DIOPHANTINE EQUATIONS OF DEGREE! »
A. A. AUCOIN

In a recent issue of the National Mathematics Magazine,2 W. V.
Parker and the author obtained solutions of the Diophantine equa-
tion F(xy, - -, %) =Gy, - - -, ¥,), where F and G are homogeneous
polynomials, with integral coefficients, of degree 3, and F is such that
for a set of integers x;=a; (not all zero), F/dx;=0, (1=1, - - -, p).
In this paper the above is extended to functions of degree n. One
type, which satisfies the conditions of the main theorem, is also solved
by an entirely different method. The solutions obtained are in terms
of arbitrary parameters, and they are integral for an integral choice
of the parameters.

If x;=ai, y»=0B is a solution of the equation f(xi, - - -, %p)
=gy, + * +, ¥4, where f and g are homogeneous polynomials, with
integral coefficients, of degrees n and m respectively, and there are
no integers s >1, o/, B such that o;=sa/, Br,=s*8 where \, u are
relatively prime positive integers such that Azw=um, then x;=a;,
¥ =P is said to be a primitive solution. If x;=a;, y,=p is a primi-
tive solution of the above equation, then x;=at*, yi=pu* (derived
from this primitive solution), where N\, u are any positive integers
such that Mz=um, is also a solution. Two solutions are said to be
equivalent if they are derived from the same primitive solution.

THEOREM 1. Let f(x1, - + -, Xp), €031, - * + , Vo) be homogeneous poly-
nomials with integral coefficients, of degrees n and m respectively. Let
ay, + -+, @, be integers not all zero such that the partial derivatives of f
of all orders less than n—1 vanish® when x;=a;. Then every solution in
integers x;, Vi of

(1) f(xb"',xp)=g(y1)"',yq)’
for which
(2) Z a, — ?£ 0,

is equivalent to one of the infinitude of solutions given by

(3) xi=ai3t)\_1+ait)\, yk=ﬂkt’“; i=1;2;"'yf;k=1)2:"',%

1 Presented to the Society, December 2, 1939.
2 On cubic Diophantine equations, vol. 13 (1938), pp. 115-117,

3 It follows from Euler’s theorem that the function itself vanishes for this choice
of x;.
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where N, . are positive integers such that \n=um, o; and By are arbitrary
integers,

@) s= g0 — fl), t=3a-L,

F=1 604,-
and f(a) =f(aa, - - -, &), g(B) =g By, - - -, Bo)

Proor. By Taylor’s theorem, if we set x;=a;s+ait,

Y4
[y, -, %) = St"_lz a’iﬂ + "f(ay, + - - ) @p).
=1 0oy
Hence if x4, y; have the values given by (3), s and ¢ those given by (4),
(1) becomes st"™1>_7 q.9f/da;+t"f(e) =t™g(B), and is satisfied
identically in the «; and Bx. Hence (3) is a solution of (1) with s and ¢
given by (4).

Suppose x;=p;, ¥ =0y is any solution of (1) and (2). If we choose
a;=p;, Br=0%, we have that s=0, and (3) becomes x;=p*, ¥y =0ait*,
equivalent to the given solution, since by (2), £0.

If g=0, the theorem still holds, with N arbitrary.

CorOLLARY. The equation f(x)=2 7 .x;g:(y)+g(y), where gi(y)
=giy - -, ¥o) and g(y) =gy, - - -, ¥,) are homogeneous polyno-
mials with integral coefficients of degrees n—1 and n, respectively,
has solutions, and every solution which is mnot also a solution of
>°r 1a;[0f/dx;—gi(v) ] =0 is equivalent to one of the infinitude of solu-
tions given by x;=a.;s+ait, yi =Lt where

» P F:]
S=60) = ) = T, 1= Lol L5
i=1 i=1 da;

One function of interest which satisfies the hypothesis of Theorem
1 is the function D(x) = ai,‘xiil , a determinant of order # with ay;
integral such that not all the a's in any row or column are zero. For
this function not all the x;; need be distinct. If there is any «;;, say %,q,
which occurs only once in D, we may make the choice x,,=1, x;;=0
otherwise; then all the partial derivatives of all orders less than #—1
vanish.

