obviously Xio^Xoo 
and Xoi^Xoo. Since the degree of P»-_i XX) is greater than that of 
Pi_i y_i(X)P»_2 jÇK) and the degree of Pt- j-iÇK) is greater than that 
of Pi_i y_i(X)Pt- y-2(X), it follows that the degree of PijÇK) is the same 
as that of Kb2i 2jPi-i jÇK)Pi y-i(X). We see that the coefficient of the 
highest power of X in PijÇK) is positive. Let r equal the greater of 
X;_i j and X» y_x. Then PijÇr) ^ 0 . Hence, Xty is greater than or equal to 
the greater of X»_i j and Xt- y_i. 

THEOREM 1. Let r be a real constant. Ifr>\mn, and 

coo > 0, 
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1 s 
— C2i 2j^2i+2 2j — C2i-f 1 2j > 0 , 
r2 

i = 0, 1, • • • , m - I ; ; = 0, 1, • • • , n - 1, 

1 , 
~~~ C2i 2nC2i+2 2n "" ^ 2 t + l 2n > 0, i = 0, 1, • • • , M — 1, 
r2 

1 2 
— Ĉ 2t 2j^2i 2/+2 "~ C2i 2j-f 1 > 0 
r2 

i = 0, 1, • • • , m — 1; j = 0, 1, • • • , n - 1, 

1 , 
— C2m 2 f 2m 2j+2 ~~ 2C2m 2/+1 > 0> J = 0, 1, • • • ft , — 1, 
f2 

C2i+i 2/+i = 0, f = 0, 1, • • • , w — l ; j = 0, 1 • • • , n — 1. 

then T(x, y) >0for all real values of x and y. 

B y the preceding l e m m a P%j(r) > 0 (i = 0, 1, • • • , m ; j = 0, 1, • • • , n). 
Hence a»y>0 (i = 0, 1, • • • , m\i = 0, 1, • • • , n), f*y>0 (i = 0, l , • • • , 
ra — l ; j = 0, 1, • • •, n), and rjijX) (i = 0, 1, • • • , ra;j = 0, 1, • • •, w — l ) . 
I t follows t h a t P(x , y) > 0 for all real # and 3/. 

3. Applications. In th is section we shall s t u d y the case where 6 ^ = 1 
(i = 0, 1, • • • , 2 r a ; j = 0, 1, • • • , 2») , and deduce a sufficient condi t ion 
t h a t the polynomial 

2m 2n 

L(x, y) = 22 X) c ^ y 

be posit ive for all real va lues of x and y. For th is case, t he polynomials 
Pij(K) satisfy the recursion re la t ions 

Poo(X) = X, 

PioÇk) = X i V i o(X) - iP4_2 o(X), f - 1, 2, • • • , m, 

Poy(X) = XPo y-i(X) - | P 0 /-2(X), J = 1, 2, • • • , n, 

P*iW = XPt_i j(K)Pi j-i(X) — J P t ?-_i(X)Pi_-i j_i(X)Pt-_2 y(X) 

— ^Pt_i y(X)Pï_i j_i(X)P; /-2(X), 

* = 1, 2, • • • , w; j = 1, 2, • • • , », 

w h ere we define P_iy(X) =Pi__i(X) = 1 (̂ ' = 0 , 1 , • • - , m ; j = 0 , 1 , • • -,n). 

L E M M A 2. X,-y<2, î = 0, 1, • • • , m ; j = 0, 1, • • • , n. 

W e shall p rove th is l e m m a b y showing t h a t 

Pn(\) ^ P i - i y(X)-P< y-i(X) > 0, X ^ 2. 
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We establish this result by induction. I t is seen that the above is true 
for i+j = 0 and 1. Now 

i'tOW ==: XiV-l oW — 2^i-2 o(X), 

Pi0(\) è (X - J)P*-i o(X) > 0, X â 2, 

Pio(X) è P»-i o(X) > 0, X ^ 2. 

And since POJ(S) = Pjo(X.) it follows that 

iV(X) ^ P„ ,-i(X) > 0, X è 2. 
Now 

P,-,(X) = XPi_j y(X)P< y-!(X) - |P< ,_x(X)Pt_l )-1(X)PJ_2 ,(X) 

— ^Pj-i ,(X)Pt-i )-i(X)Pi j-2(X), 

P<3(X) è (X - l)Pi_i y(X)P< ,_!(X) > 0, X è 2, 

P«(X) ^ Pi- i i(X)Pi ^ (X) > 0, X à 2. 

Hence Xij<2 (i = 0, 1, • • • ,m;j = 0, 1, • • • , n). From Theorem 1 and 
Lemma 2 we have immediately the following result. 

THEOREM 2. J / c 0 o > 0 , 

Cu 2jC2i-\2 2j — 4C2»+1 2j' > 0 , 

» = 0, 1, • • 
2 

C2i 2n^2t-r-2 2n 2C2i+l 2w > 0 , 

2 
^2t 2j^2t 2/+2 ~" 4^2i 2/4-1 > 0 , 

i = 0, 1, • • 
2 

62m 2î^2m 2?-f2 2C2m 2/+1 > 0> 

C2i+l 2/+1 == 0, i == 0, 1, • • 

• , m — 

' , tn — 

• , m — 

i; 

l 

l 

;i = o, i, • • 

i = 0 ,1 , - • 

; i = o , i , . . 

