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If for pedagogical reasons a particular representation of an
operation is desired, a double underscoring, or in case of multi-
plication parentheses can be employed.

25. In his second paper Professor Wiener explained the con-
struction of new models of surfaces of the second order. Two
thread models, the hyperboloid of revolution and the hyperbolic
paraboloid, are so constructed that their forms may be changed
without changing the length of the threads. Models of the
same surfaces are made of light rods fastened together by a ball
and socket device. Each rod is joined to other rods at three
different points. The forms of these models can be changed.
In the case of the hyperboloid of one sheet, the limiting forms,
the ellipse and the hyperbola, are exhibited in an extremely
neat form.

I wish to thank those who have so generously aided me, by
by the loan of papers and otherwise, in the preparation of this

report. R. E. WiLson.
G-OTTINGEN,

November, 1903.

ON A TEST FOR NON-UNIFORM CONVERGENCE.

BY DR. W. H. YOUNG.

(Read before the American Mathematical Society, August 31, 1903.)

1. A pAPER of Cayley’s entitled ¢ Note on Uniform Conver-
gence,” appeared in 1893 in the Proceedings of the Royal So-
ciety of Edinburgh. It was reprinted in volume 13 (1897)
of Cayley’s Collected Works. The only reference to the paper
which to my knowledge exists is a remark by Pringsheim in
his article in Encyclopidie IT A 1, page 34, to the effect that
the objections made by Cayley in the paper in question to the
usual definition of non-uniform convergence appear to be due
to a misconception.

It is clear indeed from the discussion of the definition with
which the note commences that Cayley had remained in what
may be supposed to have been Stokes’s order of ideas at the
time of writing his * classical memoir on the subject in 1847,

* Stokes, Cambr. Math. Soc. Trans., vol. 7, p. 533 (1847).
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and that Cayley was in 1893 still ignorant of the interesting
and valuable investigations made by Darboux,* Du Bois Rey-
mond 1 and others as long before as 1875. The only points of
non-uniform convergence known to him were those for which
the sum of the series is discontinuous; and as Cayley lived in
close proximity with Stokes and was in constant contact with
him, the question is raised as to whether the same might not
be said of the latter mathematician. Be that as it may, it is a
curious fact thatin 1897, the very year of the reprint of Cayley’s
paper, the problem of the complete distribution of the points of
non-uniform convergence of a series of continuous functions whose
sum is continuous was finally selved by Osgood,} who showed
that these points may be dense everywhere.

The early part of Cayley’s note is quite interesting and in-
structive reading to the student who takes it in a critical spirit,
but it is not our intention to enlarge upon it here. At the
conclusion of the paper Cayley proceeds to formulate a condi-
tion for the existence of a point of non-uniform convergence ; a
condition which is, however, as it stands, inadmissible even for
points of the Stokes type.§ In what follows we emend Cayley’s
test, and show how a modified form of it is applicable to all
points of non-uniform convergence, while it at the same time
serves to discriminate between the Stokes points § and the other
points of non-uniform convergence.

2. Let u,(x), u,(x), - - - be continuous functions of « in a given
segment, and let their sum be convergent at every point of the
segment and be denoted by f(z). Cayley deduces from the two
equations

f(w) = () + uz(x) +o f(a) = “1(“) + ufa) + .-,
the equation
f(@) — fla) = (& — ) {v)(¥) + vy(@) + -+ }, 1)
where
u,(®) — u,(@)
o (o) = D =0, @
and from this he derives his criterion, viz., that the series
* Darboux, Ann. de !’ Ecole Normale (2), 4, p. 77 (1875).
1 Du Bois Reymond, Abh. d. Miinch. Ak., vol. 12, 1, p. 120.
1 Osgood, Amer. Jour., 19, 1[]) 155 (1897, presented Aug. 31, 1896).

§ That is, a point at which the sum of a convergent series of continuous
functions is discontinuous.
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iv"(w) must have “a sum indefinitely large for  — o indefi-

nitely small, or say a sum = N/(z — a).”

