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By the interior is meant all points of the plane which are not on 
the curve but which are separated from the point p = 0 by the curve. 
By the exterior is meant all other points of the plane not on the curve 
nor in the interior of the curve. 

THEOREM 3. /ƒ, with the hypothesis of Theorem 2, the 2q radial lines 
through p = 0 and the roots of fr(z) and midway between the roots are 
drawn so that the plane is divided into 2q sectors, numbered from 1 to 2q, 
then either all the roots of f(z) must lie on the radial lines or there must 
be roots in an odd as well as in an even numbered sector. 
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ON THE REPRESENTATIONS, N7{m*y 

C. D. OLDS 

1. Introduction. Write Nr(n) for the number of representations of 
the positive integer n as the sum of r squares, and write Nr(n, k) 
for the number of representations of n as the sum of r squares in 
which the first k squares in each representation are odd with positive 
roots, while the remaining r — k squares are even with roots positive, 
negative, or zero. In a previous paper the author [5]2 gave an arith­
metical derivation of the formula for Ns(n2). The method used to 
prove this result was based upon that employed by Hurwitz [2] in his 
discussion of the analogous formula for Nö(n

2). 
In 1930, G. Pall [ó] gave an analytical derivation of the formula 

for Nr(cn2), c an integer. His formula shows, in particular, that if 
m = p"1p%2 • • • p%\ where pu p2, • • * , ps are distinct odd primes, then 

(1) N,{m2) = 1 4 l l [p„ «,], 

where 

[p„ av\ = ab(pv
v) — (— 1) " pv<Th{pvV ) . 

We define the arithmetical function akin), which occurs here, and 
the function pk(n), which occurs later, by the sums 

1 This is the second part of a paper presented to the Society, April 6,1940, under 
the title On the number of representations of the square of an integer as the sum of an odd 
number of squares. The author wishes to thank Professor J. V. Uspensky for help in 
preparing this paper. 

2 The numbers in brackets refer to the bibliography. 
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<Tk(n) = £ d\ p*(») = E ( - 1)CS-1) /2A 5 odd, 
d|n n=dh 

where in the first sum d ranges over all divisors of n: l^d^n, and 
in the second d> S range over all integral solutions of the equation 
n = dd, where ô is odd. I t is the purpose of this paper to show how 
formula (1) may be derived arithmetically. We shall use the method 
of Hurwitz [2]. 

2. Preliminary formulas. In the proof of (1) which follows, we use 
certain well known results concerning Nr(n), when r is even. These 
formulas, which are not difficult to prove arithmetically,3 are 

(2) Ni{m) = 12p2(w), m s 1 (mod 4); 

(3) N6(2m,2) =p2(w), N6(2«+2w,4) = 22ap2(m) = x(2am)1 a^ 0,wodd; 

(4) Nui^m, 4) + 16iVi2(4w, 8) = <r6(w), m odd. 

3. Three lemmas. The first lemma we need was proved by the au­
thor in [5]. 

LEMMA 1. Letf(n) be an arbitrary arithmetical function, not equal to 
zero for all n, and such that f(nnf) =f(n)f(nf) for any two integers n 
and n'. If F(n) =^2f(d), where d ranges over all divisors of n, then 

(5) Finn') = £ n(d)f(d)F(n/d)F(n'/d), 
(a) 

where (a) indicates that we take d — 1, 2, 3, • • • , with the convention that 
F(x)=0 if x is not an integer. Here/(l) = P( l ) = 1 and fx(d) denotes the 
Möbius function. 

Now let P — Ni{m2), m an odd integer, and let P± denote the num­
ber of solutions of the equation 

m2 — x2 + y2 + z2 + t2 + u2 + v2 + 4w2, 

and P2 the number of solutions of the equation 

W2 = £2 + f + z2 + I2 + Ü2 + 4fl2 + 4W2, 

where the barred squares have odd roots and occupy the first five 
places in each representation. Then it may be proved without diffi­
culty that 

P = | ( P i + 12P2), 

3 Formula (2) may be found, for example, in J. Liouville [3], formulas (3) and (4) 
in Liouville [4]. For the method used to prove such formulas arithmetically, see 
T. Pepin [7] or P. Bachmann [ l ] . 
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and thus our problem is reduced to the determination of convenient 
expressions for P i and P2 . 

