THE CONSTRUCTION OF POSITIVE TERNARY
QUADRATIC FORMS!

GORDON PALL

1. Binary quadratic forms. A positive, binary quadratic form
f=(a, t, b) =ax?+2txy+by? (a, ¢, and b real numbers) is equivalent
to one and only one form in which

(1) |2t| <a<b, tz0ifa=0bora=]|2.

Such a form is called reduced, and has the further properties that:
(i) a is the least number properly represented by f; (ii) ab<4A/3,
where A =ab—1?; (iii) among all forms equivalent to f with the mini-
mum ¢ as first coefficient, b is the least possible.

To obtain all reduced, classical, binary quadratic forms of a given
determinant A, we have the following well known algorithm: factor
A+22 (£t=0,1, - - -, (A/3)?) as ab, with | 2¢| a <b, in all possible
ways; but discard forms with t<0if a=b or | 2¢|.

2. Ternaries. We develop in this article a similar method of finding
a unique form in every class of integral ternary quadratic forms of a
given determinant, or in a given order or genus. The methods of re-
duction hitherto devised (Seeber [1], Eisenstein [2], Selling [3]) are
entirely adequate if one wishes to calculate all reduced forms of de-
terminant less than a certain fixed value, but are not connected
closely enough with the invariants to make the computation of forms
with given values for their invariants practicable. By the method of
this article one can obtain the reduced forms in a given genus of de-
terminant around 1000 in fifteen minutes.

Our reduced form is not the same as that of Eisenstein or Selling,
but we shall see how to pass from our form to that of Eisenstein.

Eisenstein found that within every class of real, positive, ternary
quadratic forms f=(a, b, ¢, 7, s, t) =ax?+by?+cz®+2ryz+2sxz-+ 2ixy
there is a unique form (to be called E-reduced) satisfying the follow-
ing inequalities:

(2) 7, s,¢tall > 0, orall = 0;

3) az2|s|, az2|¢], b=2|r|;
4) a<b=c;a+b+2r+ 2542t 20;
(5) ifa=0 |r|=|s|;ifb=c¢ |s|=|t];

1 Presented to the Society, May 2, 1941,
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(6) fa+bd+2r+2s+20=0,a+ 25+t =0;
@) ifa=2,s=2r;ifa=2s,¢Z2r;ifb=2r,¢t=< 2s;
8) fe=—2s=0;ifa=—25¢t=0;ifb=—2r,t=0.

Here the conditions (2), (3), and (4) are to be regarded as the prin-
cipal inequalities, and determine the planar boundaries of the funda-
mental cell of reduced forms. From the principal inequalities readily
follows Seeber’s inequality abc <2d, where d is the determinant of f.
The number of possibilities for a given d is greatly limited; but no
procedure is indicated for sifting out forms of a given determinant.
It may be observed that in an E-reduced form a is the minimum,
and, among all forms equivalent to f, b is as small as it can be for the
predetermined @, and ¢ as small as it can be for the preceding ¢ and b.
Eisenstein used two methods in constructing his table of integral
ternaries. One was to write down sequences of forms satisfying (2)-
(8), and to calculate their determinants. The other produced all forms
of a given determinant with minimum e¢=1, 2, or 3; but (2)—(8) are
ill adapted to extend this method to @ > 3. This article provides such
an extension.
Let F=(4, B, C, R, S, T) be the adjoint of f. On account of the
rarity of Seeber’s book it is worth noting that Seeber’s conditions
differ from Eisenstein’s only in having (6), (7), and (8) replaced by

ifa4+ b+ 2r+ 25 4+ 2

if a

0,2|RI£C;ifa=+2,2|T| = B;
+25,2|S|£C;ifb=+2r, 2|R| SC.

The equivalence of these conditions to (6)—(8) is obvious from identi-
ties like those we use in §4. It may be worth noting in regard to our
method that while certain coefficients of F start off our process of
construction (§7), only linear expressions in the coefficients of f need
to be formed in testing for duplicates.

