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P' takes the place of P, and the new elements are functions of 
the original elements, /JL is determined from the condition that 
the new series must be of the same general form as the old. 
If, in addition, x be replaced by 1/x another series is obtained. 
From these two new series, by proper substitution of the new 
derived elements, are obtained, almost by inspection, the twenty-
four different series ordinarily given in works on differential 
equations. 
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Secretary» 
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(Read before Section A of the American Association for the Advancement of 
Science, Pittsburg, July 2, 1902.) 

T H E main extensive treatments of this theory which have ap­
peared during the four years since my first report was presented 
before this Section are : The articles in volume I of the Ency-
klopadie der mathematischen Wissenschaften on "Endliche 
discrete Gruppen," "Galois'sche Theorie mit Anwendung," and 
" Endliche Gruppen linearer Substitutionen," by Burkhardt, 
Holder, and Wiman respectively ; Weber, Lehrbuch der Alge­
bra, second edition, volume 2, 1899 ; Bianchi, Lezioni sulla 
teoria dei gruppi di sostituzioni, 1899 ; * Echegaray, Lecciones 
sobre resolucion de ecuaciones y teoria de ecuaciones, 1899 ; f 
Netto, Vorlesungen iiber Algebra, volume 2, 1900 ; Pierpont, 
" Galois theory of algebraic equations," J 1900 ; Dickson, Lin­
ear groups, 1901 ; Burnside and Panton, Theory of equations, 
volume 2, 1901. 

In the present, as in my first report, it is my intention to 
avoid, as far as practicable, the consideration of those recent 
advances which have received considerable attention in these 

* Printed edition of the work lithographed in 1897. 
f Reviewed in L'Enseignement Mathématique, vol. 2 (1900), p. 227. 
X Annals of Math., 2d series, vols. 1 and 2. 
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articles and treatises, and to devote most of the space to a few 
recent developments which seem to offer inviting fields of investi­
gation. I t is hoped that this report will soon be supplemented 
in some directions, like the first report the usefulness of which 
was greatly extended by Professor Dickson.* 

For several years Dr. Steinitz, of Charlottenberg, has had 
under consideration a report on the theory of groups of finite 
order for the Deutsche Mathematiker-Vereinigung. In a recent 
letter he expressed the hope of having this report ready for the 
next meeting of the Vereinigung, which will be held at Karlsbad 
during the coming September in connection with Section I of 
the Gesellschaft Deutscher Naturforscher und Aerzte. Dr. 
Easton, of the University of Pennsylvania, has prepared a 
bibliography of the theory of substitutions together with a col­
lection of theorems and definitions, which is now in press. 

§ 1. ABSTRACT GROUPS. 

If the three numbers Z, m, n are the orders of three opera­
tors one of which is a product of the other two, it is well 
known that the group generated by any two of these operators 
is completely determined by Z, m, n provided at least two of 
these numbers are 2 ; or one is 2,* another 3, while the third is 
3, 4, or 5. The groups which may be defined in this way, 
together with those which are cyclic, are known as the groups 
of genus zero, and have received a great deal of attention as 
they are the groups of the rotations into themselves of the 
regular solids and hence enter prominently into many geometric 
considerations. 

It has recently been proved f that three operators £ , M, N 
whose orders are fixed numbers Z, m, n respectively can always 
be so selected as to generate any one of an infinite system of 
groups of finite order whenever each of these fixed numbers ex­
ceeds unity and the three do not satisfy one of the special con­
ditions mentioned in the preceding paragraph. The proof of 
this theorem is based upon the fact that it is always possible to 
find three operators such that one of them is a product of the 
other two and that their orders are the three arbitrary numbers 
Z, m, n. Both of these theorems were proved by means of sub-

* Dickson, " Report on the recent progress in the theory of linear groups, ' ' 
BULLETIN, vol. 6 (1899), p. 13. 

f Amer. Jour, of Math., vol. 24 (1902), p. 96 ; cf. Dyck, Math. Annalen, 
vol .20 (1882), p . 34. 
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stitutions. I t would appear desirable that more abstract proofs 
should be given, especially since the published proofs are based 
upon considerations which are not commonly employed. 