We first discuss Pi . To this end, notice that 

Pi = E ^e(m2 - 4w2), 
(&) 

where (b) indicates that w = 0, ± 1 , ± 2 , - - « ; 4^ 2 <ra 2 . On the other 
hand, (2) shows us that 

N6(m
2 - 4w2) = 12p2(w

2 - 4w2), 

so that 

Pi = 12^2 p2(m
2 - 4^2) = 1 2 X ) p 2 ( 0 - 2w)(m + 2w)) 

(6) (b) 

= 1 2 ] £ p 2 ( m V ) , 
(c) 

where the last sum ranges over all positive odd integers mf
fm

n satis­
fying the equation (c): 2m = mf+mn, 

To evaluate p2{m'mn) use Lemma 1. Define 

f{n) = 0, whenever n is even, 

f(n) = (— l)^-1) /2^2 , whenever # is odd; 

then f(.nn')—f(n)f(n') for any two integers ?z, n' as required, and for 
odd n { = m)y 

F(m) = ]£ƒ(<*) = E ( - l ) ( d-1 ) / 2^2 = ( - l ) ( m~ 1 ) / 2 E ( - l) (ô~1) /2^2 

= ( - l ) ^ " ^ ^ ^ ) , Ô odd. 

Applying (5) we obtain 

(6) p2(m'm") = Z M ( < 0 ( - l)(d-1)/2^2P2(w7^)p2(m ,VJ), 
(a) 

provided we adopt the convention that p2(x) = 0 if x is not an integer. 
Hence 

Pi = 1 2 ] £ p , ( m W ) = 12 £ £/*(<*)(- l)<d-1)/2^P2(mVJ)p2(m ,//^) 
(<0 (c) (a) 

= 1 2 E M ( ^ ) ( - iy^l»W?2pt(m'/<I)p*(fn"/<I). 
d=l,Z,b,"' (c) 

Finally, with the aid of (3), we find 

^ / w ' \ / m " \ _ /2w' \ / 2 w " \ /4w \ 

IHTMT) " S *(T- T<—'2) " M T '
 4> 
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Thus we have established 

LEMMA 2. P1 = 12j2d\mKd)(-iyd-1),2d2Ni2(4ni/d, 4). 

We evaluate Pi in a similar manner. Since 

P 2 = 2^NQ(m2 - x\ 4), 

where the extent of the summation is indicated by (d): x=±l, 
± 3 , • • • ; x2<m2\ we find, using (3), that 

_ /m2 — #2\ _ /m + x m — x\ 

p2 = i 6 E x ( - r - ) = i 6 i : x ( - ^ — - ) 

= 16 E X{n'n"), 

where w', w" are any two positive integers satisfying the equation (e) : 
m = n'+n". Setting 

n' = 2«m', n" = 2"w", 

where m', m" are odd, and using (6), we deduce that 

x(n'n") = 22<-H»P2(m'm") 

^ (m'\ / f»"\ 

= ZM(<0(- ly^vd^pzi—pwpJ—\ 

As a result 

i's = 1 6 £ x ( » ' « " ) = 1 6 E M ( < 0 ( - ^ ^ " ' V Z x f ^ x M . 
(e) d=l,3,5, * • • (e) \ d / \ d / 

Now by (3) 

^ /n'\ /ri'\ ^ /4» ' \ /An" \ (Am \ 

,? KTKT) - S ».(T- « M T ' 4) - *-(T' »)• 
We have proved 

LEMMA 3. P 2 = 16^d |m ju(^)(~l) ( d~1 ) / 2^2^ r i2(4m/^, 8). 

4. Derivation of the formula for N7(m
2). Since we know already 

P = $-(Pi+12P2), we find, using Lemma 2, Lemma 3, and finally (4), 
that 
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P = —112 2>(<9(- îy-vWNiA — > 4) 

+ 12-16]£M(<9(- lJ^^'WiViif — , 8)1 
d|m \ d / J 

= 14 £/•(<*)(- DWtPaJ—) 
d\m \d / 

s 

= 14 n \pv, «,], 

w h e r e 

U>», <*„] = < ? H ^ ) — (— 1) pvO-$(pv ) . 

This is the result we set out to prove. 
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