NOTE ON CERTAIN LAGRANGE INTERPOLATION
POLYNOMIALS*

M. S. WEBSTER

Let )
(n) bnlx
I(x) =1 = ) =1,
) > (3) éa (x1) (% — x) ’ Haw)
where ¢,(x) =(x—x)(x—2x2) + - + (X —%n); X=2%k,,=c0s O,=cos O,n;
0<6:<0:< -+ - <0, <m; —1<x,<1, (k=1, 2,- -, n). The poly-

nomials I;(x) of degree »—1 are the fundamental polynomials of La-
grange interpolation. In this note we suppose that ¢,(x) =¢.(x; a, B)
is the Jacobi polynomial which satisfies the following differential
equation:

(1 = aB¢!" () + [a — B — (« + Bx]od ()
+”(”+a+ﬂ_1)¢’n(x)=0y n=1,2,---,
where a, 8 are positive parameters.
We develop certain bounds and limiting relations for J;(x) for spe-
cial values of «, 8, obtaining results similar to those of Erdés, Griin-

wald, and Lengyel.
It is known that ([1], pp. 17, 31, 33, 35, 62):

n(— %;B,a) = (— 1)”¢n(x;a> 8, b (%;0,8) = nen_1(x;a+ 1,8 +1)’

By @) = — Trprn(a, B), I (%5 8, @) = Inokss(— 3, B),
1
(14 )= 11 — x)Ppn(x)u(x)da = 0, m = n,
-1

_C)Tetat B DIy
¢n(@) = ()T (2 4+ a+ B — 1) (sin N)27e(eos M2

~{cos[(2n+a+ﬁ— 1)>\——Z—(2a— 1)] + 0(%)}

14 %

sin2 A = s — 14+ esa=1—¢¢€e>0.
If a=B=1/2, ¢.(x) =(1/27"1) cos 8, (x =cos 6), which is the Tsche-
bycheff polynomial of degree #.

The following lemma due to M. Riesz [2] will be useful:

* Presented to the Society, September 7, 1939.
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LEMMA. A4 trigonomeiric polynomial of degree n assumes the maximum
of its absolute value at a point whose distance from any of the roots of the
trigonometric polynomsial is not less than w/2n.

Let «=8=23/2. Then, we have ([1], p. 17)
sin (# + 1)0
—_—

w(X) = x = cos 8,
#n(®) 27 sin 6
(= 1)**1sin? 0 sin (n 4+ 1)6 km
lk(x) = " ) k= .
(n + 1) sin 6 (cos § — cos ) n+1

Since 0341—60r=7/(n+1), the lemma shows that the maximum of
|lk(cos 0)[ occurs between 0;_; and 0y or at x=+1, (£=2,3,- - -,
n—1). Also, Ill(cos 0)} and |ln(cos 0)| attain their maxima at §=0
and § =, respectively. We find that
W@ =1, |[07@)|=|s+1/2| < 3/2,
|7 @) | =] — s+ 1/2| 5 3/2,
101 = 1(= 1) = 2 cos? o/ [2(n + 1],

lim 417 (1) = lim Iy (— 1) = 2.

n—o n— oo

In the following we may assume =3, 2<k=<n—1 and x,=0. We
have

(n 4+ 1) sin 6 cos (n + 1) — cos @ sin (# + 1)0
27 sin® 0 ’
n(n -+ 2) sin2@sin (# + 1) + 3(n + 1) sinf cosf cos (z + 1)0

27 sin® 9

d’n/(x) = -

@) = -

3 cos? @ sin (n + 1)6

2" sin® 9

Since ¢./’ (x) has opposite signs at x; and cos [(2k—1)7/(n+1)],
we must have ¢,// (&) =0 where £=cos §=cos (k—e)r/(n+1), where
0=<e<1/2.

It follows from the differential equation that 3%¢, (%) =n(n-+2)
$a(®). Since |6a(®)| =| E—x0dd (1)| Z | B2 (50)|, (0e <y <),
we have

3%

n(n + 2)

én (%)

0
o (%)

IIA

X — % =

If
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max | l;(cn)(x) | = | ll(cn)(ﬂ) |,
L1 STSTh-1
we have
() $L0) | _ 8 | _
max = = ="
sknSzszea | On (¥) (X — X1) én (%) ¢ (%)

Xp <0< p < Xp_1.
Now (#+1) tan §>3w/2 and

sin (b — €)= | 2

—_— <
(n+1) tanol 3w

so that
1 — x2 in (B —
u = e [Cos (b — r — —EE(—G—)L:l
1 — &2 (n+ 1) tanf
(% 4+ %) (& — x1) 652 ]
1 1
<C[+ 1= 2 ]<C[ tnroa— "
¢ ¢
< =
[ 6¢i? _ 6¢
n(n 4+ 2)(1 — z2) n(n + 2) tan? §
<1.87,

where ¢=1+42/3x. Since |L(1)| =14+x. <2, |(—1)| =1—x,<2, we
have proved [3] the following theorem.

THEOREM 1. If a=(3=3/2 so that ¢.(x)=sin (n+1)8/2" sin 6,
(x=cos 0), then |lk‘"> (x)| <2, (—1=x=<1), and lim,. 5™ (1)
=limg,, 0™ (—1)=2. Also, lim,,ml L™ (1)[ =2 if, and only if, x5, ,—1
as n—o , and lim, ., [max_i<c.<i| L™ (x)| 1 =2 if, and only if, x1,n— % 1
as n—ow,

Using the same method we may prove the following similar theo-
rems.

THEOREM 2. If a=1/2, 3=3/2 so that
sin (2n + 1)(6/2)

n = ) = 0,
(@) 27 sin (0/2) v o8

then | L™ (x)| <2, (—1=x=1), and lim, ...5™ (1) =2, lim, L™ (—1)
=4/.
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THEOREM 3. If a=3/2,B3=1/2 so that
cos (2n + 1)(6/2)

o(2) = ) = cos 8,
én(®) 27 cos (0/2) X = cos

then |L™ (x)| <2, (—1=40=1), limu.,h™ (1) =4/m, lim,..L® (—1)

It should be noted that the upper bound 2 in these three theorems
is the least upper bound for which the inequalities remain valid.

Let € be an arbitrary, fixed positive number less than 1. We sup-
pose that x; is restricted to an interval I where —14+e<x;<1—e.
Using the asymptotic formula for ¢,(x) we easily obtain the following
theorem.

THEOREM 4. For all x and x;, in I and |x——xk| =e' >0, Ilk(") (x)|
=0(1/n) as n— .

Hence, if l L™ (x) l attains its maximum in [ at x = y=uyz,,, we must
have u—x;—0 as n—o0 . At x =u, we have (u—x1)d (u) —pn(u) =0 so
that

¢n’ (:U') n‘t’n—l(ﬂ; a+ 1> B+ 1) -
¢n, (xlc) n‘t’n—l(xk; o + 1; ﬁ + 1)

as n—oo, provided x and x; are in I. This proves the following theo-
rem.

max | l;(cn)(x)l = =

1

THEOREM 5. For all x, such that —1+eZx,=1—¢, (e>0)
Max_i}eogioe] W™ (x)| =1 as n—o.

There is a close connection between Theorems 4 and 5 and the
results of Erdos and Lengyel [4].
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