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gramme, and in particular the grouping together of all forms,
which, like the resultant, are reducible to zero by the aid of given
equations, under the class name of an algebraic modulus. In his
Festschrift and the later expository papers of his pupils are
proposed methods for testing any given system for its character,
whether general, or special of the first sort (loci with a curve in
common), or of the second or higher sort (loci with a surface,
etc., in common). The expansion of this body of doctrine or
abstract theory into a concrete geomelry with fulness of examples
remains a task, not all deductive but largely creative, for com-
ing decades or generations.

Not the possession of eliminants actually calculated by
Bézout’s deservedly famous scheme is needful for the geo-
meter, but the knowledge of the conditions under which
such an eliminant will exist, and what conditions will modify
it. So with regard to the more far-reaching scheme of
Kronecker ; it is ultimately, perhaps, not the full elaboration
of particular examples as such, that we wish to have, but a
precise knowledge of how the relative operations could be
executed in finite time, and a precise formulation of conditions
that would modify or influence the result of those operations.
Which is of greater value, the logic or the concrete object to
which it is applied ? Let everyone decide when both are in his
possession !

ON THE REPRESENTATION OF NUMBERS BY
MODULAR FORMS.

BY PROFESSOR L. E. DICKSON.

(Read before the Chicago Section of the American Mathematical Society,
January 2, 1909.)

1. For any field F in which there is an irreducible equation
f(p) = 0 of degree m, the norm of

Zy+ @ + ot o o

is a form of degree m in m variables which vanishes for no set
of values x, in the field F, other than the set in which every
x, = 0. For a finite field it seems to be true that every form
of degree m in m + 1 variables vanishes for values, not all
zero, in the field. For m =2 and m = 3 this theorem is
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established in §§ 2, 3. The corresponding theorem does not
hold in general for infinite fields. But A. Meyer * has shown
that any indefinite quadratic form in five variables vanishes for
integral values, not all zero, of the variables.

Modular forms which represent only squares have been
investigated T at length by the writer ; those which represent
cubes exclusively are considered in §§ 4-12.

2. Any ternary quadratic form in the GF[ p*], p > 2, can
be transformed into ¢ = aa® + by® 4 ¢z*. The number of sets
of solutions of ¢ =0 in the field has been determined;} in
particular, this number exceeds unity. The latter fact may be
proved very simply as follows. Since the proposition is evi-
dent when @ = 0, we may takea= —1,¢ 4 0. Letz=1y.
Then the question is whether or not (b + ct*)y* — «* vanishes
in the field for = and .y not both zero. If not, b + ct* would
be a not-square for every ¢. But there are only (" — 1) not-
squares and 3(p" + 1) squares ¢*, including zero. Hence not
every one of the £(p" + 1) values of b + ct* is a not-square.

3. Let @ be a quaternary cubic form with coefficients in the
GF[p"], p> 3, which vanishes for no set of values in the field
for w, v, 2, w, except theset ¢ =0, .-, w= 0. The coefficient
of 2 is not zero and may be taken to be unity. By adding to
a linear function of y, z, w, we may delete the terms 2%, «’, 2*w.
The coefficient of 2 may be transformed into dy? + A2? + pw?
Then ¢ becomes

Q, = 2 + 2(dy? + N? + pw?) + 9y° + Ay’z + By*w + Cyz?
+ Dyw® 4+ Eyzw + F2* + G2*w + Haw*w + R,

Let w =tz. Then @, becomes a ternary cubic form which may
be identified with that on page 161 of volume 14 of the BuL-
LETIIN, by setting a =1, b =c¢=f= 0,

6=7\.+Mt2, h=A+Bt, k=O+Et+.Dt2,
| = F + Gt + Ht* + R#.

Hence the relations at the top of page 165 must hold for every
t. From dh & 0, we conclude that d 4= 0, B=0. Then from
the coefficient of # in ek +3 dl = O,we have B = 0. Hence ¢,
vanishes for # = y =2 = 0, w = 1, contrary to hypothesis.