What Cayley has here apparently overlooked is that the sum
of the series may have discontinuities not only of the first but
also of the second kind ;* if ¢ is a discontinuity of the second
kind for f(z), it is clear that 2 — @ may become indefinitely

small without ivn(m) becoming indefinitely large, the left hand
1
side of (1) having, without further specification of , no definite
limit.
3. Take for instance the series
& Y ta 2y, +a Yy +a
@)=yt {2!y§+ 17y +1 } e

nyn+ a (/n_ 1)yn—1 + a
+{n!y:+ 1" =Dy, +1)T

where
y,= e — D@ — Bz —3)- (= 1/n).
At the origin

2“1»(0) =a,

while at any other point , the sum of the first n terms, say
S, (), is
"y, + a
S@)= i1
so that S (1/k) = a for all values of n=Fk, and therefore
lim S,(1/k) = a,

while everywhere else
lim S (z) = 0.

We have therefore f(x) = O at a generic point, but f(x) = a at
the origin or at any point 1/k.

* A discontinuity of the first kind of a function f(x) is a point such that,
as z approaches it from the left (or from the right), we obtain a definite
limit for f(z). If this is not the case the discontinuity is said to be of the
second kind.
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Each point 1/k is a discontinuity of the first kind, while the
origin is a discontinuity of the second kind, all these points
being points of non-uniform convergence of the Stokes type.

If we apply Cayley’s test to this example we have to consider

2y ()= L[ O 1[2p+a _wpto
lvn(w)‘x{WT"a} 5{21y§+1“y§+1}+‘”

At the origin

“Zlvn(0)=—1+ (141} — {1/214 1}
+{1/31+1/2 + -+

so that the series is convergent there and has the value 0.

At any other point x the sum of the first n terms is
(8, —a)/x and the residue R /. Thus the series is con-
vergent up to and including the origin, having at any generic
point 2 the value — o/, while it vanishes at the origin and at
all the points 1/k. The behavior of the test series along a
generic sequence is accordingly that suggested by Cayley as
characteristic, but along some sequences the function has no
determinate limit, and along the sequence x = 1/k it is zero
everywhere.

4. It will be preferable to write the equation (1) in the fol-
lowing form :

f@) —fla) = (& — a)g”f;vn(w) +R @) —R(a). (3

First let f(x) be discontinuous at %= a, as in Cayley’s case.
Then there is certainly one sequence of points, having @ as limit,

Y5 Ypp =0

passing along which |f(y,) — f(a)| remains always above some
positive limit . At every point y, of such a sequence we can,
since the series is convergent there, find an integer m,, such that
for all values of m=m, | R, (y;,) — E,(a)| is smaller than any
assigned small positive quantity e.

Thus

|@= X )| > b—e. @)
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Passing therefore along such a sequence ivﬂ(yi) tends to be-

1
come infinite of at least the first order in (y; — a).

5. Next let us assume that f{x) is continuous at @. Then we
may confine our attention to points z so near a that the left
hand side of the equation (3) remains less than any assigned
small quantity e. Also given any sequence in the interval so
determined

Yo Yo
having @ as limit, we can assign a corresponding series of
integers

’

’
m]) mz; o

such that, for all values of m=m,
| B () — Bo(0)| <e.
It then follows from (3) that

| (y; — a)ivn(yi) | <2

for all values of m=m], and therefore

| (v — a)ivﬂ(yi) | = 2e.

This last inequality shows that no specification of the sequence
y, can render Cayley’s criterion applicable to a point of non-
uniform convergence other than a Stokes point.

On the other hand, since @ is a point of non-uniform con-
vergence, we can, if we choose the sequence y, suitably, deter-
mine a series of integers

ml’ m2’ oo

(having of course no finite limit since f(z) and therefore, for all
values of m, B (x) is continuous), such that

I Rmi(yi) - Rm(a) ‘ > 26’

if € has been previously chosen sufficiently small.

m
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It then follows from (3) that

[ ST )

Comparing this with (4) we see that (5) is a necessary condi-
tion for @ to be a point of non-uniform convergence, whether
of the Stokes type or not.