3. A new reduced form. We call the real, positive ternary quad-
ratic form f=(a, b, ¢, 7, s, t) reduced, if the following inequalities hold:

2) r, s, ¢tall > 0, orall = 0;

9 e=ba=c,a=b+c—2r,0=b+c+ 2r+ 2s + 2;

(10) az2|s|, az2|¢|;

(11) ZIRI§C§B,whereR=st—ar,C=ab—t2,B=ac—s2;
(12) ifa = — 2s or — 2¢, thent or s = 0;

(13) if a = 2s or 2¢, then R = 0 (i.e., f or s < 27, resp.);
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ifC=B,b=c(hences?=1¢);ifC=—2R, b= 2r;
(14 ifC=2R,a+2s+1¢t=0;
(15) fa=0,|r|=|s|;ifa=c |r]=]|t];
(16) ifa=borc,thena+7r+s+¢t=0;
an fa=b+4c¢c— 2rthend =7 + 4

(18) fo+c+2r+2s+2t=0,thendb+ 2t +7r =0and b = ¢.

It should be observed that (9,), (12), (14;), (16), and (18) are triv-
ial if (2,) holds; and (93), (13), (14;), and (17) are trivial if (22) holds.

THEOREM 1. Every class of real, positive, ternary quadratic forms con-
tains one and only one reduced form.

We prove in this section that every class contains a reduced form.
Denote the adjoint of f by F=(4, B, C, R, S, T), so that C=ab—#
and BC—R?=ad. We can replace f by an equivalent form in which:

@ is the minimum of f; C is the least possible with the aforesaid a;
and B is the least possible with the predetermined ¢ and C.

We have 2|R| =< C=B by (19;) and (19;). For replacing y by yFz
in f replaces @ by ¢, Cby C, Bby C+2R+B.

Replacing x by x+hy+kz in f corresponds in the adjoint trans-
formation to replacing y by y—hx and z by 2—kx in F, hence leaves
C, R, and B unchanged but replaces s by s+ak, ¢ by t+ah. We thus
secure (10) and (11).

We get (2) by changing signs of an even number of x, y, 2.

We next show that conditions (9) and (15)—(18) all follow from
(19). First notice that (19y) implies (9):¢ =f(0, 1, 0), - - -, f(1, 1, 1),

Denote by (X, ¥, Z) the unimodular transformation replacing x, y, 2
by X, Y,Z lfa=b, use (—y, —x, —2) and get (e, a,c, s, 7,t);if a=c,
(—2, —y, —x) and (a, b, a, ¢, s, 7). Hence (19;) and (19;) imply that
ac—r?=ac—s?, and ab—r*=ab—1?, or (15).

If a=b—2r+4c, the transformation (z, —x, x—y) carries f into
(b—2r+c, c, a, —s, s—t, r—c). Hence (b—27+c)c—(r—c)?=bc—r?
=bla+2r—b)—r*=ab— (b—r)?=ab—1?, giving (17).

If a=b, (y—32,x—3, —2) replacesfby (¢,a,0, —a—t—s, —a—t—r,
t), where o=a-+b+c+2r+2s+2¢; if a=¢, (—y+2, —y, x—y) re-
places f by (@, 0, @, —a—s—t, s, —a—r—s). Hence ao— (a+1t+7)?
Zac—s? or (a+s5)2= (r+1)?; and ao— (a+r+s)2=ab—12, or (a+1)?
2 (r+s5)?; giving (16).

Let b+4c+2r+425s+2t=0. Applying (—x+2, —x+y, —x) and

(19)
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(x, x—2, x+7»), we get (a, b, a, ¢, —a—t—s, —t—b—r) and (a, ¢, b,
—r, —b—r—t, c+r+s). By (19;), ab— (t+b+7)2=ab—1¢2, or b+2¢+r
=0. Also, ac—(c+r+s)2zab—1t?, or 22— (c+r+s)2=a(b—c)
=a(—2c—2r—2s—2t); if b could exceed ¢, then —c—r—s—¢
=b+r+s+4>0, whence c+r+s—t=2a, while c<—7r—s—¢; thus
—r—s—t>2a—r—s-+t, —2¢>2a, contrary to (10). This gives (18).