The infinite systems of groups which belong to a particular 
set of values of £, m, n have received very little attention except 
in the three cases where these numbers are such as to give rise 
to groups of genus one. These cases have been studied geo­
metrically by Dyck * and Burnside.f Recently they have been 
studied from the purely analytic standpoint and some interest­
ing common properties have been found. J Perhaps the most 
important of these is the fact that all of them contain an abelian 
commutator subgroup. 

The groups of genus one which are not included in the three 
cases mentioned in the preceding paragraph are those which may 
be generated by three operators of order two whose continued 
product is also of order two, but which cannot be generated by 
two operators of order two. All of these groups may be con­
structed by adding to any abelian group A, having just two in­
dependent generators, an operator of order two which transforms 
each operator of A into its inverse. In this way a group is ob­
tained whose order is twice the order of A and which contains 
only operators of order two besides those of A, This is the 
simplest category of groups of genus one and has many properties 
in common with the dihedral rotation groups. It may be observed 
that none of these groups can be generated by less than three 
operators. This category includes only one abelian group, viz., 
the group of order 8 and of type (1, 1, 1). 

From what precedes it is clear that little is known about the 
groups generated by the two operators L and M when the three 
numbers £, m, n are given. A closely related problem which 
has received but little attention is the study of the groups in 
which the order of every operator is a divisor of a fixed number 
k. The simplest case, viz., when k = 2, has been completely 
solved.§ There is just one such group of order 2a for every 
value of a. This is the only value of k for which all the possible 

* Loc. cit. 
I Theory of groups of finite order, 1897, p. 293. 
t Quar. Jour, of Math., vol. 33 (1901), p. 76 ; Annals of Math., vol. 3 

(1901), p. 40 ; The case when the groups are generated by two operators of 
order 4 whose product is of order 2 was considered by Manning in a paper 
read at the first meeting of the San Francisco section of the Amer. Math. 
Soc, May, 1902. 

§ Quar. Jour, of Math., vol. 28 (1896), p. 208. 
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groups are abelian. When h = 3 it is very easy to prove that 
all the conjugate operators are commutative. Moreover, it is 
evident that this property is not common to all the groups for 
any value of k greater than 3. 

Recently Burnside has made a study of all the possible groups 
when h = 3, and also of the special case when & = 4 and the 
groups have but two generators.* The more general case when 
k is any prime p seems to present considerable difficulty. The 
order of such a group is evidently a power of p. In the special 
case when there is an abelian subgroup whose order is the order 
of the entire group divided by p it is not difficult to determine 
all the possible groups.f Even for p5, p> 3, there are groups 
which contain only operators of order p without containing the 
abelian group of order p*. 

The questions considered in the preceding two paragraphs 
may be regarded as special cases of the problem to determine 
all the groups which are conformai with systems of abelian 
groups. If two abelian groups are conformai, i. e., if they con­
tain the same number of operators of each order, they cannot 
be distinct ; but with respect to the non-abelian groups the mat­
ter is entirely different. Recently all the possible abelian 
groups which are conformai with non-abelian groups have been 
determined,^ but the total number of non-abelian groups which 
are conformai with fixed types of abelian groups are known in 
only a few cases. For instance, it is known that there is only 
one non-abelian group which is conformai with the abelian 
group of order pm and of type (m — 1, 1). The only other 
types of order pm for which all the conformai non-abelian groups 
are known are (m — 2, 2) and (m — 2, 1, 1).§ 

If pa is the highest power of the prime number p which 
divides the order of a group then the group must contain 
1 -\- kp conjugate subgroups of order pa according to Sylow's 
theorem. Moreover, it is known that there are groups for all 
values of p when h is either 0 or 1. Burnside has recently 
examined the cases when h is either 2 or 4 and found that in 
both of these cases the possible values of p are greatly restricted. 
His results are, when h = 2, then 1 + 2p is either a prime or a 
power of 3 ; and when h = 4, then 1 4- 4p is either a prime, 9, 

* Burnside, Quar. Jour, of Math., vol. 33 (1902), p. 230. 
t BULLETIN, vol. 8 (1902), p. 39. 
t BULLETIN, vol. 8 (1902), p. 154. 
I Loc, cit., p. 206. 



