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I. INTRODUCTION

1. The object of the research [1] with which this address is con-
cerned is twofold: first, to demonstrate, by direct methods, the exist-
ence of solutions, perhaps in some generalized sense, for a wide class
of variational problems for multiple integrals, and second, to investi-
gate further differentiability properties of the generalized solutions
thus obtained. We consider only problems in nonparametric form.

2. Both of these goals have been achieved in the recent well
known solutions of the problem of Plateau and in the solutions of the
Dirichlet problem by variational methods. In more general problems
this program has not been carried through completely except in very
restricted cases. However, there are very important known results in
connection with each separate aim. In connection with the existence
theory, very important work has been done in the nonparametric case
by Tonelli [2] and in the parametric case by McShane [3]. In the
parametric case, practically nothing is known concerning the differ-
entiability of the solutions obtained. In the nonparametric case, it has
been proved by E. Hopf [4] that if f(x, v, 2, p, q) is of class C./’ (that
is, if f is of class C’’ and its second derivatives satisfy a uniform
Hélder condition? with exponent @, 0<a<1, on any bounded
portion of space) and is the integrand in a regular variational
problem (that is, if fypfeq—f% >0, fop>0) and if 2, is continuous
on G and is of class C§ on each region D with D € G and minimizes
SSef(x, ¥, 2, p, ¢)dxdy among all functions, continuous on G, of class
C’ in G, and coinciding with 2, on G*, then 2, is of class C,/’ on any
region D as above for any v <a. The author has proved in a previous
paper [5] that the same result holds if 2, merely satisfies a uniform
Lipschitz condition?® on regions D interior to G. The result of E. Hopf

1 An address delivered before the meeting of the Society in Pasadena on Decem-
ber 2, 1939, by invitation of the Program Committee.

2 A function f(P) is said to satisfy a uniform Holder condition on a set S if
|f(Py) —f(P2)| £C- | P1Ps|%, 0<a <1, for each pair of points (Py, P;) in S; C is called
the coefficient and a is called the exponent of the Holder condition and | PiPy| denotes
the distance from P; to P;; C and o are supposed to be independent of P; and P;.

3 A function f(P) is said to satisfy a uniform Lipschitz condition on a set .S if
I F(P) —f(P2)| <C- |P1P2| for every pair (P, P2) on S, C independent of P;, P..

439



440 C. B. MORREY [June

can be extended readily to the case where f is a function of
(xy 9, 3, - - -, zy) while the methods used in the author’s previous
paper [5] do not permit this extension.

3. In connection with the existence theory, Tonelli proves in the
two papers mentioned that if f(x, v, 2, p, q) satisfies certain continuity

restrictions, gives rise to a quasi-regular variational problem, and if
it satisfies

(3'1) f(x’y,z7pyq);m(P2+q2)a/2+N? m>07a>27

or (essentially)

(3.2) f(%,9,2p,9 2m(p*+4¢%), f(x,9720,0=0, m>0,
then the integral

I(3,G) = ffaf(x, Y, % b, Q)dxdy

takes on its minimum among all functions z which are absolutely
continuous in his sense and assume given continuous boundary val-
ues, provided I(z, G) is finite for some such function and G is properly
restricted; more general boundary value problems are also consid-
ered. The proof consists in showing first that I(z, G) is lower semi-
continuous with respect to uniform convergence in his class, and then
in replacing any minimizing sequence by one in which the functions
are equicontinuous so that a uniformly convergent minimizing sub-
sequence is obtained which can be shown to converge to a function in
his class. If the o in (3.1) is less than 2, such a procedure is not possi-
ble in general. In fact, when we try to generalize these results to
functions of N independent variables, we find that Tonelli's procedure
is impossible unless a = N (see §12). As the gap 1 <a <N grows wider
as N increases, it seems desirable to obtain existence theorems of
some sort assuming merely that a>1; for a=1, there are examples,
even for N =1, of problems which have no solutions.

Evidently we must abandon the use of continuity and equicon-
tinuity in obtaining our existence theorems but must certainly retain
absolute continuity in some sense. G. C. Evans [6] has introduced a
class of functions, which he calls “potential functions of their gen-
eralized derivatives,” which would seem to form a proper class of
admissible functions; we shall call these functions “functions of class
PB” (see below). Surprisingly enough, these functions were introduced
before those of Tonelli, and Evans [7] hasinvestigated the connection
between the two classes of functions (we state the results below).
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4. Before proceeding to a discussion of these functions and their
applications, we must introduce certain notations and terminology.