j = o, i , . . 

;i = o, l , . . 

• , n - 1, 

• , m - 1, 

« , a - 1, 

• , n - 1, 

- , » - 1, 

then L(x, y) >0for all real values of x and y. 

This theorem is a generalization of the theorem of E. B. Van Vleck2 

for the case of a polynomial in a single real variable x. 

4. Polynomials in several real variables. Let 

2M 2V 2W 

\L) 1 \X\y #2j " * " » ^ n / = = / ^ x ,< * * * / J Opq- • -r^pq- • . r ^ l ^ 2 * " * %m 

2 E. B. Van Vleck, A sufficient condition for the maximum number of imaginary 
roots of an equation of the nth degree, Annals of Mathematics (2), vol. 4 (1902-1903), 
p. 191. 
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where the bpq.. .r are positive constants, and the cvq.. .r are real num
bers. Let A denote the class of all the distinct permutations ij • • • k 
where i ranges from 0 to u, j ranges from 0 to u, • • • , and k ranges 
from 0 to w. We define the following w + 1 functions over the class A 

1, i 7e U 1, j 7* V 1, k 7* W 
i *ƒ . . . fc = . , J i j " ' k = = . y ' * * > J^-ij* • *fc = = , 

0, * = w 0, j = fl 0 , & = w 

5*;.. .a = > ij * • • k 9* uv • • • w, 
n — dij...k 

where d;,.. .*, represents the number of the indices i, j , • • • , k which 
are equal to u> vy • • • , w, respectively. Introducing parameters we re
write the polynomial (1) as 

TV \ V * l c 2t 2; 2fc 
T{Xi> #2, * * * , Xn) = 2 j ^ * * ' ' •*«*/• • -fc^t 2 j . • -2Jfc l̂ #2 * * * %n 

<Iij..k[ 1 + ft,-...*- «l j 
V \ O»/ . • -kC2i 2j> • -2k / 

+ ƒ••ƒ...*! 1 +ya-"k- %21 + • • • 
\ O»/ . • -kC2i 2 j - • -2fc / 

/ C2i 2]>-2k+l \ 2 \ 

+ Kij...k[ 1 + 5ty...fc— Xn ] f + Iij---ktij'"k 
\ Sij. . .fcC2t 2/- • -2fc / / 

( l /X 2 )C2 i 2/- • -2fc£2i+2 2j*« *2fc "~" C2Î+1 2 j - • -2k/Sij> • -fc 2i+2 2j' 2& 

+ Jij- • -fc*?tj- • -A 

X\ X2 • * * Xn 

C2i 2j- • -2/s 

2 

( l / \ 2 ) C 2 t 2/- • -2fc^2t 2/+2« . -2fe ~~ ^2i 2j+l- • -2k/Sij. . .jfe 

C2t 2 / - • -2fc 

2i 2j+2 2k 

' ' 'X\ • ' 'X2 ' ' 'Xn + ' * ' + A»-y...fcA*i/...jj. 

2 
(1 /X 2 )^2 i ^ 2 / . .-2A;^2t 2j-•-2^+2 "~ ^2i 2? • • ̂ h+l/Sij• • • k 2i 2/ 

Xl %2 

C2i 2j- • -2fc 

. Ö ^ V^ A
 2 * + 1 2 « + 1 2 ' + 1 

+ ÜL* 2 j ' ' * Z~i "2p+l 2g+l-•-2r+1^2p+l 2g-fl •• -2r+l#l #2 * ' * Xn , 
p=0 g=0 r*=0 

2fc-f2~j 
Xn j 
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where YIA means that the summation shall extend over all permuta
tions ij • • • kÇ~A. By comparing coefficients we obtain 

tlOÙOQ. . «0 = = ^00- • «0> 

2<Xij. ..kPij- > -Jc = &2i+l 2?-- -2fc, 

2o£t/ . . -klii" -k = &2t 2j+l---2fc> 

2aij...kàij---k — &2t 2j«- -2fc+i, 

2 

M* ƒ • • • fc — ^ t J•••fcôt ƒ . • • fc> 

# « » ƒ . • -A; H " ( f i - 1 ƒ• • -fc + *?t î - 1 - --fc + " * ' + / * * ƒ • --fc-l) = &2t 2/ - --2fc» 

X2 

where we define ?<j...* = i7<i...*= • • • =/x»*i---*=s0» a<y...* = l, y • • • k 
QA; bpq...r = 0 if p, q, • • • , r are not in the ranges 0 to 2w, 0 to 
2», • • • , 0 to 2w, respectively. The parameters OHJ. . .& are determined 
by the recursion relations 

ffcXoo. . .0 = &00- • -0> 

'h* h2 

U2i-1 2 / . • -2k , Ö 2 t 2 / - l - - . 2 
/02i-l 2 / . • -2Jb 02* 2 / - 1 - • -2A; 

4»X2a^...fc = 4X2Ô2i2j...2fc - I 1 h • " • 
\ OLi-i j . . .fc OJ» j - 1 . . .fc 

2 
&2t 2 j . • -2fc-l \ 

aij...k-i / 
+ * 

We write aij...k=Pij...k(h)/n\Qij...kÇb), where Pt-y...fc(X) and 
ö*j...*(X) are polynomials in X. The polynomials Pij...kÇK) and 
0*y. • • *(X) satisfy the recursion relations 

Poo---o(X) = 6oo«--oX, Qoo---o(X) = 1, 

2 
W r ^ 2 t - l 2 / - • - 2*Qt - l ƒ• • .Jfc(X) 

Pi-1 j - • -fc(X) 

ƒ nVb 
-P*j . . . fc(X) = Q*j . . . f c (X) <X&2i 2 J - . - 2 A J — — ~ 

2 
#2t 2 j - 1 • • • 2fcQi j-1 • • • fc(X) 

H 1~ . . . 