* Bachmann, Zahlentheorie, 1V, p. 266, p. 553.
1 Transactions Amer. Math. Society, vol. 10 (1909), pp. 109-122.
T The writer’s Linear Groups, pp. 47, 48.
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4. In investigating forms which represent exclusively cubes *
in the GF[p"], we shall assume that p" is of the form 3% + 1.
For if p" — 1 were prime to 3, every element 5= O of the field
would equal a cube in the field, and the question would be
without content.

Let ax? 4 - .- represent cubes exclusively. In view of the
valuesx =1,y =0, ..., @ must be a cube. Hence we may
assume that the coefficient of % is unity. Further d must be
a multiple of 3. For, if d is prime to 3, the form represents
the not-cube v* when x equals a not-cube v, y = 0, - ... Wemay
therefore restrict our attention to forms a® + -.-in the GF[ p"],
pt= 3k + 1.

5. THEOREM. No cubic form represents cubes exclusively.

It suffices to prove the theorem for irreducible binary cubic
forms Cin the GF[p"], p" =3k + 1. Then C(x, 1) =0 has
the roots p, p*”, p?" in the GF[ p*], so that

C=@—py), t=14p"+p™

If C represent only cubes, C»"~*= 1. Hence the power

(p* — 1) of @ — py equals unity, so that x — py is a cube in
the GF[ p*] for every x and y, not both zero, in the GF[p"].
Any non-vanishing element u of the latter is a cube in the
GF[p*]. Hence

wa—pfb—p) (@)

furnishes p"(p" — 1)* distinct cubes in the GF[ p*], a number
exceeding the total number 4(p* — 1) of the cubes.

6. In the GF[p"], p"=3k+1, let S(x,y) be a sextic
representing only cubes. Since S is the product of S(xzy ~', 1)
by 3% it suffices to require that S(w, 1) shall represent only
cubes.

First, let p = 2, so that n is even, n = 2m. Set

1) S= Zi: axt (@g=1).

Now 8“8 =1 since S shall represent only cubes in the

m—1

GF[4™]. The exponent equalsy_ 4. Hence, for every « in
j=0
the field, !

* A non-vanishing element equal to the cube of an element of the field.
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ﬁ(Za“w‘ Y )=1.

J=0

The powers of x may be reduced bywx*"=x. Hence, for
l=e=4"—1,
@) Sa,aba- - al =0,
the sum extending over all * integers 0 <17 =<6 for which
3) E=i,+ 4, + 4*i,+ -+ + 4" 1i _, = e (mod 4"—1).
It is found to be advantageous to consider the higher values of e.
Fore= 4™ — 1, we have F/ =2¢ (whence each i = 6) or E'=e.
But
(4) 4" —1=3+3-44+3-42+... 4+3-4m1,
Hence £ = e gives ¢y = 3 (mod 4), whence i, = 3, i,= 3 ; etc
Since a; = 1, (2) becomes
(5) 1+ a0 = 0.

Fore=4"—2, E= 2(4"‘-—1) 1 gives 3,=5, i, = 6(j = 1).
For E=ce, eltherz =2,0=3(j=1),ori, = 6. “In the Iatter
case, (I — e) gives

144, — 3 + 4(i,— 3) + 4°(i,— 3) + --- + 4™ %4 _, —3)=0.
Thus 4, = 2 (mod 4). For i =2, each 4, =3(j=2). For
i =6,

144, —34+430,—3)4+ -+ 4"%,_,—3)=0
Either i, = 2, i, = 3(j=3), ori, = 6 and we proceed as before.

Thus
©) a, + a,08+ aja + agal + .. @t aim =
[cr = %— (4"" - 4’)] *
Similarly, for t e = 4™ —t,t = 3,4, 6,7, 8, we get
y y * 0, (, 9O, g
(M) e, + a0y + aazay + ag’ay + - - + a3 ai~) =0,
(8) a, + aayt + afazaz+ aga + ... ) =0,
gy )
+ a‘l‘acﬂ + ai(es’a + afalt+ .. )= 0,

* Except the set in which each ¢ =0, when e —=4m —1.
1 The result for e=4™—5 is evidently the fourth power of (6).
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a, + aar + a(aa2 + --.)
+ aaag + aiayag + -+ ) =0,
(11) - aa; + afazay + - ) + agag + agaar + .- )= 0.