The N-tuples (%1, - - - ,xn), (&, - - -, &v), - - -, will be denoted by the
single letters x, £, - - -, and the closed cell a;=x;=b;, =1, -, N,
will be denoted by [a, b]. The functional notation f(x1, - - - , xy) will

be abbreviated to f(x) and the Lebesgue integrals of f(x) over [a, ]
or a set E will be denoted by

fabf(x)dx, fEf(x)dx.

It is frequently desirable to consider the behavior of a function f(x)
with respect to a particular coordinate variable x; or with respect to
the (IV—1) variables (%1, - - -+, k-1, Xb+1, * * -, ¥x5). We then denote the
latter variables by x, we write (x¢, %) for x and f(xy, xx) for f(x):
thus f(a¥ , xx) denotes the function f(ay, * * -, Gx—1, X%y Gty + -, Gx) Of
the single variable x;, (af being fixed) and f(x{ , ax) denotes the func-
tion f(x1, -+ + * , Xk—1, Ay Xry1, * -+, xn) (ar being fixed). The projection
of the cell [a, 5] on x,=0 is denoted by [a{, b/ ] and

b
f(xd, ar)dxy
a;
denotes the (IV—1)-dimensional integral of f(x¢, ax) over [a{, b ].
If G is a region (open connected set), G* denotes its boundary and G
its closure. All integrals are Lebesgue integrals.

II. THE ADMISSIBLE FUNCTIONS

5. We now define the various classes of functions of which we shall
speak.

DerINITION 5.1. 4 function f(x) is of class P on a region G if

(i) 1t is summable on each closed cell interior to G, and

(ii) there exist functions vi(x), - - -, vy(x), satisfying (i) and such
that

bl: b
[, b) — S, a)ldwd = f ou(2)da

for almost all cells [a, b interior to G (that is, all such cells such that
the point (a1, - - -, an; by, - + - , by) does not belong to a set of 2N-dimen-
stonal measure zero).

DEFINITION 5.2. 4 function f(x) is of class B’ on G if
(i) 4t satisfies (i) of Definition 5.1, and
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(i) if [a, b] is any cell interior to G, f(xi, x:) is A.C. (absolutely
continuous) in xi for ar < xx < by for almost every xi in [ai , bi], and

(iii) 9f/0xi (which exists almost everywhere and is measurable by (i)
and (ii)) s summable on each cell interior to G.

DEFINITION 5.3 [8]. 4 function f(x) is absolutely continuous in the
sense of Tonelli (A.C.T.) on G if

(1) 4t is continuous on G,

(i1) 4t satisfies (i) of Definition 5.2, and

(iii) 4f [a, b] is any cell in G, then the variation of f(x{ , xx) as a func-
tion of xx alone on [ax, bi] is @ summable (known to be lower semicon-
tinuous from (1)) function of xi .

DEFINITION 5.4. A function f(x) is of class '’ on G if it is of class B
there and is continuous.

It is easily shown that a function of f(x) of class P determines the
functions v,(x) of Definition 5.1 to within a null function (a function
which vanishes almost everywhere). Hence it defines completely the
set functions [ui(x)dx (k=1,---, N) which are A.C. on any
bounded set E whose closure is in G. Accordingly we propose, with
Evans [6], the following definition:

DEFINITION 5.5. The generalized derivative D f of f with respect to xi
is defined as the Lebesgue derivative (9] of the set function [ui(x)dx de-
fined above, wherever this derivative exists.

It is well known that this derivative exists almost everywhere and
coincides with v;(x) almost everywhere. For simplicity, we shall use
the notation f,; to denote either D, f or 9f/dx; as desired (see §6 for
a justification of this usage).

6. The following theorems concerning the above classes of func-
tions are easily demonstrated:

TuEOREM 6.1. If f(x) is of class P on a region G, any function f*(x)
which is equivalent to f(x) on G (that is, differs from f(x) by a null func-
tion) is also of class P on G and the generalized derivatives of f and f*
exist at exactly the same points and coincide at these points.

THEOREM 6.2. Any two functions of class P whose respective general-
1zed derivatives coincide almost everywhere differ at most by a constant
and a null function.

THEOREM 6.3. Any function of class B’ is of class B and correspond-
ing generalized and partial derivatives coincide almost everywhere.
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THEOREM 6.4. Any function of class P is equivalent to a function of
class B’.

THEOREM 6.5. The classes in Definitions 5.3 and 5.4 coincide.

THEOREM 6.6. A necessary and sufficient condition that f(x) be of
class B on G is that it satisfy (i) of Definition 5.1 and that for each cell
[a, b] interior to G, there exist summable functions v.(x) and a sequence
{fa(x)}, each f. satisfying a uniform Lipschitz condition on [a, b],
such that

Eﬂjj[mnqr+éLm%—qux=u

7. We now define the most important of all of our classes of ad-
missible functions. The theorem below and those in the next five
sections would make it appear that these functions should play an
important réle in many other branches of analysis as well as in the
present research.

