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GENERAL SOLUTION OF THE PROBLEM OF
ELASTOSTATICS OF AN #-DIMENSIONAL
HOMOGENEOUS ISOTROPIC SOLID IN
AN #»-DIMENSIONAL SPACE

BY H. M. WESTERGAARD

1. Introduction. Dealing with the important case of a three-
dimensional solid subject to constant body forces (such as
gravity) B. Galerkin* expressed the stresses and the displace-
ments in terms of three functions, governed by the fourth-
order equation AAf=const., and mutually independent except
through the boundary conditions. He has demonstrated the
fruitfulness of his method in later papers.

It is profitable to interpret Galerkin's three functions as com-
ponents of a vector. Simplicity is gained and significance is
added by doing this. It is proposed to call this vector the
Galerkin vector. Its nature is such that only a slight amount
of complexity is added in the general derivations by consider-
ing an n-dimensional space.

2. Notation. Let the following notation be used.
21, %2 * * * y%my * * *,%p * * *, Ip=unit vectors in # directions
perpendicular to one another; m s p.
R=41x; + 4% + -+ - +i.x,=radius vector drawn from
the origin to any point; the point is called point R.
o=1E1 + ik + - - - +1.£, =displacement =increment of
R. The point R moves to the position R+g; g is assumed small.
P=i1P1 + ’I:2P2 + LR +’inPn =fOI‘C€.
K=4K;+ 3Ky + - - - +4,K,.=body force which is distrib-

* B. Galerkin, Contribution d la solution générale du probléme de la théorie
de Uélasticité dans le cas de trois dimensions, Comptes Rendus, vol. 190 (1930),
p. 1047; Contribution d l'investigation des tensions et des déformations d'un corps
élastique isotrope (in Russian), Comptes Rendus de I’Académie des Sciences de
I'URSS, (1930), p. 353.

t Comptes Rendus, vol. 193 (1931), p. 568; vol. 194 (1932), p. 1440; vol.
195 (1932), p. 858; and papers in Russian: Comptes Rendus de I’Académie des
Sciences de 'URSS, (1931), p. 273 and p. 281; Messenger of Mechanics and
Applied Mathematics, Leningrad, vol. 1 (1931), p. 49; Transactions of the
Scientific Research Institute of Hydrotechnics, vol. 10 (1933), p. 5.
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uted through the solid, per unit of magnitude of the region con-
sidered ; of the dimension force times distance —#; a function of R.
Sn»=section defined by x,=const. The section is called a
front face if the part of the solid dealt with lies on the side of
smaller values of x,; and a back face if the part dealt with lies
on the side of greater values of x.
sm = vector representing internal force or stress on a small
region of the front face S, at point R, per unit of magnitude
of this region; of the dimension force times distance "*!;
and — s, =stress on the same region of the back face Sy.
on=component of s, in the direction 7,; normal stress in
the direction of 7,,.
Tmp=component of s,, in the direction of 7,, (p #m); shearing
stress on the front face .S, in the direction 7,.
® =040+ - - - +0,=bulk stress.
E =Young's modulus of elasticity (equation (6)).
G =modulus of elasticity in shear (equation (7)).
u=Poisson’s ratio of lateral contraction (equation (6)).
F=4,X14+12X,+ -+ - +%,X .= Galerkin vector.

d d
V=t1—+ig—+ - +in :
%1 0% 0%n
. 0X;: 090X, 0X,
divF= + .« e .
axl c')xz axn
92 9? 92
A=div V=t - +
dx?  Oxd 9,2

3. Equilibrium. A set of forces P applied at the points R is
in equilibrium when the 7z conditions

(1 2. P.=0,
and the n(n—1)/2 conditions
(2) > Pula, — Cp) = 2, Pp(#m — Cu)

are satisfied, each sum including all the force components in
the single direction of either ¢,, or 7,, C,, and C, being constants
which are interpreted as coordinates in the directions of 7, and
i, of an arbitrary fixed point C.