In the solution the form of the expression is the same for every ele-
ment except x,,. This fact is illustrated by the equation D(x) =g(y),
the solution of which is x,,=st*1da,t*, %=, (@E#p, j#q),
yi=Pt* where s=g(B8) —D(a), t=D'(a), D’(ca) being D(o) with a,,
the element in the pth row and g¢th column, and the other elements
in the gth column zero.
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It is not necessary, in some cases, that there be a unique element
%Xpq If a;;=1, for example, D may be the circulant. In this case we
make the choice x;;=1.

Another function of interest which also satisfies the condition of
Theorem 1 is P(x) =] [}-1> 7 .a:x;, where a;; are integral, and the
determinant 4 = |a,;| 0. For we may choose x;, integral, so that
n—1 of the above factors vanish and hence for this choice of x; all
partial derivatives of all orders less than #»—1 vanish.

The next equation satisfies the hypothesis of Theorem 1, but will
be solved by an entirely different method. This is given in the follow-
ing theorem:

THEOREM 2. The equation
(5) P(x) = g(y),

where P(x) is given above and g(y) is given in Theorem 1, has solutions,
and every solution which is not also a solution of

n—1 n

(6) 11X ami=0

=1 j=1
s equivalent to one of the infinitude of solutions given by

v =1 Um) AL+ ST ) Mg, =1, n—1,

7
( ) %, = st*"‘(Ann)", Vi = t"(Ann)"ﬁk,

where A;; is the cofactor of ai;in* A; AY is the determinant obtained

rom A, by replacing the jth column by ou, a, - - -, sy} S and t are
y
given by
n—1 n n—1
%))
(8) s=AumgB) — [T Y anidnn, t=A]] e,
i=1 i=1 i=1

\, u are relatively prime positive integers such that A\n=um, and the o's
and B's are arbitrary integers.

PrOOF. Set
(9) Z a;jx; = t)‘(Am‘))‘Ol«.', 'l: = 1, cr, N — 1.
j=1

If we let x.,=st*"1(4,..)', we may write equation (9) in the form

4 Since A4 0, there is a minor of order » —1 which does not vanish. Without loss
of generality, we may choose the notation so that 4 0.
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1@ =tMNAun) oti — $810:0(A ). Solving this system of equa-
tions we get

(10) j= i (Ann))\—lA:L;)_l_ st (An"))\—lAni, j = 1, e, n— 1.
It follows then that

n n—1
(11 3 anits = 21 0t D+ 54 |

=1 =1

If we let yi,=1¢*(A4nn)*B%, then by (9) and (11), (5) becomes
n—1 n—1

(12) ™1 (4p) ™ ] i [t > tnidom + A] = 1™(4 ) ™g(B),
i=1 j=1

and since Aw=pum, (12) is identically satisfied in the a’s and f’s if s
and ¢ are given by (8). Hence (7) forms a solution of (5) with s and ¢
given by (8).

Suppose now that x;=p;, ¥x =0} is any solution of (5). If we choose
o= }.1a:ipj, Br =0, we have’

= AH E aiipj,

=1 =1
n—1
s = Auglo) — H Z awPaE @ni[prAnn — pndak]
=1 j=1 =1
n
= Anﬂ H Z aiip; — H Z aupyz ank[pkAnn Pn nk]
=1 j=1 =1 j=1 k=1
—1 n
= H Z aHPJ[AMZ @nipj — Annz anipi + Pnz Cnj m]
i=1 j=1 i=1 =1
n—1 n
= p.d II Z aijp; = pat.
=1 j=1
Hence
x; = MAp)*? l.piAnn - PnAni] + (Au ) Ppud = (tAnn))‘Piv
%n = (tAnn) pn, e = (tAnn)tor,

which is equivalent to the given solution provided x;=p;, yr=0% is
not a solution of (6). We may find, however, values of x; which satisfy
(6) and these values, together with y, =0, afford additional solutions
of (5).

5 AP becomes pjA nn—pnd »j when a; is replaced by X _;_aiip;.
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By the above method we may show the following consequence.