DEFINITION 7.1. A function f(x) is said to be of class B (B or BJ'),
a=1, on G if it is of class B (B’ or B'’) there and if |f|* and | Daf| =
are summable over G, k=1, - - ., N.

The following theorem concerning these functions is of fundamen-
tal importance.

THEOREM 7.1. The space B. of classes of equivalent functions of class
P on a region G is a Banach space (space of type B) [10] if we define,
for instance,

WW=1mmamm®+Luw%

0.6,6 = [ [ s o] e,

=1

(7.1)

|Ifll denoting the norm of f in B on G.

8. Before proceeding further with the discussion of these functions,
we propose two more definitions as follows:

DeriNiTION 8.1. A transformation x=x(y) of a set T into a set S
is Lipschitzian if it is 1-1 and continuous and if the functions x:(y) and
yi(x) (of the inverse) all satisfy uniform Lipschitz conditions on each
closed subset of T and S respectively. If the Lipschitz conditions are uni-

form over the whole of T and S, we say that the Lipschitzian transforma-
tion is regular.
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DEFINITION 8.2. A region G is said to be Lipschitzian if G can be
covered by a finite number of sets i, - - - , Y1, each of which is the prod-
uct of G with an open set and is the image under a regular Lipschitzian
transformation of either the open unit cube yil <1 or the part of this
cube for which yy =0; in the latter case we assume that the transforma-
tion sets up a 1-1 correspondence between the points of vi-G* and the
points of the half-cube for which yy =0.

9. Rademacher [11] has shown that a function satisfying a Lip-
schitz condition on a region G possesses a total differential almost
everywhere and has also proved the usual theorems on transforma-
tions of multiple integrals to hold for Lipschitzian transformations.
With these definitions and results in mind, we may generalize a result
of Evans [12] as follows:

THEOREM 9.1. Let f(x) be of class B (or B'’) on a region G and let
x=x(y) be a Lipschitzian transformation of a region H into G. Then
the transformed function flx(y)]|=g(y) is of class B (or B'’) on H.
Moreover if xo=x(yo) where v, is a point of H at which all the x:(y)
possess total differentials and if all the generalized derivatives of f exist
at xo, then all the generalized derivatives of g exist at yo and are con-
nected with those of f at xo by the usual formulas. If f is of class Po on G
and the transformation is regular, then g is of class B on H.

Concerning the functions of class B’, we have proved the following
theorem:

THEOREM 9.2. Any function of class B on G is equivalent to a func-
tion of class B’ on G which is transformed into a function of class P’
by any regular Lipschitzian transformation.

Not every function of class B’ has this property, and even if it does,
an example of Saks [13] shows that the statement of Evans concern-
ing the generalized derivatives is not in general true for the partial
derivatives.

10. We now come to a discussion of the boundary values of func-
tions of class P, on bounded regions. If f(x) is of class P, on a Lip-
schitzian region G (e=1), we may state the following fundamental
results:

THEOREM 10.1. There exists a sequence _{ f,.(x)} of functions, each

satisfying a uniform Lipschitz condition on G, which converges strongly,
accordingly to the norm (7.1) to f on G.

TuHEOREM 10.2. There exists a boundary value function f* of class L,
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on G* (with respect to hyper-area on G*) such that f, converges strongly
in Lo on G* to f*, {f.} being any sequence as in Theorem 10.1.

TrEOREM 10.3. If f*=0 almost everywhere, the sequence {fa(x)} of
Theorem 10.1 may be chosen so that each f, vanishes on and near G*.

THEOREM 10.4. If x'=x'(x) is a regular Lipschitzian transforma-
tion of G into G' and if f' and f'* are the transforms of f and f*, then f'*
is the boundary value function for f' on G'*.

THEOREM 10.5. Let f(x) be of class B and equivalent to f(x) on G.
Then there exist sets Zy, k=1, - -, N, each of (N—1)-dimensional
measure zero, such that if & is not in Zy, f(&!, %) is A.C. on each
segment xP Sxp<xP, such that (&, xx) is in G and (&, xP) is on G*,
i=1,2, and f(&( , x:) tends to f*(&}, x) as x; tends to x{ along this
segment, 1=1, 2, k=1, .., N.

If G is merely an arbitrary bounded region, we do not have such
explicit results but we may follow a procedure suggested by Courant
[14]. This procedure suggests the following definition:

DEerFiNITION 10.1. A4 function f(x) of class Bo on G is said to vanish
on G* if there exists a sequence {f.(x)} of functions, each satisfying a
uniform Lipschitz condition on G and vanishing on and near G*, such
that || fn— f||——->0. Two functions f1 and fs of class P. are said to coincide
on G* if their difference vanishes on G* in the above sense.