If a=—2s and t#0, (x—2, y, —2) carries f into fi=(a, b, ¢, —t—r7,
—s, —t),with Ry=—R, C;=C, By=B. Here (—s)(—1f) < —2s(—t—7r).
Hence (13) holds for fi. If a = —2¢ and s#0, use (—x—7v, —v, 2) and
(a, b,¢, —r—s, —s, —1t).

If a=2s and R=s(t—2r)>0, (—x—z, —, 2) yields (a, b, ¢, t—7,
s, t), with t—=2(—7)<0. If =2t and R>0, use (—x—7y, ¥, —2) and
(a,b,¢c,s—r,s,t).

If C=B, we may replace f by (a, ¢, b, 7, £, s), and thus secure (14,).
This does not affect any conditions so far obtained.

If C=—2R and b<2r, (—x, —y—2, 3) replaces f by fo=(a, b,
b—2r+c, b—r, t—s, t)~(a, b, b—2r-+c, r—0b, t—s, —t), with Ry=
—R—C=R, B;=B,and b=2(b—r). The minimal conditions (9) and
(15)-(18) must hold in consequence of (19); and (10), (11) also hold,
for fo. If a=2¢ and s=¢ we have (12); if e =2t and s<¢, R:=R=0 by
(13) for f. If also C=B, and ¢ <27, we use (a,b—2r+4c¢, b,b—r, ¢, t—s),
and have b—2r+c=2(b—r) since b =c by (14,) for f.

Finally let C=2R, a+2s+t<0. Then (—x+2, —y-+32, ) carries f
into (a, b, 0, —t—b—r, —a—t—s, t), with C, R, and B unchanged.
Here a =2 2(a+t+s) since a+2s+2¢<0; and we cannot have a = —2¢
since then s=0 by (12) for f. But a+2(—a—t—s)+t=—(a+2s+1)
>0. If also C=B and a+c+2r+2s4+2¢<0, use (e, 6, b—t—b—r, t,
—a—t—s), where a+2i+(—a—t—s)=t—s=0 by (14,) for f.

4. Some properties of a reduced form. Before completing the proof
of Theorem 1, we note further inequalities for a reduced form:

(20) fb=2rt=2s;if 0 <2r,t<2s

(21) fe=2r,s=S2;ifc<2r,s <2t

[for, 0 £ C + 2R = a(b — 27) + t(25s — #), B + 2R similarly];
ifr,s,t<0,thend = — 2rand ¢ = — 2r;

(22) fob=—2rt=0;ifc=—2r,5s5=0

[for, 0 < C — 2R = a(b + 27) — #(t + 25), B — 2R similarly |;

(23) if r, 5,2 > 0, then 50 > 87 and 5¢ > 8r
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[for, C> —2R by (145), s?—(t—s)*>a(2r—>b), ab=4s?, b>4(2r—b);
Bz —2R, c24(2r—c), equality implying s=¢, c=b];

o[t zo4]s];
b=y |s|=|t];ifb>¢ |s]| <|¢l
[for, 0SB—C=(0—s5)t+s)—alb—c)Salc—b+ (¢ —3)];
(25) ifr,s5,t>0,¢c=r+s

[for,a <b—2r+c¢,c—bZs—tc—(a+2r—c) =s—42 = 2r
+a+s—t=2r+ 2s);

(26) ifr,s,t=0,c+2s+7r=%0b—0)

[for,by 9a), c+2s+r=c+2s—2b—3dc—s—t=s5s—1
-30-9);

2 ifa+b4+2r+25s4+2t=0,C =2Rifandonlyife 4+ 2s +¢ = 0,
and C > 2R if and only if ¢ + 25 + ¢ < O;
ifea+bd+2r+2s+20<0,thena+2s+:t<0

[for,C —2R=ala+b+4+2r+ 25+ 20) — (a+D)(a+ 25 + 1) ];
(28) ifea+c+2r+2s+2t=0,B=2Rifandonlyifa +2t+s =0

[for, B— 2R =a(a+c+ 2r + 25+ 2t) — (a + s)(a + 2¢t + 5) |.
We note that we cannot have C=2R if r, 5, £>0, nor C= —2R if

7,8, t=0. Thus if 7, s, £ >0, ab>%*ab+3ab =2+ 2st — 2ar.

