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ON THE RELATIONSHIP AMONG THE DIAGONAL
FILES OF A PADE TABLE*

BY H. S. WALL

1. Introduction. The object of the following note is to investi-
gate the relationship among the nth approximants of the dif-
ferent diagonal files of a Padé table; and to study the relation-
ship among the limits of those files for a Stieltjes power series,
in the case T that those files have different limits. We have found
that an arbitrary file .Sy converges to an expression of the form

aip — Bip:

—

arg — Brq1

¢

where p, p1, ¢, q1 are entire transcendental functions independ-
ent of k, and «y, Bx are polynomials or constants. If we denote
by w#x, vx the numerator and denominator, respectively, of (1),
then if &/, k'’ are two values of the index &, the following iden-
tity obtains:

(2) UptVprr — UprtVpr = aklﬁk/l -_— ak"ﬁk’;
and the polynomial on the right is not identically zero if k'=k£"’.
2. Preliminary Formulas.} Let B(x) =2 om0 ¢o(—%)* be a nor-

mal power series, and let §(x) =D .o d,(—x)® be the reciprocal

of P(x). Set PP (x) =3 320 corr(— )%, E® (x) =D ;o dusr(—x)*,
k=0, 1, 2, - - - . Then the series P*(x), E*(x) have corre-
sponding continuéd fractions

1 x x 1 x x

’ )
B A @ - @g® e pB) b hB) )

respectively, where the numbers a® b® are different from 0.

* Presented to the Society, September 12, 1930.

1 Designated as “Case I” in the writet's paper, On the Padé approximants
associated with the continued fraction and series of Stieltjes, Transactions of this
Society, vol. 31 (1929), pp. 91-116. We show in the present article that no two
of the diagonal files have the same limit, thus supplementing the earlier result.

1 For details concerning the statements in this paragraph, see a paper by
the writer in the Transactions of this Society, vol. 33 (1931), pp. 511-532.
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The Padé approximants for B(x) may be expressed in terms of
the numerators and denominators of the #nth convergents,
AP /BP  c®/D® | of these continued fractions. Indeed if
[p, ¢q]=N,, /Dy, is that Padé approximant in which the
degrees of numerator and denominator do not exceed ¢ and p,
respectively, then we have the following formulas:

B) [n—1,n4k—1]=PBu+ (—2)* A 1/Bos,

@ [t E—1,n—1] = [C+ (—0)*Culy/Dala],
n—1,%k=0,1,2,---),
where Br=2 =g c,(—%)?, Cr=D r=d d,(—x)*, Bo=Er=0;
(5)  [my,m—1] = A9./Bs, [n—1,n]= Ds,/Csn,
(n=1,2,3,---).

In the right member of (3) there occur the polynomials
AP, Bgf,)_l. Inwhat follows we shall want to express these poly-
nomials in terms of the polynomials 4, Bn. For that purpose
we have the following identities which we gave in the paper to
which we referred at the beginning of this paragraph, namely

(k) (k—1) _ (k—1) (k—1)

B2n—-1 = hn Bﬁn - B27b~[~1)
(k) (k=1) _ (b—1) (k—1) (k—1)  (k—1) (k—1)
xA2n—1 = Ck-l(hn B2n - B2n+1 ) - (hn A2n - A2n+1),
6) -1 (=1)

hn BZn = B27L+1 ’
(k=1) (k) (k—1) (k=1)
Xhy A = Cr-1Bonti — Aonty,
(n, k=1,2,3, ). Here ¥ V=af P +af "+ - - -+afi3?,
and is 0. There are four similar relations for the C¥, D® of

(4).

3. The Diagonal Files Sy, k>0. We shall now turn to the
Padé table, which is a table of double entry containing the ap-
proximant [p, ¢] in the (p+1)th row and (¢+1)th column. The
fractions Ai/B:, As/Bs, As/Bs, - - - constitute the principal
diagonal file Sy, while S_;, the first parallel file below .Sy, is made
up of the sequence As/Bs, Ay/ By, A¢/Bs, - - - . If k is any in-
teger, then the diagonal file S; is the sequence

m=0,1,2---,i k20,

Sk y k’{
ki [m, m + k] m=—h — k41, —h42--, i k<O,
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The formulas (6) and (3) will enable us to express the approxi-
mants of a file S, >0, in terms of the numerators and denomi-
nators of the fractions 4 ,,/B,, of the files Sy and S_;. Thus if we
set k=1 in the first two formulas of (6), we have, by (3),
hnA 2n T A2n+1