From Theorem 10.3, it is clear that the above definition of vanish-
ing coincides with the condition that f*=0 in the case that G is Lip-
schitzian. Using this very general terminology, we may state the fol-
lowing very important “substitution theorem”:

TureoreM 10.6. Let f(x) be of class Po on a region G, let g(x) be of
class P on a subregion D of G and coincide with f(x) on D*, and let h(x)
be defined equal to f on G—D and equal to g on D. Then h(x) is of class
Ba on G, coincides with f(x) on G*, and D h=D.,f almost everywhere

on G—D (D is open) and Dyh=Dyg on D wherever either exists,
k=1,.---,N.

11. As the spaces P, have been seen to be Banach spaces, we may
inquire into the nature and consequences of weak convergence [15]

in B,. In this connection, the following interesting results have been
proved:

THEOREM 11.1. The most general linear functional [16] F(f) defined
on Py is of the form
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N
F) = [ [4dos) + T @] is,
(] =1
where the A; are essentially bounded if a=1 and are in Lg with
a14B-1=1 if a>1 (the Ai(x) are not uniquely determined by F(f)
however).

THEOREM 11.2. 4 mnecessary and sufficient condition that f, tend
weakly to f in P, is that f, and D..f, tend weakly to f and D, f, respec-
tively.

THEOREM 11.3. Weak convergence is preserved by regular Lip-
schitzian transformations.

THEOREM 11.4. If f, tends weakly to f in G, the convergence holds on
any subregion and f is uniquely determined.

THEOREM 11.5. If the f, all vanish on G*, f vanishes on G*.

THEOREM 11.6. If G is Lipschitzian and f. tends weakly in B, on G
to f, then f, tends strongly in L, to f on G and the boundary value func-
tions f.* tend strongly in L, on G* to f*.

TueoreM 11.7. If a>1, a necessary and sufficient condition that a
family of functions { f } in Po be compact (perhaps not closed) with re-
spect to weak convergence in P, is that their norms be uniformly bounded.
If a =1 we must also have a convex function ¢(p1, - + -, pn) with

im ¢(ps, -, o0/ | o] =4+ =, |p'=pi+-- + pn,

Ip|—w

such that
[ 6, Dot
[¢]

s uniformly bounded.

THEOREM 11.8. A necessary and sufficient condition that the norms
in Pa of each function of a family be uniformly bounded is that D,(f, G)
be uniformly bounded, each function f of the family coinciding on G*
with a function g of another family whose norms are uniformly bounded.

THEOREM 11.9. If G is Lipschitzian, the above condition may be re-
placed by either the condition that D.(f, 7) be uniformly bounded for
some cell T in G or the condition that [g | f*| «ds(e) be uniformly bounded,
E being some set open on G* and s(e) being the hyper-area set function
on G*,
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12. Of less interest here are Green’s theorem for functions of class
B, on a Lipschitzian region G and theorems hinted at above (in §3)
which show that functions of class B, with o> N are equivalent to
continuous functions. If & < N, then this is not usually true as the ex-
amples

f(x)=loglog(1+r_l), a=N,r2=xf+~-+x:;,
f@) =17, a<N,0<Ba+1) <N,

show.
III. THE EXISTENCE THEORY

13. Having studied our admissible functions at some length, we
can now easily derive some very general existence theorems. We con-
sider integrals

1 1 P P,
I(z,G) =ff(.x17' TS AN, 8L, v 8Py PLy PNyt Pyt , pn)dx
(€]

= ff(x) 3, P)dx) P: = Dx,'zi)
G

in which f(x, 2, p) is continuous all over the space of its arguments,
is convex in p for each (x, 2), and satisfies a condition

-1 2 N P 7.2
fo, 5, 9) 2 9(p),  lim o7 0(0) = + =, |p] =22 @),

Ip|— i=1 j=1

¢(p) being convex. It is straightforward to prove that such an inte-
gral I(z, G) is lower semicontinuous with respect to weak convergence
in P1. From our study of the admissible functions, we see that any
family of functions z for which I(z, G) is uniformly bounded will be
compact with respect to weak convergence in P, provided merely
that the norms are uniformly bounded. This may be ensured by satis-
fying one of the conditions in Theorems 11.8 or 11.9. If this can all be
done for a minimizing sequence, we may then pick out a subsequence
which converges weakly in P; to some function which s also in P.
From the lower semicontinuity of I(2, G) we may conclude that our
limit function is a minimizing function. It is clear that a great variety
of existence theorems with variable as well as fixed boundary values
can be proved with very little difficulty. For example, we may con-
clude the existence of a minimal surface part of whose boundary is
to be a fixed Jordan arc or is to lie on a bounded closed manifold. Of
course our existence theorems do not allow us to conclude continuity
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of the surface on the boundary and, indeed, this is quite difficult to
prove and may not be true in many problems.

