A SUFFICIENT CONDITION FOR CESARO
SUMMABILITY*

H. L. GARABEDIAN

1. Introduction. The principal object of this paper is to establish
the following theorem.

THEOREM. The series » n.o(—1)"a, is exactly summablet (C, k),
(k=1,2,3, ), to the value ) _L_Aa,/2+! provided that

(1) Aido= 0, A"—lao#O, 'I:g k _?_. 1.

The convergence of the series D _q.cA"ao/27+! implies that the given
series is summable (E, 1).1 Moreover, it is known that summability
(E, 1) is consistent with summability (C, k). However, neither
method of summability includes the other. Thus, we may write a
corollary to the stated theorem.

COROLLARY. The class of series I no(—1)"a, for which condition (1)
1s fulfilled is summable by both the (E, 1) and the (C, k) methods of sum-
mation.

2. Lemmas. The proof of the theorem involves the following lem-
mas.

LeEMMA 1. If C,i denotes the ordinary binomial coefficient, then
Cn+k-—i.k = Cn+k+l-—i.k+1 - Cn+k-i.k+1, k= 1; 1= 0, 1, 2, e, M.
The simplicity of the proof of this lemma justifies its omission.

LeMMA 2. The expression for the ith difference of a product uv in
terms of differences of u alone and v alone is given by the formula§

2 Atwy, = u b, + CotAthyyi AT 9, + - - - + Ci A,

This formula is clearly the analogue of Leibnitz’ formula for the sth

* Presented to the Society, December 29, 1938.

t A series is said to be exactly summable (C, k) provided that it is summable
(C, k) but is not summable (C, k—1).

} This symbol denotes Euler summability of order one. The Euler transformation
has been studied at considerable length particularly by E. Jacobsthal, Mathematische
Zeitschrift, vol. 6 (1920), pp. 100-117, and K. Knopp, Mathematische Zeitschrift,
vol. 6 (1920), pp. 118-123; vol. 15 (1922), pp. 226-253.

§ G. Wallenberg and A. Guldberg, Theorie der Linearen Differenzengleichungen,
p. 34.
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derivative of a product.

LeEMmaA 3. If

n

(3) Tj(k) = Z(— 1)i+JCn+k+l,i+k+lci,i2i~j; j = 0; 1; 2) vty k - 1’

=i
then
(= D)#*Crprgri Cotrt1,k

(k) = k—
@ T = e g S 0,

In order to prove this result we use the binomial expansion

n+k+1

(1 = 20)m*+ = 37 Cppppri(— 2)°.

=0

Divide this equation by jlx**+! and then differentiate j times with re-
spect to x. As a result of the differentiation a block of j terms vanishes
on the right-hand side. We have then

1 (1 — 2x)ntEtl 1 k(= 2)iCryhyri

R ij N D,!
J! gkt 71 2 e
n+k+1
+ Z (_ 2)icn+lo+1,;c.'_k_1'1-xi—i—k—1’
fem bkt 1
or
1 (1 = 2x)nteht 1 & (= D)iCopaprs
i ——— = —DJy,
it aktt 7! Py k1=

n
+ 22 (= 2)HFHIC, i, iy iaCl, 077

=i

Now, multiply the last equation by (—1)%+i+1 2—+i+D and evaluate
for x=1. We obtain

(= 1)k+itt D (1 — 2x) it

Fivias! ‘ Plax! o1
(5) (=R E(— 2)iCopga s
T jlokkin ~ k1 o

+ 20 (= 1)#iCoinpr,irnaCi, 277

=i

From equations (3) and (5) we have
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(— 1)k+itl ; (1 — 2x)nth+1

T® =

© jlaw+it “ k1 ot
(_ 1)k+i ;i k (_ Z)i ntk+41,1
jl2k+it rars ki ot

Of the terms in the expansion of the first expression in the right-
hand member of (6) we shall retain only the term of highest order in
explicit form. Since the greatest value of j is k—1, the remaining
terms are O(n*2). In the second expression of the right-hand member
of (6) we shall again preserve in explicit form only the term of highest
order. Regardless of the value of j the terms which remain are O(n*~1).
Accordingly, we obtain the formula (4).