1 1 0 REPORT ON GROUPS OF FINITE ORDER. [ N o v . , 

or a power of 5. The case when h = 3 seems to present greater 
difficulties but it is easy to see that there are also limitations on 
the form of p for this value of k. * 

Most of these advances in the theory of abstract groups have 
been made by means of substitution groups. When this method 
is employed comparatively little use is made of definitions, as all 
the steps can be conveniently illustrated by means of concrete 
examples. For some purposes it is however desirable to pro­
ceed more abstractly. This seems to be especially the case in 
a systematic presentation of the subject. Hence it becomes 
desirable that the definitions should be so formulated as to be 
as useful as possible. I t is also desirable to avoid redundancies 
as these mar the beauty of the presentation. Recently Dr. 
Huntington has pointed out redundancies in the definitions 
usually given and has formulated definitions which do not in­
volve these objectionable features, f Professor Moore has also 
presented a note on this subject.$ 

Scarpis has recently considered some properties of commutators 
and of commutator subgroups. He proves by a method which dif­
fers somewhat from the one employed earlier, that the important 
question of solvability can readily be decided by means of com­
mutator subgroups.§ Although he gave a general reference to 
the earlier article in which this theorem is proved, yet one would 
naturally infer in reading his article that he considered the 
theorem as new. One might also question the propriety of 
naming these groups after Dedekind, since he published very 
little in regard to them, and, moreover, was not the first to make 
their properties known. || 

The interesting question whether every operator of a commu­
tator subgroup is a commutator has been answered in the nega­
tive in volume 2, page 133, of the second edition of Weber's 
Algebra. Dr. Fite has found some conditions which are suf­
ficient for the existence of such operators, and has published a 
group which satisfies these conditions.^ Wundt proved a very 
interesting theorem in regard to the special class of soluble 
groups which possess a principal series of composition such that 

* Burnside, Messenger of Mathematics, vol. 31 (1901), p. 77. 
t Huntington, BULLETIN, vol. 8 (1902), p . 296. 
i B U L L E T I N , vol. 8 (1902), p . 373. 
§ Scarpis, Giornale de Matematiche, vol. 39 (1901), p. 376 ; cf. BULLETIN, 

vol. 6 (1899), p. 105. 
|| Cf. Frobenius, Berliner Sitzungtberichte, 1896, p. 1348 ; Cantor, Qeschichte 

der Mathematik, vol. 2 (1900), p. 811. 
TT BULLETIN, vol. 6 (1900), p. 181. 
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all of the corresponding factor groups are of prime order. 
Whenever this condition is satisfied he proved that the com­
mutator subgroup must be the direct product of groups whose 
orders are powers of primes.* This proof is partly based upon 
the fact that every group contains an invariant subgroup (which 
may be the identity) which is the direct product of groups 
whose orders are powers of primes and includes all other inva­
riant subgroups that have this property. 

The most extensive work on the enumeration of abstract 
groups which has appeared during the last few years seems to 
be the Enumeration des groupes d'opérations d'ordre donné, 
1901, 128 p., lith., by Le Vavasseur. This work, which is pub­
lished by Hermann, Paris, was noticed by the writer too lately 
to permit an examination before writing this report. The same 
author has recently published less extensive enumerations of the 
groups of order p2q2 and also those of order 16p, p and q be­
ing primes and p being odd.f Western has considered the 
groups of order pdq,$ but no one seems to have determined all 
the groups in the remaining case where there are four prime 
factors, viz., when the order is p2qr. The enumeration of groups 
of low orders has been extended to those of order 64.§ 

Dickson has embodied a large number of the results of his 
extensive investigations in his Linear Groups. The last chap­
ter of this work is devoted to a summary of known systems of 
simple groups. I t is observed that two of these systems in­
volve simple groups of the same order that are not isomorphic. 
The object of some of his more recent papers is to show that 
several branches of group theory may be correlated by means 
of transformations in a given domain of rationality. The 
special simple group of order 504 has been defined more ab­
stractly by Burnside in the Mathematische Annalen, volume 
52 (1899), page 174. Fricke considers this group from a dif­
ferent standpoint in the same volume, page 321. 

In a memoir published in Bihang till Kongl. jSvenska Vetens-
kaps Akademiens Handling ar, volume 25 (1900), Wiman de­
termined all the subgroups of a doubly infinite system of simple 
groups. The article begins with a study of the Galois imagi-
naries and the groups of finite order defined by congruences. 