IV. CONTINUITY PROPERTIES OF THE MINIMIZING FUNCTIONS

14. Without placing further restrictions on the integrand f(x, 2, p),
one cannot expect to be able to deduce many further properties of the
solutions obtained from the above existence theory. This type of
study seems quite difficult and is almost unexplored. Accordingly
we have restricted ourselves to the case N=2 and have required
that our function (N is the previous P)

f(x,y,zl, cr 1ZN9PI> st ’pNyql» vt qu) =f(xy3’ysz,Q)
be of class C’ over the space of its arguments and that it satisfy the
further conditions

ml(P2 + q2) = f(x) Y, %, P» Q) = Ml(P2 + ‘12),

14.1 N
( ) P2+q2= E[(?i)2+(qi)2]7 0<M1§M1,
=1
ma(R) (&2 + 1%) = frarbtt + 2fpastn® + foagenn®
N
Mo(R)(E + 17, & +92= 2 [0+ (1)?],
(14.2) =

[fiu TR A D I

IIA

2

=1

N 2 2 2
+ Z {fpizi + f:t'zi +i fzizil }] = M3(R)(P + q ))

i=1

0 <my(R) = My(R), o+ 3+ ()2+ -+ @)= R,

where in (14.1) we assume m; and M; to be independent of (x, y, 2, , q)
and where m3(R), M2(R), and M;(R) depend only on R.

This type of integrand, although quite restricted, is not trivial.
For instance, the integrand obtained in the problem of Plateau on
a Riemannian manifold (if Courant’s method [17] for the ordinary
problem of Plateau is used) is

(14.3) gas(z, - - -, #V)(ppP + q2¢),

which satisfies all the conditions (14.1) and (14.2) on the cell of the 2
space in which the g;;(2) are defined, provided merely that the part
of the manifold thus represented is regular and the g;; are of class C4’.
Moreover, the existence theory for such an integrand does not follow
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from the results of Tonelli as the corresponding restrictions (3.2) for

his methods to be extended to N dependent variables 3!, - - -, ¥
would be (essentially)
f(%, 9,2, 0,9 2 m(p*+ ¢%, m >0,

f(xi Y, zly'°' ’zN7 ?1)"' ;pk_ly 0, pk.Hr"' 7PN’ 91;"' 9qk—1:
O;QHI;“',‘ZN)-—-O, k=1;"'7N:

such a set of equalities not being assumed in our case. In fact it seems
very difficult to show the existence of solutions using methods which
involve equicontinuity.

We have used the tensor summation convention in this section,
summing only over repeated Greek indices, and we shall continue its
use throughout the rest of the paper.

15. Of fundamental importance in the continuity and differentia-
bility theory are the following four theorems:

THEOREM 15.1. If the vector function z (that is, each component z?,
i=1,.-., N) is of class Bz on G and if

(15.1) Dq[z, C(P, r)] £ M(r/a)

for each circle C(P, r) in G, then 3 (is equivalent to a function which)
satisfies a uniform Holder condition with exponent I\ on each region D
with D € G, the coefficient in which depends only on M, \, and the dis-
tance of D from G*; a denotes the distance of P from G*.

TuEOREM 15.2. If, in Theorem 15.1, (15.1) holds only for circles
with center at a fixed point P, then the average of z over circles C(P, r)
tends to a limit 2(P) as r—0. If z vanishes on G*, then

(15.2) | 2(P)| < J(M, N, a,5),

where J is a number depending only on the indicated quantities, o being
the diameter of G and a being the distance of P from G*.

THEOREM 15.3. Let 3 be of class P2 on G and satisfy
(15.3) Ds(z, A) £ K-D:[H(z, A), A], K=1,

for each region A in G, H(z, A) being the harmonic function in A coin-
ciding with z on A* (known to exist by our existence theorems and easily
proved harmonic). Suppose G is bounded by a finite number of noninter-
secting simple closed curves and suppose that 2 coincides with a function
of class B¢’ on G and continuous on G.

Then z is continuous on G (or equivalent to such a function).
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THEOREM 15.4. If zis of class P2 on G and satisfies
D:lz,C(P, )] < K-Dy[H{3, C(P, 1)}, C(P, )] + L-(r/a),

(15.4)
0<\< K1,

for all circles in G with center at a fixed point P (0=r=a), then 2 satis-
fies (15.1), the M of (15.1) depending only on K, L, and \.