For m = 1 the last three conditions do not occur.

First, let a; = 0. Replacing = by « + afy, we have a,=0,
a,=0. By (5), a, is a cube in the field. By multiplying y
by a;*, we have a,= 1. Then a, =0 by (7). By (6),

a,4- a5+ ay + -+ a"" =0,
so that @, = 0 if m = 1.  Form > 1, (9) and (10) give a, = 0,
a,=0, so that the sextic vanishes for x = 0. Hence m =1,
and
(12) S=a'+a%’ + 3 = [2" + oy’ [ + (¢ + 1)¥’],
where ¢° = o + 1 (mod 2) defines the G'F[4].

Next, for a, 4= 0, we multiply ¥ and make a;,= 1. We
multiply (6) by a, and add the fourth power of (6). We obtain

(10)

—_— [T —
1 +a2+a3“azas =0y

by (5). Hence a, = 1, so that (6) becomes

(6") 14+a,4+a;+4ay + -+ a;""=0.
In view of the latter, (7) and (8) give
(7) a=a,+a,+1, a=1+afa,+1).

If m=1, a,=1 by (6"), so that *
S =ab + o'y + (hw“y? + @ + 2yt + a@ys + 95

If a; + a,= 1, we have (13). If a,= 0, we interchange

with y and are led to the earlier case a, = 0. If a,=1, we
replace @ by x + oy, where ¢® 4- o + 1 = 0 and obtain a sextic
8 with a, = 0.

If m > 1, we apply (6°) to (9) and obtain

a, + 1+ afa,+1)+a; +a;4+a,+1=0.
Eliminating @, and a, by (7), we get
) a; + ay = a, + ag.

* In the simple case m = 1, we may also proceed directly with (1), which
must reduce to unity (the only cube) for every .
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Condition (10) likewise leads to (9). But (11) gives
(11 a, + aja, + a,+ a; + a,a, = 0.
By (9) and (11"), we get

a, = a, + a.

By (), a,=d}+1,qy=0a}+ai{+a,+1. Butae,=a,=1.
Hence

(13) = [a* + 2y + (0, + D"

THEOREM. Inthe GF [2"], n even, every binary sewtic which
represents only cubes is formally a perfect cube, except for the case
n = 2, when there is an additional type (12), the product of two
irreducible cubic forms.

7. For p"=3k+ 1, p > 2, we may remove the term «°y
from the binary sextic S. Hence it suffices to investigate

(14) S=2f+b2*+c2® +d? + e+ f (f= cube).

For p™ = 7, the cubes are =1. 'We require that S = 1 for
every z making 2° = 1 (mod 7). First, let f= — 1. Then

(b2t + 2+ dZP + ez =1
requires that

be4ced=0, d*+2ce=0, de=0, B®+ =0,
be=0, 4 2bd=1.
Hence § = 2° £ 2* — 1. Multiplying z by &= 1, we get
(15) 2428 —1=("—2+ 3)(z" — 22 — 2)(* +32 — 1).
Next, let f=1. Then (bz* + --. + 2)* =1 gives
be+cd=d?+ 2¢ce + 4b = 2¢ + de = b* + e* + 4d
=bc+2e=c*+ 2bd 4+ 3 = 0.

Ife= 0,then ¢ =0, d = — 20% b°= — 1. Multiplying z by
367!, we have b =3. Hence
(16) S= 2"+ 1)%

If e = 0 we multiply ¥ by e and have e=1. Then the first
three conditions give

b=2¢ JE=c¢ d=be
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The fifth gives ¢ = — 1, in contradiction with ¢* = e.