*Wundt , Math. Annalen, vol. 55 (1901), p. 479. 
f La Vavasseur, Comptes rendus, Paris, vol. 128 (1899), p. 1152 ; vol. 129, 

p. 26. 
% Western, Proc. of the London Math. Soc, vol. 30, p. 209. 
§ Quar. Jour, of Math., vol. 30 (1898), p. 243. 
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Bauer, in a series of articles published in Nouvelles Annales,* 
proved a number of theorems relating to the number of sub­
groups of particular orders that can occur in a group whose 
order is known. Most of these theorems are based upon those 
proved by Frobenius in the Berliner Sitzungsberichte of 1895. 

While some questions in regard to abelian groups, for in­
stance those which relate to the number and the types of groups 
of a fixed order, have been completely solved yet there is 
a large number of others which have received but little atten­
tion. Steinitz has recently considered one of the latter, viz., 
the determination of how many times a group 7 is contained in 
the product a/3 of two abelian groups. In other words, to 
determine the number of subgroups a! such that a' is isomorphic 
with a and <y/af is isomorphic with /3. Representing this 
number by t(y ; a, 8) Steinitz investigated some of the proper­
ties of this function and determined all these groups when /3 is 
cyclic or has just two independent generators.f 

On the occasion of the jubilee of Sir G. G. Stokes, Burnside 
presented a brief memoir on the groups of even order which 
contain no operator of even order except those of order 2. He 
found that these groups may be divided into three distinct 
classes which are represented by the dihedral, tetrahedral, and 
the icosahedral rotation groups. In a more recent paper com­
municated to the London Mathematical Society he considers 
the groups in which every two conjugate operators are permut­
able and proves that the necessary and sufficient condition that 
the order of such a group is finite is that the generators are of 
finite orders. The case when the order is a power of 3 is 
exceptional. J 

§ 2. HOLOMORPHISMS. 

A simple isomorphism of a group G with itself has been 
called a holomorphism or an automorphism of 6r.§ The total­
ity of the holomorphisms of G correspond to a group / k n o w n 
as the group of isomorphisms. When G is transformed by its 
own operators one or more holomorphisms are obtained. The 
totality of the holomorphisms that can be obtained in this way 
correspond to an invariant subgroup Ix of / , which is known as 

* Vol. 19 (1900), pp. 59, 508, 509. 
t Steinitz, Jahresbericht der Deutschen Math.- Vereinigung, vol. 9 (1901), p. 80. 
t Nature, vol. 66 (1902), p. 71. 
$ Annals of Math., vol. 2 (1901), p. 78 ; Frobenius, Berliner Sitzungsber-

chte, 1901, p . 1324. 
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the group of cogredient isomorphisms. When I is abelian, G 
is said to be metabelian and vice versa. A characteristic prop­
erty of metabelian groups is that all their commutators are in­
variant. 

The metabelian groups constitute a special case of a category 
of groups which seems to have been first studied by Ahrens ; 
viz., those in which one arrives at the identity by forming the 
successive groups of cogredient isomorphisms.* It is easy to 
prove that all the groups of this category are the direct products 
of groups whose orders are powers of single prime numbers and 
vice versa, f Dr. Fite has recently made an extensive study of 
the properties of metabelian groups and some of his results have 
been published in the form of abstracts. His memoir on these 
groups is to appear soon in the Transactions of the American 
Mathematical Society. 

The term metabelian seems appropriate since these groups 
have many properties which differ but slightly from those of 
abelian groups. In the development of their theory it is con­
venient to make prominent use of the commutator subgroup 
and the group of cogredient isomorphisms. When the former 
is cyclic and of order pa, p being any prime, the latter contains 
an even number of independent generators, and the correspond­
ing metabelian groups are the direct products of abelian groups 
and a metabelian group of order pm.% The Hamiltonian groups 
constitute a special case of those metabelian groups whose group 
of cogredient isomorphisms is the four-group. The theory of 
metabelian groups clearly involves the determination of all the 
abelian groups which can be groups of cogredient isomorphisms. 
Most of the results in this direction are found in the memoir 
mentioned in the preceding paragraph. 

A number of important properties of a group are exhibited 
in its group of isomorphisms. Comparatively little progress has 
been made in the theory of the simple isomorphisms of a group 
with itself. One of the most important steps in this direction 
has been the determination of all the invariant operators of I 
when G is abelian. These operators correspond to the holo-
morphisms of G in which every subgroup corresponds to itself. 
If this condition is satisfied every operator of G corresponds to 

* Ahrens, Leipziger Berichte, vol. 49 (1897), p. 616 ; cf. Fite, BULLETIN, 
vol. 8 (1902), p. 236. 

f Burnside, Theory of groups, 1897, p. 115; cf. Loewy, Math. Annalen, 
vol. 55 (1901), p. 67. 