Some of these theorems have generalizations to vector functions
of n (n=2) variables. To generalize Theorems 15.1 and 15.2, we need
only to replace the X of (15.1) by #—2+4\, A>0. Theorem 15.3 has
no immediate generalization for all numbers K and Theorem 15.4
yields an exponent (n—1) /K which is not greater than # —2 unless K
is restricted to be quite near to unity. As we use Theorem 15.4 to
obtain a condition (15.1), it will thus appear to the reader that the
methods used in this research will not generalize immediately to inte-
grands of the type described in §14 where x and y are replaced by =
independent variables, essential use being made of the bound (15.2)
and the continuity results of Theorem 15.1, both of which require the
exponent #—24X\, A >0.

16. Now, if 2 minimizes our integral I(z, G) among all functions of
class P which coincide with it on G*, then it follows from (14.1) that z
satisfies the condition in Theorem 15.3 with K = M;/m;; for if some D
exists where this does not hold, we can define Z(x) =2(x) on G—D
and define Z(x) =H(z, D) on D; then Z(x) is of class B, on G and we
have (using Theorem 10.6)

(16.1) < I(z,G — D) + M\D,[H(3, D), D]

< I(3,G — D) 4+ m.Dy(z, D) < I(2,G),
so that z would not minimize I(z, G). Thus, from the theorems in §15,
we see that D[z, C(P, r)] £ (r/a)*  Dy(3, G), N\ =m1/ M, for each circle
in G with r Za, that z satisfies a uniform Hoélder condition, with ex-
ponent 3\ on closed regions interior to G, and if the boundary values

are continuous and G is bounded by a finite number of simple closed
curves, then z is continuous on G.

17. To proceed with the examination of our minimizing function z,
we next can extend Haar’s well known lemma [18] to show that 2
satisfies

7.1 th(f”idy — fgdx) = ffsz‘dxdy
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for almost all rectangles R. If D is any simply connected subregion
of G, we may find functions w* and W' of class B’ which satisfy

we = Wy =~ fé&,  wy+ W=y,
(17.2) i i
f (Wdy — W,dx) = ff frdxdy,
R" R

almost everywhere and for almost all R on D. We also note that if D
is any simply connected region with D € G and z is any minimizing
function for I(z, G) (whether continuous on the boundary or not),
then (referring to (14.2) and various lemmas in potential theory) it
follows that

Dqz, D-C(P, )] £ Mo, Dqy[w, D-C(P,7)] £ M,

17.3
(17.3) Dy[W,D-C(P,7)] < Mg, x>0,

and (14.2) holds with R=max,  ep [#24924+ ()24 - - - +(z7)?]
which is bounded on such a region D.

18. We next resort to a device due to Lichtenstein [19] and used
by E. Hopf [4]. This consists in subtracting equation (17.1) formed
for a rectangle (@, ¢; b,d) (¢ =x=<b, cSy=d) from the same equation
for the rectangle (a+#%, c; b+h, d) or the rectangle (a, c+h; b, d+h)
and then dividing by k. We confine ourselves to a region A such that
A cDcDcgG. If we use the first rectangle above, we fifid that if % is
fixed and sufficiently small,

fR‘ (@ists + biguty + dig’ + g)dy
(18.1) — (bgstls + cigh + eisid” + k)d
= ffR(dﬁiui+ epitly + fisd + L)dady, i=1,--,N,
for almost all rectangles R in A where the coefficients are measurable

functions and a,;, for instance, is given almost everywhere by the
formula

1
aij(%, y) = f foivi (& + th, y,2(x, y)+ t{zi(x + kb, y)— 23(x, 9) },
0
(18.2) b, 9) + t{pi(x + B, y) — pi(s, 9)},

gi(x, ¥) + t{gi(x + &, y) — gi(x, y)}]dt
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and the other coefficients are given by similar formulas, and the
u'(x, y) are the functions
5o + by 3) = #(z,3)

(18.3) ui(x, y) = b

It is easily seen, using (14.2), (17.3), and (18.2) that there exists an
ho>0 and numbers m, M, P, and u with 0 <m = M such that the co-
efficients satisfy (almost everywhere) the inequalities

m(E? + 9?) S aupttf + 2bast*n® + copnn® = M(E2 + 2?),

(18.4) ffA'C(P'T) %[l Ll + g: {d?i-l- e?,--l- | fis] }]dxdy < Pr+,

i=1 j=1

ff (g2 + k¥dxdy = Pre, uw>0,
A-CP)

for all circles C(P, r) if |h| <ho. By taking the rectangle (a, c+4;
b, d+h), we obtain similar equations and the same bounds as in (18.4)
if ko is small enough, but in this case we have

zi(x; y + h) - Zi(x; y) .