(24)

5. The equivalent Eisenstein-reduced form. We shall now exhibit
for any reduced f=(a, b, ¢, 7, s, t) the equivalent E-reduced form; and
Theorem 1 will follow when we verify that no such E-reduced form is
equivalent to two distinct reduced forms. Each of the following four-
teen forms is obtained from f by an unimodular transformation, re-
SpeCtively: (xv Y, Z), (_xy -3, _y)r ('—x! —y—3 Z)r (IXJ, y—l—z, _y)v
(x, —y+z, —2), (—x, —y+3, +y), (—x, 2, y—3), (x, —y, y—2),
(xr Y, Z)) (—x» -3, _y)’ (—x+z, _y+z’ Z)» (x_z» -2, y"-Z),
(x—y, —y+z, =), (—x+y, v, y—2).

Case 7, s, >0 E-reduced form equivalent to f

1° 2r<b=c (a, b,c,7,5,8)
2° 2r=c<b (@,c,b,7,t,5s)
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Caser, s, t>0 E-reduced form equivalent to f
3° b<2r=c, s<t (a, b, b—2r4c, b—r, t—s, t)
4° b=<c<2r, s<t¢ (a, b—2r+4c, b, b—r, t, t—s)
5° b<2r=c¢, t=<s (a, b, b—2r4c, r—0b, t—s, —t)
6° b=c<2r,t<s (a, b—2r4c, b, r—b, —t, t—s)
7° c<2r=<b (@, ¢, b—2r4c, r—c, s—t, —s)
8° c<b<2r (@, b—2r+4c, ¢, r—c, —s,s—1)

Use the abbreviation ¢ =a+b+c+2r+ 254 2¢.

Caser, 5,150 E-reduced form equivalent to f
9° b=<c¢,0—¢c=0 (a, b, ¢, 7,5,t)
10° c<b,e—b=0 (a,c, b, 7t s)
11° c—c<0,0—02=20 (a,b,0, —t—b—r, —a—t—s,t)
12° c—¢c=0,0—-0<0 (a,¢c,0, —s—c—r, —a—1t—s,s)

13° b=<c¢,0—c<0,0—b<0 (a,0,b, —t—b—r,t, —a—t—s)
14° c<b,0—¢c<0,0—-0<0 (a,0,¢, —c—r—s,5, —a—t—s)

We first verify that the forms in the last column satisfy the condi-
tions of E-reduction. We cannot have a¢=b in 3°-6°, nor a=c in
7°-8°, since then by (15) ¥ <s=<1b, or r<t=<1c. Nor can a=b—2r+c¢
in 7°-8°, for then c<b=r+4t, a <r+t—2r+r+t=2: We use (23) for
(2) in 3°-8°; (10) for (3); (9) for (41); (10) for (4;) in 5°-8°, (6) being
vacuous in 5° 7° and 8°; (14) and (24) in 1°-2° (16) in 3°-6°; as
to (6) and (8) in 6°, if b=c¢, s=¢ by (24); we use (13) and (20)—(21)
for (7) in 1°-2°, (23) (t—s <r<2b—2r) in 3°-4°; if ¢ =2t in 5°-6°, or
a=2sin 7°-8° then a=22s=2for a=2t=2s, s=¢.

