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A THEOREM ON SIMPLE ALGEBRAS* 
BY J. H. M. WEDDERBURN 

In a previous paper 11 showed that every simple algebra A 
can be expressed as the direct product of a division al
gebra D and a simple matric algebra M=(epq); the 
object of this note is to show that this expression is unique, 
that is, if A = DiXMx = D2xM2, ivhere Dx and D2 are 
division algebras and M± and M2 are simple matric algebras, 
then Dx and M± are simply isomorphic% with D2 and M2 

respectively. 
Let d± and S2 be the orders of D± and D2, and let ex 

and e2 be primitive idempotent elements of Mt and M2 

respectively. If ex and e2 are supplementary or equal, then§ 

A ^ 6tAe1 ^ e2Ae2 ̂  D2 ; 

M± and M2 are then of the same order and are therefore 
simply isomorphic. We shall therefore suppose that ex ^ e2 

and, say, e±e2 + 0. 
Assume in the first place that x = exe2 is not nilpotent; 

there then exists a rational polynomial 

y = axx + a2x
2 + • • • + arXr, 

which is an idempotent element of the algebra X generated 
by x. Now e±x = x\ therefore, since every element of X 
has the form xf(x), f(x) a polynomial in x, it follows that 

(yeif = yeiyex = y \ = yd = exyeu 

so that ye± <̂  e±Aei ; also yex 4
1 0 since yety = y2 = y ^ 0 ; 

hence yex, being idempotent, equals e±. In the same way 

* Presented to the Society, May 3, 1924. 
t PBOCEEDINGS OF THE LONDON SOCIETY, (2), vol. 6 (1907), p. 99. 

t Simple isomorphism will be denoted by ^ . 
§ See L. E. Dickson, Algebras and Their Arithmetics, Chicago, 1923, 

pp. 74, 77. 
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it follows that e2y = e2 and ye2 = y. Also, if we set 
*/io = y — ely 2/02 = y — e2, then 

ei2/io = Jho? yio^i = 0, e22/oa = 0, 2/0262 = 2/02, 

and, since eL + 2̂? one of y10, y02 is not zero, say y10. 
We shall now show that y is primitive in A. Since 

ety = y, every element of 2/4?/ has the form * 

w = dlxen + 1̂2̂ 12 H , (dij < A ; en = eu ey < Mx\ 

If w is idempotent, this gives rfu = a, the modulus of A, so 
that, if w is primitive, y—w lacks the term in en and, being 
therefore nilpotent, must equal 0 since (y — w)2 = y—w. 
Hence y is primitive and we may sett A = DxM where 
M is a simple matric algebra which contains y and D is 
a division algebra simply isomorphic with y Ay. 

Now, since ye± = eu 

De± = Dye1 = yAye± ^ ye\Ae±yei = e\.Ae± = D^ 
also 

A^i = exAeL :> e1yAye1 = ^ 2 / ^ = Ztyei = Dex ; 

hence Det = A^i and therefore D^âDt. Similarly D ^ D2 ; 
hence A ^ D2 and, as before, also M± ^ Jf2. 

Suppose in the second place that eLe2 is nilpotent; then 
(e^eiY = (6162)̂ 1 is a l s o nilpotent and, as ^ J.^ is a division 
algebra, it follows that e&ei = 0; hence (e2e3)

2 = 0 and 
so, by a repetition of the same argument, e2ete2 = 0. If 
now we set y = et — e±e2— e2ex, then 

e\y = e1—e1e2 + ex, yeL = ^ — ̂ ei, e ^ = e1? 

e2y == 0 = ye8, yexy = y, y2 = y. 

As before we must show that y is primitive. If y = yiJry2 

where y± and y2 are supplementary idempotent elements, then 
0 = e2y = e2yt+e2y2, 

so that 
0 = O22/1+e2y2)yx = e2yu 

and similarly 
yxe2 = e2y2 = y2e2 = 0. 

* See Dickson, loc. cit. 
t See Dickson, loc. cit. 



1925.] SIMPLE ALGEBRAS 13 

From 2/1 + 2/2 = 2/ = 0i—^2—e2e± we have therefore 

2/1 = yyi = e1y1—e2eiyu 

so t h a t 2/1612/1 = 2/i? a n ( i similarly 

2/2612/2 = 2/2, 2/2^2/1 = 2/22/1 = 0 = 2/1612/2. 

Now, if £1 = 612/161 ? £2 = 612/261 ; then 

6l = 6i2/6i = <?i2/l 61+612/261 = 2 i + £ 2 , 

4 = ^Ji^'W^x = ei'yAyrei = W i = ^ 
^ 2 = 6i2/l6i • 6i2/26i = 6i2/l6i2/26i = 0, 

and similarly z\ = zv z2z± = 0. Also zx \ 0 unless y2 = 0 
since 

2/̂ i2/i = 2/i6i2/i6i2/i = 2/i6i2/i = Vu 

and similarly 2̂ + 0 unless 2/2 = 0, But 2X and #2, if not 
zero, are supplementary idempotent elements in eiAe± where
as e± is primitive; hence one of them is zero, that is, y is 
primitive. 

We may now, as before, set A = D x M where D^yAy 
is a division algebra and M is a simple matric algebra 
containing y. Remembering that exyex = 61, we then have 

exDyet = e^Aye^e^etAe^ex = 3 ^ = A^i, 
also 

A61 = 6iJ.ei> exyAyex = ej}yex\ 

hence Di^i = e^Dyex, If d and <#' are any elements of 
Z>, we therefore have 

eidyeL = d^, e^d'ye^ = diet, {du dl^D^) 
and hence 

61(^ + ^)2/61 = W i + ^ i ) 6 i , 

1̂̂ 161 = eidye±dfyex = e^dye^d' e± = e^dyd'e^. = exddfyel7 

and, since ^ = e±yeu it follows that D ^ A and therefore 
MoâM±. Finally, since e2y = 0 = 2/̂ 2? 62 and 2/ are supple
mentary and hence D2~e2Ae2^àyAy^âD^èD1, from which, 
as before, M^M^. The proof of the theorem is therefore 
complete. 
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