(18.5) ui(x, y) = Y

We emphasize that the bounds m, M, P, and u are independent of % if
| h| <ho. If D is simply connected, we can carry out simultaneously a
similar process on the equations (17.2) and we get

i i B B B

vy — Vy = — (bpithz + cipthy + eipu + ki),
i 0 8 8 B

Uy + Va: = QiU + biﬂuy + diﬁu + 8i,

f Vidy — Vide = f f (dpithy + epsthy + figtd” + 1)dady,
* R

(18.6) " iy .
=1,..-,N,
'”t(x)y)= 7 [
wi hy,y) — Wiz,
Vitz, y) = (x + y;l 9 ,

almost everywhere and for almost all R. From (17.3) we have num-
bers Q and », independent of % if |h| < ko such that
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(18.7) ff (u? 4+ v* + V)dxdy = Qr, v >0,
A-CP)
for all C(P, 7).

19. In the course of this research, we have demonstrated the fol-
lowing theorem concerning the system (18.6):

THEOREM 19.1. Any solution (u,v, V) of (18.6) which satisfies (18.7)
on a region A is of class Pd' and satisfies a uniform Holder condition
on each region H with H € A; the coefficient and exponent of this Holder
condition depend only on the diameter of H, the distance of H from A*,
and on the numbers m, M, P, u, Q, and v of §18.

Thus if H is any region with H € G, we may let 7—0 in §18 and
we then conclude (since we may then choose regions A and D with
HcAcAcDcDcQG) that the first derivatives of z satisfy uniform
Hilder conditions on H. This result plus that of E. Hopf mentioned
in §2 and those in §16 lead us to the final theorem:

THEOREM 19.2. If the integrand f(x, v, 2, p, q) of §§13 and 14 satis-
fies the conditions of those two sections and if z minimizes I(z, G) among
all functions of class P2 on a region G which coincide with 2 on G*, then
215 of class Cd' on any region H with H c G for each 8 <a, o being the o
of §14. Moreover if G is bounded by a finite number of simple closed
curves and if the boundary values of z are continuous on G*, then z is
continuous on G.

This result together with those of §13 completes the program an-
nounced in §1 for the important class of variational problems de-
scribed in §14.

It should be remarked that S. Bochner [20] has been able to solve
the Euler differential equations for the integrand (14.3) (probably by
means of the topological methods of Leray and Schauder [21]) and
to prove certain properties of the solutions. He has been unable, how-
ever, to demonstrate the minimizing property of his solutions. The
advantage of the procedure in this paper for this purpose is evident.
By using direct methods, the author [22] has recently solved the
Plateau problem (one contour case) on a Riemannian manifold of
considerable generality, the surface thus obtained then being shown,
using the results in this paper, to be of class C’’.

V. A sTUDY OF THE SYSTEMS (18.1) AND (18.6)

20. The most interesting part of this research, however, is con-
cerned with the study of the systems (18.1) and (18.6) (which is
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equivalent to (18.1) if A is simply connected) which leads to the result
stated in Theorem 19.1. Accordingly, we shall present an outline of
this study.

It is easily seen that the equations (18.1), with di;=e;;=f;;=1;=0
are the Haar equations for a function # which minimizes the integral

J(u, A)=ff (aaguZui+2ba5u2uz+cagu:ui+2gau:+2kau:+H)dxdy
A

where H is chosen summable and just large enough to make the inte-
grand non-negative. It is also easy to show that J(u, A) is lower semi-
continuous with respect to weak convergence in P, and that minimiz-
ing functions exist which coincide on A* with any given function of
class Pa. Also if a function uy of class B, on A satisfies (18.1) with
dij=e;;=f;;=1;=0, then it can easily be shown that it minimizes
J(u, A) among all functions # of class P2 on A which coincide with %,
on A* If g;=k;=0 (s=1, - - -, N), we may show as in (16.1) that a
minimizing function u, satisfies (15.3) with K = M /m, so that the con-
tinuity restrictions obtained for z in §16 follow. If g and % are any
functions of class Ly (whether they satisfy (18.4) or not) the above
minimizing argument is valid. If g and % satisfy

(20.1) ff (g2 + E?)dxdy < Trr, 0<m<u,
A-C(P,r)

for all circles with center at a point P in A, we conclude as in §16 that
a solution #, satisfies a condition (15.4) and hence a condition (15.1)
for circles with centers at P and therefore obeys the conclusions of
Theorem 15.2.

If I; satisfy (18.4), we may find potential functions

1
0.2 Vs, 5) = o [ [ 1og [ = * 4+ (0 = 7Ihte, e

which can be shown to be of class BJ’ and to satisfy a condition
(17.3) on any region in the plane and to satisfy

(20.3) f Vidy — Vida = f f Ldxdy
R* AR

for almost all rectangles R in the plane. We then can solve (18.1) with
given boundary values with only the d;, e;;, and fi;=0 by solving it
with I; also zero and g; and k; replaced by g;— V; and k;— V. The
solution is easily shown to be unique.