7 n—1,n] = ——-—-—-.
[ ] hnB2n - B2n+1

This is the nth approximant in the file S;. Settmg k successively
equal to 1, 2 in (6), we may now express Agn_l, an-1 in terms of
the 4 ., B Then by (3) with k=2, we find that the nth ap-
proximant in the file .Ss is

[(hn’ /) + W]A2n+1 — haAanye

[ /1) + €]Banss = huBonss
In the final step of the reduction we used the identities

(9) Aomgr = @my1d2n + 4201, Bony1 = @2ny1Ban + ®Bop1.

To obtain the general formula, suppose that, for a particular
value of &,

(8) [n -1, n4+1] =

MkA2n+k-1 - NkA2n+k
)
MkBZn+k—1 - NkB2n+k

(10) [# —1,n+k—1] =

where M, N are polynomials in x in which the coefficients are
rational functions of the quantities %#;. Let 9(;, N denote
the polynomials obtained from these by replacing #; by A+!
throughout. Then*

! !
MrAonpri-1 — Nidonsr

7 ’
f7nchZrz+k--1 - Nch2n+k

But when k=25 this reduces, with the aid of (6), to (10) with
k=2p+1, where

(12) Mopr1 = Mophnyp, Nopy1 = Map + (Nop/lnts);

1) [n—1,n+k]=c—«

* This follows from the fact that the right member of (11) is a rational
function of x in which the degrees of numerator and denominator do not ex-
ceed n+Fk and #» —1, respectively; and the expansion in ascending powers of x
agrees with B (x) for the first 2n+k—1 terms. See Perron, Die Lehre von den
Kettenbriichen, Chapter X.
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and when k=2p—1, (11) reduces to (10) with £ =2p, where

(13) Msyp = Mop-1/lasp1) + ¥ Nap—1, Nap = Nep-1hnip-1.

By (12) and (13) we see that My and Ny are polynomials
of the same character as M and N;, namely, they are poly-
nomials in x in which the coefficients are rational functions of
the quantities 4,°. But this has been verified for small values of
k, and is therefore universally true. Formulas (12) and (13),
with the initial values obtainable from (7) and (8), may be used
to compute successively the polynomials M and N,

4. The Diagonal Files S_i, k>1. We shall next show that the
approximants of the files S_;, £>1, can be expressed in the form
(10). We begin with the relations

1 x x
Clxy~mM— — — y

bit bat byt
‘B()— 1 B — x x X
YTE@ T T (C (—b (—b)+

from which it follows that

14 4
(14) bon = — Gan—1, boamp1 = — @2, b1 = co.

Also by symmetry we have

(15) Q2 = — b2,n~—l, Qo1 = — bzln, a; = do.
Furthermore
Co — xAn,/Bn, = Dn+l/Cn+l,
and consequently
coBy — %4, = YaDny1, By = v:Cuy1,

where v, is independent of x. Giving to # the values 2p and
2p—1 and employing (6) we then have

Azpy1/hp = Y2pD2pt1, Bapr1/hy = Y2:Cops1,
hpA2p - A2p+l = 'sz-1D2p, hpB2p - sz+1 = ’Y2p—1c2p-

(16)

For the factors v, we have the following values:

@an) Yop = 1, vap—1 = — 1.
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Indeed one may verify directly that the coefficients of the
highest powers of x in Aspr1 and Da,yy are 1 and g,=b1+b3+bs
+ - - - 4oy, respectively. Hence by (14)

l/hp = Y2p8p = 7217(60 —ad —af — - — a;p)-

Butif we take £ =1 in the first of the following known relations*

(k) (k1) (k—1) _ (k—1) (k) (b—1), (k—1) 2
(18) Qopn = Q2p41 /hn—l hn y Qont1 = Qopt2 (hn );

(k= 1}2;"';0’”0:0")7
this reduces to 1/k, ="s,/hp, so that ¥s, =1. In like manner we
find that Yop—1= — 1.