All of 9°-14° satisfy (2,); for by (10) and (22),b= —r—t,c= —r—s,
and @ = —s—¢. All satisfy (3) by (11) and (22). For (41) we have (9).
As to (4s) the sum a+b+ - - - is respectively 6 —¢, 0 —b,c—0,b—0,
¢—b, and b—c; thus (6) follows for 9°-10° from (27)-(28), for 13°
from (24;), and is vacuous for the rest. As to (5), use: (14) and (24)
in 9°-10°; (18) in 13°-14°; (27) or (28) in 11°-12° noting that a=b
(or a=c) is excluded by (16). As to (8): use (12) and (22) in 9°-10°;
if a=—2¢1in 11°-12° s=0 by (12), b< —2r, contrary to (22); if
a+25s+2t=01in 11°~14°, b (or ¢) < —2r, a contradiction; if 542427
=01in 11°, a<—2s; if ¢+27r4+25=01in 12°, a < —2¢; a5 —2s in 12°
and 14° since —s<—t¢ by (24); in 13° o=2b+2¢t+27 implies
a+2s+c—b=0, s=t by (24), a= —s—¢; and finally, in 14°, ¢=2¢
+2r+42s implies a+2i+b—c=0, a contradiction.
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It is easy to verify that in terms of the quantities C, R, B of f, the
values of C, R, B of the forms 1°-14° are as follows:

(C, R, B), (B,R,C), (C,—C—R,C+ 2R+ B),
(C+ 2R+ B, —C—R,0C),
(C,R+C,C+2R+B), (C+2R+ B, R+C,0C),
(299 (B,R+B,C+ 2R+ B), (C+ 2R+ B, R+ B, B),
(C, R, B), (B,R,C), (C,C—R,C—2R+ B),
(B, B— R,C — 2R + B),
(C—2R+ B,C—R,C), (C—2R+ B, B— R, B).

6. Notwo reduced forms are equivalent. Denote two reduced forms
by f and f'=(a’, b’, ¢’, ', s, t’), the adjoint of f’ by (4', B, C’,
R',S’, T"), and let °’ denote <° for f’. A moment’s examination shows
that for any 7 (1 =7=<14) ¢°=4°' implies in some order that ¢=a’,
b=b',- - -,t=t". We shall obtain a contradiction if ¢°=j° with 75j.

Clearly forms 1° to 4°, with all terms positive, cannot coincide with
any of forms 5°/ to 14°’,

If 5°=11°" (or 6°=13°"), a=a’, —t=t,t—s=—a’'—t'—s"; thus
—2s'Za’'=s—s"=a=2s, s=—5', a’'=—2s', t'=0, but ¢t>0. Sim-
ilarly by interchanging b and ¢, s and ¢, for 7°=12°" and 8°=14°",

In all other cases we shall obtain one of the contradictory conclu-
sions (i) B=C but b>c¢ or s2<¢?; (ii) C=—2R but b<2r; or (iii)
C=2Rbut a+2s+:<0; for either f or f’.

If 2°=4°' the <th and jth triples in (29) for f and f’ respectively must
coincide. Thus if 3°=4°/, C=C'+2R'+B'2B'2(C'=C+2R+B=B
2C. In a similar way we find B=C and B’=C(’ for the pairs
¢,7)=>1,2),1,4),(2,3), 3,4), (57), (5 8), (5, 10), (5, 12), (6, 8)
(6, 14), (7, 11), (7, 13), (8, 13), (9, 10), (10, 11), (11, 12), (13, 14); all
these cases give (i). The same method yields (ii) in the cases (5, 13),
(5, 14), (6, 7), (6, 11), (6, 12), (7, 8), (7, 10), (8, 9), (8, 11), (8, 12).

If 1°=3°’, (29) gives C=C', —R=C'+R'Z—R'=C'"+R= —R,
hence C’= —2R’, but b’ <2¢’; similarly for (2, 4), (5, 6), (5,9), (6, 9),
(6, 10), (8, 10). The same method leads to (i) in (7, 9), (9,12) [R=B’
—R'ZR'=B'—-R=C—R=ZR,C=2R, B'=2R’, C'=B’,but b’ >c'],
(9, 14), (10, 12), (10, 14), and (12, 13).