1940] VARIATIONAL PROBLEMS FOR MULTIPLE INTEGRALS 455

21. We now let G be an arbitrary bounded region and let LB, de-
note the linear subspace of P consisting of functions # in P, which
vanish on G*. For such functions %, we define the linear operator Tu
as the unique solution U in B, of

f (@il + bisUl + digt)dy — (b:U% + ciUy + e
R‘l

= ff (d,smi + eﬁiuf, + fi,suﬂ)dxdy.
R

It can be shown that T is completely continuous over B, (not P,
unless A is restricted) and even carries any function # in 2. into a
function U which is continuous on A and. can be bounded as in (15.2),
the N there being any number less than iu (u in (18.4) and the M
depending on the norm of # and of the operator T"). Then from the
Riesz theory [23] of generalized integral equations, we can conclude
that the transformation

(21.1) u — plTu = ¢

has a linear inverse if p is not one of a set of isolated characteristic
values. If p is not a characteristic value, we can solve the equations
(18.1), with the parameter p introduced as a multiplier of all the
di;, ei;, or f;j, as follows: First let ¢ be the solution of (18.1) with p=0
and then solve (21.1) for « in terms of ¢; the function # so obtained
is immediately seen to be the desired solution. In doing this, the g;
and k; may be merely functions of class L, on A, but we assume that
the d.;, eij, fi;, and I; satisfy (18.4). As in §20, if g and & satisfy (20.1)
at a point P, we may draw similar conclusions, where the bound for
|ﬁ(P)| given in (15.2) depends only on the quantities m, M, P, u, T,
m, 8, @, the norm of T, and the norm of the inverse operator of (21.1),
6 and a having their significance in §135.

22. Let us now suppose that p is not a characteristic value and
let Py be any point in A. Let us consider the solution % of (18.1) where
l=0and g and k are in L, on A— C(Py, o) and zero in C(P,, ¢); such
functions satisfy any condition of the type (20.1) for circles C(P,, 7).
Clearly the value of #(P,) is a linear functional defined on the space
L;[A—C(Py, )] for each ¢ >0. We therefore conclude [24] the exist-
ence of functions AY (xo, vo; %, ¥) and AY (xo, ¥o; %, ) such that

g B i8
@ (%o, o) = ff (A1 gs + Az kg)dxdy.
A

From the way these AY arise, we can conclude that there exist func-
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tions G¥(xo, ¥0; %, y) of class PB1 over A and of class B¢’/ on A— C(Py, o)
for each ¢ >0 such that GY =AY, GY=A¥. It can also be shown that
the G possess other properties which lead us to call them the Green's
matrix for (18.1). Moreover if the g and & satisfy (20.1) for every P
and 7, we conclude that the continuous representative % of the solu-
tion u of (18.1) in B, is represented everywhere by

(22.0) #(eo, 30 = [ [ GLas+ Gk + G tanay, i=1, -, N,
A

and % satisfies a uniform Hélder condition on any region H with H
interior to A, this Hélder condition depending only on the distance
of H from A*, the quantities m, M, P, u, T, 7, a, and any upper
bounds for § and the norms T and the inverse in (21.1).

23. Finally, if (%, v, V) is any solution of (18.6) on a circle C(P;, b)
which satisfies (18.7) there, we can, if p is not characteristic, express u
in a circle C(P, ¢) with ¢ <b in the form

i 8 8 i8
3.1 oy = [ [ G280+ Gi'ka + G ) duay,
C(P1,5)—C(Py,d)

. (xﬁ) yo)t:C(Pl, C),C <d<b,
in which

g = Aigh’ + Bi' +CiV’, k= Aigd + Big’ + CV”’,
li = Al + Bigd' + CiV’

where the A}, B}, and C}, are bounded and measurable and inde-
pendent of (xo, y0). Also there exists a number §,>0 which depends
only on m, M, P, and u such that if 6 < §y, the norm of T is less than
or equal to ¥ and the norm of the inverse of (21.1) is less than or equal
to 2 for all p=<1, Thus p=1 is surely not a characteristic value if
b= %6, and the representation (23.1) satisfies a uniform Halder con-
dition in C(Py, ¢) which depends only on m, M, P, u, Q, v (of (18.7)),
and b—c¢, if 5= 8o. Thus Theorem 19.1 then follows, for, if the solu-
tion is given on A and H is any subregion with H €A, we may choose
b and ¢ so that H can be covered by a finite number of circles C(P;, ¢)
where C(P;, b) belongs to A for each 1.
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