6. Take, for instance, the series

i—: _ x 25, 25 3%

== et 1) @+ T\ @ v 1 Bt 1y
noz (n + 1)’z

wr 4+ 1 [(n4 1Pz + 1] T

which is non-uniformly convergent at the origin with infinite

measure.

Here

g

mie 1 mb

S (w) ( + 1)2 (msx + 1)2’ Zv (w) (x + 1)2 (mw + 1)2

5

Rm(x) (m m:_’ 1)2 ’ ; vn(w) = WT;’:'_—W)
3 1
Slx)= @+ 1) 1)2 ’ ; v, (%) = @—_l_—ljz

The series Zvn(ac) converges non-uniformly with infinite
1

measure in any open interval having the origin as left hand
end-point, and diverges at the origin. In this open interval

@ m 4
> v, is always less than 1, but ) v (y,) increases without limit
1 1

for the sequence y, =1/, when m; =1, and tends to become
infinite of the order 5/3.
7. Conversely if there be at least one sequence

Y5 Yoy -+

having a as limit, passing along which

v — )30 0)
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does not decrease without limit, then along this sequence or
along some partial sequence chosen from it, |E,(y,) — R, (a)]
will either become as small as we please, or else will remain
above some finite limit. In the latter case we have the direct
condition for non-uniform convergence. In the former case, on
the other hand, it follows from (3) that | fly;) — f(@)| does not
decrease without limit, and () is therefore discontinuous at @
which is therefore a Stokes point. Thus we have shown that the
necessary and sufficient condition for the non-uniform convergence of

the series Y u, (@) of continuous functions at the point & = a, is

1
that we should be able to assign a sequence of points Y Y *°°
having a as a lmit, and a corresponding series of integers
my, My, - - -, such that Zv (y,) tends to become infinite of at least

the first order in (y, — a), where

v (1) = u, () — u,(¢ (a)

T —a

Further if a be a Stokes point we may for m, in the above
test write oo, or, if we prefer it, m where m =m,, while in the
contrary case this is not allowable, so that we have a criterion
which differentiates the Stokes points from the others.

8. A form of this criterion, not always applicable but useful
in a number of special cases, is obtained by observing that,
since u () is a continuous function we can, if it is also differ-
entiable, determine a point y, between a and @, so that

@) = ()
@—0Sn@=; e |o-oSuw)}

Hence it is a suficient criterion in this case for the non-uniform

convergence at a of i u, (@) if 2 u,(y) tends to become infinite
1 1

of at least the first order in (y — a), as y approaches the point a
along any sequence having a as limit.

and *

*The y in the following equation is not in general the same as the y in the
preceding equation. In the following equation y depends not only on =z, but
also on mi.
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This criterion is not necessary since it is conceivable that
P —

y.—

. r—a
ever, since (y — a) T a becomes as small as we please,

L2 . . . .
a might itself tend to become infinite. In this case, how-

must become infinite of an order less than 1in (y — a). Thus

LTS

D u.(y) must certainly become infinite though now of an
1
order less than 1 in (y — a).

We see then that it is a necessary condition that Zu;(y)

1
should tend to become infinite, but if the order of infinity in
(y — @) is less than 1, a further test is necessary, e. g., that of
§6.
9. In the case of a series involving the sign of integration,
or when the differential coefficient u, () is a function of standard
form, this test is at once applicable. Thus for instance the
series for which

xm
Uy =fCOS md@',

un=([{ n(cosﬁ%gf:—— 1)
—(n— 1)<cos(—ﬁ(%%%ﬁ’—i_ 1)}dx,

is at once perceived to be non-uniformly convergent at the
origin, since the series

xm 9 2am 1
Ccos m + CcOos W -

xm 1
—_— cosgﬁ_ ) + ..

is a stock example of a non-uniformly convergent series whose
measure of convergence at the origin is infinite of the first

order.

PETERHOUSE, CAMBRIDGE,
May, 1903.