Any sextic aa® + ... which represents only cubes, modulo 7,
cannot equal — 1 for every « and y, not both zero, and hence
must take the value 4 1. Hence it can be transformed into
wﬁ .+. cee,

THEOREM. Every binary sextic which represents only cubes,
modulo 7, can be transgformed into

(902 + yz)s or af +m3y3_y6.
8. Let A=2+b2* +d2* +f, w=c2*4ex. Then N+ p

and A — p must be cubes for every z. For p"=13, A =)' =1,
whence

A7) A=0,p=1; u=0,M=1; M+ l=0,\=p'=3
(mod 13).

Hence for every z,
(18) p(pt — 1) (u* — 8) = 0 (mod 13).
If e = 0, u = cz*, and (18) gives
e(ct— 1) (¢! — 3) = 0 (mod. 13).

If ¢* = 1, then p*=1 for 2z 4 0, so that, by (17),A =0 for
every z == 0, contrary to the degree of A. If ¢*= 3, then
p=3, NP4+ =0 for 24 0; but the resulting conditions
give b= d =0, ¢ = &= 3, contrary to ¢c* = 3.

For the troublesome case ¢ = ¢ = 0, we set

A=2 + d2? u=0bt

go that S =\ + p is a cube. Replacing z by 5z, we see that
— A + p is a cube for every z. Hence one of the three cases
(17) must hold. Now u(u'— 3) involves only powers of #* and
hence, for z & 0, equals a function of degree 8. Thus at least
four values # O of z must give rise to the first case (17).
Hence A = 0 has four roots 2 & 0, so that d®*= — 1. Maulti-
plying y by d~', we may set d = — 1. Thus A =2%(2* — 1).
‘When A & 0, we have z* = 3 or 9, viz,

2t=3, A =22% MN=—1 AM=1;
z“=9, A= 8z2, A= 4, >\,4=3,
thus corresponding to the respective cases (17). Thus if 2* = 3,

then u =0, whence 3b= —f. Forz*=9, then p’+ 4 =0,
fP=—1. Hence S=(2* =2)°.
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Finally, let ¢ 4 0. Since every integer is a fifth power
modulo 13, we may multiply y and make e = 1. Then (18)
holds for u = ¢z® 2. Forz = 0,

B — 4pt 4+ 3 =(8¢" — 3¢ + 8¢) 2! + (2¢° + 27+ 1)2°
+(4¢® — 30)2® + (bt — 4)2* + 46%° + & — 4c* + 2¢* + 3.
In its product by c2* + 1, the coefficients of 2* and 2 are
9¢* — 4, 9c¢® — Te,

which do not both vanish modulo 13.

Hence the sextics which represent only cubes modulo 13
have been reduced to the product of (x* %= 2y*)* by a cube .
But 7 (x® &= 2y°) can be transformed into o + 237

THEOREM. FEuery sextic which represents only cubes modulo
13 is a perfect cube which may be transformed into (x® 4 2y%)3.

9. For the next two values 19 and 25 of p" = 3k + 1, I find
that any binary sextic S which represents only cubes equals the
cube of a quadratic form. For p”= 5% this result follows
readily by requiring that S* shall equal its fifth power ; by the
coefficients of 2%, 2%, 2", 2%, we get S = (2* 4 2b)°.

For p™ = 112, S* must equal its 11th power. By the coeffi-
cients of 2™, 21, 2%, 2 we get § = (2 + 4b)°.

It seems probable that, for p" = 3k + 1 > 7, every binary
sextic which represents only cubes is formally a pertect cube.
Although certain general considerations point to the validity
of this conjecture, I have not effected a complete proof.

10. A sextic on three or more variables cannot represent
exclusively cubes in a field of order p™ = 3% + 1 for which the
binary sextics representing only cubes are formally perfect
cubes. It suffices to prove the theorem for ternary sextics 7.
For * p > 2, we may delete the terms %, 2°, y°2. Then the
terms free of 3 are (2 — vy?)?, where v is a not-square. "When
z is multiplied by a suitable constant, the terms free of y are
(2* — v2?)®.  Then the terms free of @ are — v*(y* + &?)?, where
¢ = 1. Since ¢ equals the square of ¢, and y* + e’ is irre-
ducible, — 1 must be a not-square. Hence we may set v = — 1.
Hence