Pi j - 1 . . -&(X) 

2 
&2* 2 j - • .2fc- l6*j • • -fc-l(X) ~"h 

+ P„...*_I(\) J r 
Q»?"-fc(X) = Pi- i j...fc(X)Pi j_i...fc(X) • • • Ptj...fc_i(X), 
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where we define Pij.. .&(X) = Q%j. . .&(A) = 1 for ij • • • k&A. Let X»y.. .* 
be the greatest positive zero of Pij.. .fc(X). Then we can establish the 
following lemma. 

LEMMA 3. \ij...k is greater than or equal to the greater of X»-i ;...&, 
X» y—l •••&>***» Xt*y • • •&—i» 

The proof of this lemma is similar to that given for Lemma 1. 

THEOREM 3. Let r be a real constant. If r^\uv.. .w, and 

Coo-.-o > 0, 
A 2 
1 C2t+1 2j.•'2k 

— Cii 2j. . .2kC2i+2 2;- • -2A; ~ > 0, 
r2 

1 .„ 
— C2i 2j> • >2kC2i 2/+2- • -2& ~ > 0, 
r2 

1 
— C2t 2 j - • -2fc^2t 2 / - • «2fc+2 ~ > 0 , 
f O » ƒ. . . fc 

St,.. 
2 

C2i 2/+1 

9" 
2 

C2i 2 ; - • 

•fc 

• • -2A: 

•k 

•2fc+l 

^2t+l 2/+l".2fc+l = 0, 

then 

T(xh x2, • • • , a») > 0 

/or a// reaZ values of 
*^l) »^2) » *^w» 

This theorem follows from the preceding lemma in the same man
ner that Theorem 1 follows from Lemma 1. 

If we take the coefficients 

Opq. . .r = 1, 

we can deduce a result generalizing Theorem 2. We consider the 
polynomial 

2u 2v 2w 

JUyXiy X2f * * * » Xfi) =z f j 7 j * * * 7 j Cpq. . .fX\X2 * * * Xn* 

We define over the class A the following n functions 

0, i = 0 0, j = 0 0, k = 0 
fij-.k = . , gij---k — . , * * * , hij...k = . 

1 , ^ 0 1, .7 T^ 0 1, ^ 5 ^ 0 

The recursion relations that the polynomials P^-.. .&(X) satisfy in this 
case are 
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JPOO-.-O(X) = X, 

( n f Qi-i j . 
X - — ƒ<,...* » 

4 L iY-i y. 

6Mf. . .>(x) 

*(x) 
Ö*/-I , . -*(X) , , _ &,-...*~i(x) 

+ gij.. .ft — — - + • • • + hij.. .k 

?</...*-i(X)Tv 

V-* - i (X) J A P»j-i . . . fc(X) Pt 

(?*ƒ..-fc(X) = Pi-ij...k(\)Pij-1-.fc(X) • • • Pij...k-l(k), 

where we have defined P»y.. .&(X) =<2*i- • -*(X) = 1 for ij • • • £ ( £ 4 . 

LEMMA 4. x<y. • .* <w2 /4 + l. 

The proof of this lemma is similar to that given for Lemma 2. 

THEOREM 4. If c0o--.o>0, and 

2 
1 6 C2i+1 2 ; - . -2k 

C2i 2j- >2hC2i+2 2j> -2k > 0 , 
(w2 

(«! 

: + 4)2 

16 
! + 4)* 
16 

O t ƒ . . 
2 

^2 i 2 3+1 

Oij. . 
2 

C2t 2 / - • 

•A; 

• • -2k 

-k 

•2fc+l 

C2i 2j- - -2kC2i 2j+2- • -2k ~ > 0 , 

/ » , Â.n
 C^i 2j"-2kC2i2j'"2k+2 ~ > 0 , 

(n2 + 4 ) 2 Sij...k 

C2i+1 2i+l« • -2k+l = 0 , 

then L(xu x2, • • * , #n) >0for all real values of 
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