3. Proof of the theorem. The kth Cesiro mean for the series Z:_ obn
is given by
S® Z Crti—i ki

cn(k) =

Crtiok Cotbk

We wish to prove that if the condition (1) of the theorem obtains,
then

k—1 A"a
0

lim ¢,® = Y
n—o o 27F1

where b, = (—1)"a,.
We have, using Lemma 1,

n n n
S, ® = 3" Coppinbi = — > Crpieisirrbs + 2 Coprprirprbi

=0 =0 =0
n—1

n
= — > Crophoipprbi + Crti—s, b+1bit1.
=0 1

f==—

Then
n—1
() Su® = — 37 Cuprei,es18bs + Crprr, k1o,
=0
since Ci,x+1=0. Employing this technique on (7) we obtain

n—2

Sy® = 3 Coptisbrad2b; + Crirr, 4100 — Cripipr,ir28bo.

=0

After n such operations on the original expression for S, *) we get
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(8) S8 = 37 (= 1)Cryrpr irisrdido.

=0
Formula (2) of Lemma 2 now enables us to express (8) in terms of
differences of aq. Thus,

Aiby = A¥(— 1)%ag = Y C; ;Ai(— 1)=iAi=ig,

i=0

2 (= 1)iC; 2iAiay = 3, (— 1)iC;, 2-iAia,.
=0

i=0

Then, we may write

(9)  Su® = 2 (= 1)iCoprpririrr 2 (— 1)iC;, 27 Aday.
=0

7=0

=

Interchanging the order of summation in (9) we have

n n
S8 = 37 Adag 35 (= 1) *iCoprraivniCi, 257,

=0 i=j

and, recalling the definition (3), we have

(10) S8 = 3 T ® Adg,,

=0

Applying the condition (1) of the theorem we may write (10) in the
form

k—1
(11) S.® = 37 T® Adgy.

i=0

From formula (4) of Lemma 3 we obtain T/® = Cypipy1,:/27%!
+0(n*1). Then, (11) becomes S, = Cpyr11,60 iogAiao/27+14+0(n*1),
whence

Sk n+ k4 1% Alg,

2 + 0(1/n).

Cn+k,k n-+1 =0 217

Thus, we obtain our main result:

k—1 Ay'a
. 0
lim ¢, % = E — -
n—w j=0 27+1

In order to complete the proof of our theorem it remains to prove
that limy,..c, P does not exist. We have S, *~D =Y 71T :-DAig,,
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Using Lemma 3 we have

Bl (o )#nC,, o k=1 Ad
S = 37 Sl I pigy + Cotiimt D ol O(n*=%)

j=0 2k J=0 27+

(= D)¥m1C, k1 k=l Adgg
= k-1 k—2
T A ao+c,,+k,k~1§ S O+,
Then
S, - A1y k=1 Adg
lim ¢, %Y = lim = 2 lim (= DF-t g S
n—e o Coppe1, k-1 2k e =0 2711

This limit fails to exist. Consequently, under the hypotheses of our
theorem, the series Y i o(—1)"a, is not summable (C, k—1).

NORTHWESTERN UNIVERSITY

A GENERAL CONTINUED FRACTION EXPANSION*
WALTER LEIGHTON AND W. T. SCOTT

Introduction. Considerable attention has been given at various
times by many writers to the function-theoretic character of con-
tinued fractions of the form

ppar e

1 4+ 1 4

Only a very restricted class of power series, the “seminormal” ones,
admit an expansion into a continued fraction of this type (cf. Perron
[3, p. 301]). For example, the power series expansion about the origin
of the function 1+4x2 fails to be seminormal. In §1 of this paper we
show that every power series admits an expansion into a continued
fraction of a form which is a generalization of that above. Many of
the older theorems have immediate generalizations. These are pre-
sented without proof when the demonstration parallels that for the
seminormal case.

In §2 we discuss the question of gaps in seminormal power series.
In §3 an important special case is considered.

1. Expansions in continued fractions. Let
a1x® A2X%2

1 + 1 +
* Presented to the Society, September 6, 1938,

(1.1) 1+