Finally, (7, 14), (9, 11), (9, 13), (10, 13), (11, 13), (11, 14), and
(12, 14) lead to (iii). Thusin (7, 14), B=C'—2R’'+B’,R+B=B’'—R/,
C+2R+B=B',BzB’'2B,(C'=2R’,a’+2s'+t' 20 by (143), whereas
in14°, 0’ —¢'=a’+b'4+2r'+2s'+2¢' <0, or by (27), a’+2s"+¢' <0.

Several cases could have been contradicted in more than one way.
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7. Algorithm for forms of determinant d. The minimum ¢ of f, by
Seeber’s inequality, satisfies ¢® < 2d. Further, ¢ is the minimum of the
binary form (a, ¢, b) of determinant C, so that ¢2<4C/3; and C is
the minimum of (C, R, B) of determinant ad, whence C?2=<4ad/3.

We are now ready to state an extension to ternaries of the binary
algorithm of §1. We shall confine the statement to classical forms al-
though it is easy to include forms in which 27, 2s, or 2¢ may be odd.

Algorithm. Give a the values 1, 2, - - -, [(2d)"?], £R the values
0,1, - ,[(3ad)"?]. For each a and R, factor ad+R?in all ways as a
product CB of positive integers C, B for which the congruences

(30) = — 12, B = — s? (mod a)

are solvable, 2]R[ SC=B, and }a?’=<C. Give s and ¢ all solutions
of (30) such that Is[ =1a and ]t[ =<1a, and construct the quotients
b=(C+t*)/a and c=(B+s?)/a, and r=(st— R)/a, discarding cases in
which 7 is not an integer [7 will usually be an integer by choice of the
sign of R, since R?=(st)? (mod a) ]. Change signs of two of 7, s, ¢ if nec-
essary to secure (2). Discard all the resulting forms (a, b, ¢, 7, s, t)
which do not satisfy (9) and (12)-(18), as they are duplicates.

The forms remaining comprise one and only one representative of
every (classical) class of determinant d. The Eisenstein reduced forms,
if desired, may be written down by means of 1° to 14°in §5.

8. Contracted process for an order or genus. If we desire only the
properly or improperly primitive (p.p. or i.p.) forms of an order (2, A),
then in §7, the values of C, B, R are multiples of 2, and we can set

(31) C = 09Cy, B = 0QB;, R = QR,,

where 6 =1 or 2 according as the reciprocal forms are to be p.p. or i.p.
If f is to be i.p., @, b, and ¢ must be even.

There is not much lessening of labor over that for the whole deter-
minant if @=1 (and, if A=1, it is best to use the reciprocal order).
But if Q and A exceed 1, the possible values of C within the limits $a?
and (4ad/3)V? (where d =Q?A), are comparatively few; and it is less
work to write out the values of C for each a, using (31;) and (30,),
and to construct the equations ad+R?= CB by solving the congru-
ences aA+Ri=0 (mod 62C;) and forming aA-+R}=02CB;, with
2| Ri| £0C1< 6B, and with (30;) solvable for B=0QB;. When a is not
prime to 2Q it is necessary to calculate the remaining cofactors 4, S,
and T, to test whether the form belongs to the desired order.

A specification of the numbers representable properly by the order,
and the reciprocal order (and this is especially true’ within the nar-
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rower confines of a genus) will diminish considerably the number of
pairs of values of ¢ and C to be considered. We shall not take the
space here to list these numbers; however, compare Example 2.

9. Example 1. There are over 175 classical, reduced forms of de-
terminant d=600. We shall find all with minimum e¢=4. Using a
factor table we form 2400+4+R2?=CB, for +R=0, 1, - - -, 28, with
12=C=(3200)"2 and 2|R| =C=B, C and B congruent to 0 or 3
(mod 4). [For somewhat larger values of a it would be less work to
write out the admissible values of C and to solve the congruences
—ad=R? (mod C) for R.] We may take t=0 or +2 if C=0, t=+1
if C=3 (mod 4); and similarly for s and B. We thus obtain the follow-
ing table:

+R C B a b ¢ r s t a b ¢ r s
0 12 200 4 4 5 0 0 —2 4 4 5 1 2 2 ()
0 15 160 4 4 40 0 0 -1 ®)
0 20 120 4 53 0 0 0 4 53 0 -2 0