Let us now put =2 in (4). Then as in (8) we find that, if
we set g® =p® 1LpP 4pP L .. . 1
n’ A n) + X D n- - nD n
[n+1,n—1]=[(g,/g' ]2+1 Enliomsz
[(gn /8.) + x]C2n+1 — guCony2

But by (16) and (17), followed by an easy reduction in which
the formulas (9), (14), and (15) play a part, this becomes

(19) [” +1,n— 1J = (gn'A ont1 + A2n+2)/(gn, Bopy1+ Bany),

which is the nth approximant in S_,.
To obtain the general formula, we apply (10) to the series €,
and use (4). This gives a relation of the form

ViDonsr—1 — WiDonir
ViConti~1 — WiCentk

where the Vi, Wy are polynomials in x with coefficients which
are rational functions of the quantities g;, and which may be
calculated by means of formulas analogous to (12) and (13). By
(16) and (17), we then have

[n4+k—1,n—1]=

H

M_kA2n+k..1 - N_kA2n+k
1

(200 [n+k—1,n—1]=
M_Baupr—1r — N_rBonsr

where

(21) M_gp = gn+p—1V2p — x Wy, N—2p = - (W2p/gn+1n—l) ’
M_sp1 = — Vipi1/gntrs Notp1 = gntp Wapt1 — Vipy1.

* Wall, Transactions of this Society, vol. 31 (1929), pp. 102-103.
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The quantities M_; and N_j are polynomials in x with coeffi-
cients which are rational functions of the numbers g,*.

The recursion formulas analogous to (12) and (13) for the
Vi and W; may be combined with (21) to give the following re-
cursion formulas for the polynomials M_x, N_j:

N-2pt1
M_zp = — gnypiM_spsr, N_gp = Mogpir — Z —
(22) e
M s, ,
M—2p—1 = - '_,—_ + xN—?p, N-—Zp—l = - gn+p—lN~2p'
§n+p—1

Here the script letters have the same significance as before,

namely NM_;, N- are polynomials obtained by replacing g by

2™ in the corresponding polynomials M_z, N_j.

5. The Series of Stieltjes. We shall now apply the work of the
preceding paragraphs to the series of Stieltjes. If we set x=1/2
in B(x) and in the corresponding continued fraction, and then
divide by 2, we will obtain the series

(23) R & R
3 2 3
and continued fraction
1 1 1
PRE IS

These are the forms of the series and continued fraction found
in Stieltjes’ Recherches sur les fractions continues.™

The numerators and denominators, P,(z) and Q.(2), of the
nth convergents of (24) are connected with the 4,(x), B.(x) by
the following equations:

Po(z) = 27 M4,(1/2), Qaa(z) = 2"Ban(1/2),
Ponyi(z) = 3"A2n41(1/2), Qani1(z) = 2" Banii(1/2).
When a,>0, and Y _a, is convergent, Stieltjes found that
lim, Py.(z) = p(3),  lima Qza(2) = q(2),

lim, Pony1(2) = p1(z), limy Qant1(2) = ¢1(2),

(24)

(25)

(26)

* Stieltjes, Oeuvres, vol. 2.
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where p(2), p1(2), ¢(2), ¢1(2) are entire transcendental functions
of genre 0, connected by the relation

(27 P1(2)q(2) — p(2)qa(z) = + 1.

Let us replace x by 1/zin (10) and (20), divide by z, and then
introduce the polynomials P,(z) and Q.(3) of (25). After re-
moving a common power of 1/z from numerators and denomi-
nators, these expressions then take the form

GiPs—y — HPs

)
GrQs—1 — HiQs

where 6 =2n- lkl, (=0, +1, +2, - - - ). Here the Gi, H}, are
polynomials in 2z given in terms of the M, Ni by the equations

(29) Gk(Z) = ZoMk(l/Z), Hy, = Zo’Nk(l/Z),
6'=0—[1—(—1)*]/2,

where 6 is the larger of the degrees of M(x), Ni(x) if & is even,
and of M(x), xNi(x) if k is odd. In particular, we have

(30) Go= 1, H0=0,G_1= 1,H..1=0.