19 T — wﬁ + yG + 28
( ) + 3(m4y2+ w2y4 + w4z2 + w2z4 + ey4z2 + €2y2z4) + wyz¢’

* By a different argument, I have proved that there is no tenary sextic j,
the GF[2*»] which represents only cubes.
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¢ = Ax® + By’ 4 C2* + Do’y + Eox’z + Fuy?
+ Gaz® 4+ Ky* + Ty2* + Mayz.
Set 2 = Ay. Then, for A arbitrary in the field,
J= N+ 1% + ry’z + sy'2’ + (GN + LN)y*2 + ty*2t + 2°
must be formally a perfect cube in «, y. Here
r = AN 4+ DN4 F'A? 4 BA,
§ = 3At + EN++ MA? 4K\ + 3e,
t = 3N+ CA 4 36
Hence f = [(AM* 4+ 1)y* + 02*]® where ®*= 1. Thus
r=0, s=30M+ 10 =3’V +1), GM4+Ir=0
for every X\ in the given field of order > 4. Hence
A=B=0C=D=E=F=G=K=L=0, M=28,
wo=ec=1, T= @+ y*+2°)%
By § 2, T vanishes for x, ¥, 2, not all zero, in the field.

11. It remains to investigate the ternary sextics 7' which
represent only cubes in the GF[7]. The terms free of @ in 7'
will be denoted by B, those free of y by B, etc. By §7,
each B is a perfect cube or a product 7 of three quadratic
forms. Suppose that one of the B’s, say B_, is of the type .
Replacmg @ by @ + ry + sz, we may delete the terms o’y and

; then B_ is still of the type m, and B, is of its original

type Hence we may set
B =z2* 4 a%

(20)

Let T become 7" when y is replaced by y + pz. The coefficient
cof 2°in B/ is the value of B for y = p, 2 =1, and hence
is a sextic in p with a non—vamshmg coefficient for p%; thus
¢ &= — 1 for some value of p. Since B, is not of type m, it is
a perfect cube. Also, B =

Thus one of the B’s may be assumed to be a perfect cube.
With B, a cube, the same argument shows that we may make

also B_ a perfect cube, and that we may set
= (a? + 2, 'Bxy = (&® + 3
Employing the abbreviation ¢, given by (20), we have
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T=o® + 44 28+ Bac*y® + 3ue*2? 4 Swe?y* + 3’2 + i e S~ + ayz.
Set y = Az. Then T becomes -

t = + rpt? 4+ r@’t 4 - 4 rgb,
r,=3N+ AN+3, r,=DN+ EX, r=3M+4FN4+ MN\+ GA+3,
ro= B\ + KN + LN+ O\, ry=N+eM+ -+ e+ 1.

Now 7 = af &= 2®® — 25, viz,, is of type =, if and only if

(21) ry,=r,=r=0, r’=1 r,=—1 (mod7);
while 7 is a perfect cube if and only if
(22) re=r,=0, r,=5 r,=6r] (mod 7).

Since r,r,= 0 for every A, D= E= 0. Hence (21) is ex-
cluded, so that (22) must hold for every A. We may therefore
remove the term 3’ from 7" and proceed as in §10. Or we
may proceed with (22) and show that

T= @+ 9+ 22— 24y2)°

12. The theorem that there exists no sextic on three or more
variables which represents only cubes in a field of order
p" = 3k + 1 has now been established for p* < 31, p” = 2", and
p" =112 Its truth for all values of p" has been proved, sub-
ject to the validity of the conjectured theorem of §9 on binary
sextics.

THE UNIVERSITY OF CHICAGO,
October, 1908.

NOTE ON LUROTH’S TYPE OF PLANE QUARTIC
CURVES.

BY PROFESSOR H. S. WHITE AND MISS KATE G. MILLER.
(Read before the American Mathematical Society, September 6, 1907.)
ONE of the stock examples of the fallacy of constant count-
ing is the equation of a plane guartic, whose fourteen constants

equal in number those apparent in the sum of five fourth powers
of linear expressions

4 4 4 4 4
xt + @, + x5 + x§ 5.