4 6 30 0 0 -2 4 6 31 1 2 2
0 24 100 4 6 25 0 0 0 4 6 26 0 —2 0

4 725 0 0 -2 4 7 26 1 2 2
032 75 4 8 19 0 -1 0 )
0 40 60 4 10 15 0 O 0 4 10 16 0 -2 0

4 11 15 0 0 -2 4 11 16 1 2
4 16 151 4 4 38 —-1 -1 0 )
6 12 103 [4 4 51 2 1 2] (a), (v), (8)
6 28 8 4 8 22 2 12 (), (e)
738 79 4 820 2 1 1
8 28 8 4 7 22 -2 0 0 4 7 23 -2 =20

4 8 22 -2 0 -2 4 823 3 22 (v)
8 44 56 4 11 14 -2 0 0 4 11 15 —2 =2 0

4 12 14 -2 0 -2 4 12 15 3 2 2 )
14 44 59 4 12 15 4 1 2 ), (e
15 35 75 4 9 19 4 1 1
16 32 8 4 8 21 —4 -1 0 63)
25 55 55 4 14 14 —6 -1 -—1

We have here omitted: (a) {=0 since (124-02)/4<4; (8) s=—2
(a=—2s5)if t50; (v) t=—2 (a= —2¢) if s20; (8) the bracketed form,
by (151); (¢) t=0since 4/0—R; () t= +2 since 4/2 — R. There remain
31 reduced forms, and all of them happen to be also E-reduced.

Example 2. To find the reduced forms in the genusof (7,7,7,1, 1, 1),
of determinant 324. Here @=6, A=9, and the reciprocal forms are
i.p., so that C;=C/12 is an integer (and also B/12); the numbers



650 GORDON PALL

represented by the genus of f are the positive integers not of the forms
32¢(3n+2) (¢=0), 3(3n+2), or 4n+1, 2; while C; in the reciprocal
genus cannot be of the forms 3(3n + 1), 3n+2, or 32¢t1(3n+2) (¢g=1).
Since a® £ 2d, a = 8. By §7 we have only the possibilities (a, C) =(3,12),
(4, 12), (7, 48). If a=3 we solve —972=R? (mod 12), whence 6|R,
and we form972+402=12-81 (discarded since12/81),972+62=12-84,
124+0*=3-4, 84402=3-28; we thus write down the form (3, 4, 28
—2,0, 0). If a=4 we obtain 1296+02=12-108, 1296+62=12-111
(discarded), 12+402=4-3 (discarded since 3<4), 12422=4-4, 108
+0%2=4-27, 108 =2%2=4-28; and have the forms (4, 4, 27, 0, 0, —2),
(4, 4, 28, 1, 2, 2); but discard the latter as i.p. If a=7, 2268462
=48-48, 2268+ 182=48-54 (discarded), 48+412=7-7; and we have
(7,7, 7,1, 1, 1). Thus there are three reduced forms in this genus:
3, 4,28, —2,0,0), (4,4, 27,0,0, —2),and (7,7,7,1,1,1). As a
check, the mass of the genus should be 1/441/1241/6=1/2, and
this agrees with the Eisenstein-Smith [4] formula.

10. Some remarks about minima. The invariance of (19) in §3
proves that among all forms within a class, (19) holds if the coeffi-
cients satisfy the inequalities (2) and (9)—(18). An examination of the
last part of §3 allows us to drop some of these inequalities, and still
assure the validity of (19).

Examples of reduced forms, and of E-reduced forms, in which C
is not the minimum of the adjoint form, are easily found; C is, in a
reduced form, only the minimum simultaneous with the minimum a.

In an E-reduced form, b is (if it exceeds a) the least number prop-
erly represented except for a; the corresponding number for a reduced
form is readily deduced from the list of fourteen forms in §5. Con-
versely, if the least number represented by F simultaneously with the
minimum ¢ by f is desired for an E-reduced form, it can be deduced
by inverting the transformations of §5 to obtain the corresponding
reduced form.
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