(28)

The others may be calculated successively by means of the
recursion formulas (12), (13), (22). For example, we find that

Gl = h,,z, H1 = 1,G2 = (hn’/h,,)z+ 1,H2 = h,,z,

31) Gy = (B hopr/ 1l )3 + hogaz,
T Hy = [(B/R) + (W e ]z + 1,
Gao=gn,H o= —1;G5=— (¢ /)2 — 1, Hy =g .
It is seen that in these cases
G2(0) =1, H,,(0) = 0,
G_25200) = gt 4p, H_ 0)=—1
(32) 2p—2(0) 8n +p 2p—2(0) ’ (p=0,1,2,--).
G2p11(0) = 0, H;,11(0) = 1,
G—2p—3(0) = - 1; H—2p—3(0) = gn’ﬂ)'

The proof of (32) for all p is readily accomplished by mathe-
matical induction.

Now when a,>0 and Y a, converges, we see by (18) that
a! >0 and Y_a. converges. Applying (18) again we find that
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a,’’ >0 and Y_a,’’ converges, etc. Also by (15) b,/ <0 and >_b,
converges. Then by (18) with £=2 and a., a.’’ replaced by
b and b,”, respectively, it follows that b,’’ <0 and »_b,’’ con-
verges, etc. Continuing in this way we find that all the series
Zaéﬁil, Zbéﬁ)ﬂ are convergent, and that their sums are >0
and <0, respectively. That is, there are finite numbers 4 >0,
g+ <0 such that

(33) lim, A

=1 tim gD =", (k=0,1,2,- ).

Turning now to the polynomials Gx(2), Hx(2) we find by (30)
and (31) that for small values of & they converge, for n=o, to
limiting forms which are polynomials of degree depending upon
k, with positive coefficients if 2>0, and with negative coeffi-
cients if k< —1. This same conclusion can be reached for all
values of k by virtue of the recursion formulas (12), (13), and
(22), in view of the relations (29). We shall express this result
as follows:

limn Ggp = - 62;,, hmn I]gp = — O2p,
(34) . .
lim, Gapy1 = aapi1, limy, Hepi1 = Bopr1y

(p=0,i1,i2:i3))y

where the a(2), B:(2) are polynomials in 2. Furthermore by (32)

B2»(0) = — 1, az,(0) = 0;

35) B-2p—2(0) = — ¢, a—2p2(0) = 1; 2 0.
B2p+1(0) = 1, a2,1(0) = 0;
a3y 3(0) = — 1, B2ps(0)= ¢,

Now by (34) and (26) it follows that the expression (28),
which is the nth approximant in the kth diagonal file of the
Padé table for the series (23), converges for n =0 to a limit
ur/vx, where

uy = arp — PBrp1, V& = oxg — Brgi.

These functions satisfy the relation (2) as may be seen with the
aid of (27). We state this result in the following theorem.
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THEOREM 1. Let (23) be a series of Stieltjes having a correspond-
ing continued fraction (24) in which a,>0. Then if )_a, converges,
the kth diagonal file of the associated Padé table converges to the
limat
ai(2)2(2) — Bu(2)p1(2)

)
ar(2)q(z) — Br(2)g1(2)

where p(2), p1(2), ¢(2), q1(3) are entire transcendental functions of
z, and the ax(2), Br(2) are polynomials in 2. If ur(z), vi(z) denote
the numerator and denominator, respectively, of the expression
(36), then for two indices k', k'’ we have the identity

(36)

(2) Up'Vprr — Upr'pr = Olpr — akllﬁkl.

The writer showed elsewhere that in the case under considera-
tion, Uy /v FE Uy /vi if B’ £k’ and k', k"' =Z00r k', k'’ <0. We
are now able to prove the following supplementary theorem.

THEOREM 2. Under the hypotheses of Theorem 1, if k'=k',
then wy [V Uy /vire, and therefore the right member of (2) is not
identically 0. Furthermore, the functions uy/vy have a pole at
2=0 if k=0, but are regular at 2=0 if k<0, vanishing there if
k< —1.

In view of the earlier result mentioned above, it is clearly
sufficient to prove here only the final statement in the theorem.
But this follows at once from (35) and the equations*®

P(O) = - g,a PI(O) =1, Q(O) =1, 41(0) = 0.

NORTHWESTERN UNIVERSITY

* See formulas for the P.(z), Q.(2) in Stieltjes’ memoir, loc. cit. §2.