Consider an element of the solid bounded by back faces
S1, Se, -+ -, S, intersecting at the point R, and by front faces
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S1, Sg, ¢ ¢+, S, intersecting at the point R4+dR. With all the
forces included which act on this element, and with C at the
center of the element, equation (2) leads to the #n(# —1)/2 condi-
tions

3) Tmp = Tpm.
Equation (1) leads to the » conditions
o m P OTpm
(4) =4+ > T4+ K.=0.

6xm 1,2,-+-,n O¥p
excl. m

Because of equation (3), equation (4) may be rewritten in the
form

(5) div sm + Kn = 0.

4. Elasticity. Hooke's law of stresses and deformations is
stated in the following form. The strain in the direction of 7., is
On 1+upu

(6) — = Om — '_Ii'®’
%m E E

and the detrusion in the directions of ¢, and 7, is

% | B _ 7o

%, O0%p G

M

With the constants E and u given, only one value of G leads to
isotropy. The value

E
®)

G=——

2(1 + w)
represents isotropy in the cases #=2 and #»=3, and is assigned
to G here. That this value actually represents isotropy for any
value of # is concluded from the form of equation (13), which
is derived from equations (5) to (8). Equation (6) gives
1—(n— Du

9 diveg = —0,
) ive Z

which, with (8), permits the rewriting of (6) in the form

(10) . ~2G<a—£1"-+—”———div )
" 0w 1—(n— Ny °)



698 H. M. WESTERGAARD [October,

Equations (7) and (10) lead to the following formula for the
resultant stress on the front face Sp:

dp . 2Gu .
(11) S,,,=G(me+éx—m)+ 1«m1—_—(n_—1)'udlv Q.
Substitution from equation (11) in equation (5) gives
1—(n—3u 4 K.
(12) A£m+ma—;ndlvg+z—=0,
or, in vector form,
(13) (A-}—l—:—(n——i)—”— Vdiv>9 K _o.
1—(n— 1 G

Isotropy is attained because equation (13) is independent of
the orientation of the axes of coordinates.

5. The Galerkin Vector. The general solution of equation (13)
is the general solution of the problem. A difficulty arises from
the interdependence of the components. This difficulty is over-
come by introducing the Galerkin vector F.

The displacement is expressed as

1
14 = — (cA — V div)F
(14) o= G( )
in which ¢ is a constant yet to be selected. By substituting g
from equation (14) in equation (13) and noting that
(15) AV div = VdivA = Vdiv V div,

it is found that the terms containing the combined operators
shown in equations (15) disappear when

= 20 = (n = 2)u)
1—(m—3u

Then equations (14) and (13) become

(16)

11201 — (1 — 2)u) .
an o= E[———————————l e A — lev]F,
(18) prp o — L (n = S
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The general solution of equation (18) defines the general solu-
tion for g through equation (17).

6. Stresses. The vector F and its components Xy, X2, + + -, Xa
lend themselves to expressions for the stresses. Equation (17)
gives

1M — (-2 I¢]

(19) £m=—~[~£—(——)—M)AXm——-divF],
6L 11— (n— 3 A%

and
1 - -1

(20) dive = =Dk giv

21 = (n — WG

Substitution from equations (19) and (20) in equations (10),
(7), (9), and (11) leads to the formulas

_2(1 = (n — 2)u) IAXn

Tm
1 — -3 %o,
1) (n—3u o«
M 9?
+ [ A — :ldiv F,
1—(n— 3 0%t
1 — -2 0AX 0AX 02
(22) Tmp = (M’ )M[ p] - div F,
1—(n— 3)ul dx, 0%m 0xXm0%,
1
23 ©=——T*  rgivF,
1—(n— 3
and
1 - -2 a
e e an ]
(24) ok o

Tmp d .
+ [-——~——————A - — V:‘dwF.

The form of equations (17) and (18) shows that F is inde-
pendent of the orientation of the axes of coordinates. It follows
that equations (19) to (24) continue to apply with the same F
after a re-orientation of the axes of coordinates.
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