COROLLARY. The equation P(x) =) 1x:g:(v)+g(y), where g; and g
are the functions of the corollary to Theorem 1, has solutions, and every
solution not also a solution of Z,_lAmg,(y) A H,_IZ,_la,,x,—O s
given by x;j=AUt+A,;s, (G=1, - n—1), x,=AuS, Yi=~»ALit,
where

n—1
s = H a,z aniA :l:l) - Z Ar(tit)g](ﬁ) nng(ﬁ):

1=1 =1

n—1

t= ZAnig:v(ﬁ) - AHaz

The final theorem treats an equation which satisfies the hypothesis
of Theorem 1, but is reduced to an equivalent problem and then
solved.

THEOREM 3. The equation

P
(13) f(@) 20 djxi = R(y),
=1
where f(x) satisfies the conditions of Theorem 1,and R(y) =R(y1, * * +,¥4)

s @ homogeneous polynomial with integral coefficients of degree n—1, has
solutions; and every solution which is not also a solution of

1) )3 0o 3 01 S — S 3 | = 0
0x; L j=1 0% k=1 im1

s equivalent to one of the infinitude of solutions given by
(15) % = ais + ait, Vi = Bt
where

s = A™1[\N(4D — BC)]2[D\?* — BR(n)],
(16) t = A" 1\N(AD — BC)]*2[AR(u) — C\?],

Br = A*[N(AD — BC) Jus,

and A =Z}’, 1a;9f/da;, B=f(ar), C=Z}’_ «dia;, D =E§’_ daj, the oy N, g
being arbitrary integers.

Proor. If we let x;, y, have the values given by (15), (13) becomes,
after dividing out the factor® ¢»—1,

(17) (4s + Bt)(Cs + Df) = R(B).

6 It will be shown later that £0.
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By Theorem 2, the solutions of the equation (17) are given by (16).

If x;=p; ys =0 is any solution of (13) and we choose a; =p;, ux =0,
A=f(p), we have that s=0 and the solution becomes x;=p,K""!,
ye=0K"t!, where K=AN(AD—BC(C), which is equivalent to the
given solution provided K 0; that is, provided x;=p;, yx=0% is not
a solution of (14). It will be noted that if K0, then ¢30.
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A MULTIPLE NULL-CORRESPONDENCE AND A SPACE
CREMONA INVOLUTION OF ORDER 2n-—1!

EDWIN J. PURCELL

PARrT I. A NULL-sYSTEM (1, mn, m~+%) BETWEEN THE PLANES
AND POINTS OF SPACE (m, n=1,2,3,--")

1. Introduction. Consider a curve §,, of order m having m — 1 points
in common with a straight line d, and a curve 8, of order # having
n—1 points in common with a straight line d’, (m, n=1, 2, 3, - - - ).
It is assumed for the present that neither 8, nor d intersects either
6, ord’.

In general, through any point P of space there passes one ray p
which intersects 6, once and d once, and one ray p’ which intersects
8, once and d’ once; p and p’ determine a plane 7, the null-plane of P.
Conversely, a plane 7w determines m rays p; and #» rays p/ lying in it
which intersect, a ray p with a ray p’, in mz points, the null-points
of the plane =.

Any point « in general position determines a ray p. As o describes
a line J, the plane 7 of p and / contains » rays p’, which intersect / in »
points 3; conversely, any point 3 on ! determines a ray p’ which de-
termines with [ the plane 7, and 7 contains m rays p which intersect /
in m points a—one being the original a. Thus an (m, #) correspond-
ence is set up among the points of  with valence zero; there are m-+#
coincidences and therefore m-+# points on any line ! whose null-
planes contain /.

2. Planes whose null-points behave peculiarly. We can obtain the
last result by another method; this will yield additional information
about planes whose null-points behave peculiarly.

Let a plane w turn about a line ! as axis. A ruled surface will be
generated by the m rays p; lying in 7. This surface is of order m+4-1;
0 is a onefold curve on the surface and d is an m-fold line. Another

1 Presented to the Society, December 2, 1939.