% BULLETIN, vol. 7 (1901), p. 86. 



1 1 4 BEPOBT ON GROUPS OF FINITE OBDEB. [ N o v . , 

the same power of itself.* Hence the number of invariant 
operators of / i s the totient of the maximum order of any oper­
ator of G. 

These results have been very materially extended by Mr. 
Young in his recent article " On the holomorphisms of a 
group." f He employs for the first time the convenient term 
a-holomorphism to denote a simple isomorphism of a group 
with itself such that every operator corresponds to its ath power, 
and inquires into the necessary and sufficient condition that a 
non-abelian group may admit a-holomorphisms besides the 
identical one. He finds that a group cannot admit an a-holo-
morphism unless the (a — l)th power of every operator is invari­
ant. When the order of the group is a power of a prime these 
a-holomorphisms correspond to invariant operators in the group 
of isomorphisms but it is not always possible to obtain all the 
invariant operators of the latter group in this manner. 

In any holomorphism each operator corresponds to itself 
multiplied on the right by some operator of the group. The 
totality of these multiplying operators do not necessarily form 
a group. For instance, if the symmetric group of order 6 is 
transformed by one of its operators of order three, the holo­
morphism will be such that the multiplying operators do not 
form a group ; but these operators form a group when the holo­
morphism may be obtained by transforming by an operator of 
order two. In every holomorphism of an abelian group A these 
multipliers always form a group J and it is frequently conve­
nient to consider the holomorphisms of A from this standpoint. 

Not only do the multipliers of the preceding paragraph form 
a subgroup of A but this subgroup (which may coincide with A) 
is also isomorphic with A in every possible simple isomorphism 
of A with itself. If the order of this subgroup is either p or 2p; 
the resulting holomorphism of A will correspond to an operator 

p — 1 of order p, 2p, or —— (a being a divisor of p — 1) in the 

group of isomorphisms / o f A. If, moreover, each operator of 
this subgroup corresponds to itself in such a holomorphism, the 
order of the corresponding operator of I is clearly equal to the 
order of the largest operator of the subgroup. Very little has 
been done towards the development of the theory of holomor-

* Transactions Amer. Math. Soc, vol. 2 (1901), p. 260. 
tYouii£, Ibid., vol. 3 (1902), p. 186. 
X BULLETIN, vol. 6 (1900), p . 337. 
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phisms from this standpoint. I t may be possible to find simple 
conditions which are necessary and sufficient to establish holo-
morphisms of non-abelian groups in this manner. Such condi­
tions would be of considerable interest. 

One of the simplest ways of obtaining a holomorphism of a 
non-abelian group G is to make each of its operators A cor­
respond to its transform with respect to any one of its operators 
B. In calling attention to a slight error in Burkhardt's article 
in the Encyklopaedie, Loewy writes this transform BAB"1 in­
stead of B~lAB.* Moreover Loewy writes BA~lB~~l instead 
of BA~lB as given by Burkhardt. The latter is, however, a 
very insignificant error ; while the former cannot be regarded as 
an error since some good writers have used BAB~l for the 
transform of A with respect to B ;f but the majority of writers 
(including Jordan, Lie, Netto, Weber, Burnside, Bianchi) use 
the form B~lAB. The form used by the minority seems to 
have decided advantages. For instance, in considering the ex­
pression 
F (AB)* = AB AB AB AB... 

= A BAB-1 B2 AB-2 B3AB~S... 

it is convenient to call BAB~l the transform of A, especially 
if some of the commutators are not invariant. Although this is 
not a very important matter yet it would be of some interest to 
know which of these forms is the most advantageous, especially 
since transforms are so frequently employed. 

If any group G is represented as a regular substitution group 
there is a totality of substitutions in the same elements as those 
involved in G which transform G into itself. These form a 
non-regular group known as the holomorph of G. Any one of 
the largest subgroups which do not involve one of the elements 
of this holomorph is simply isomorphic with the group of iso­
morphisms of G and every holomorphism of G can therefore be 
obtained by transforming G by some operator in such a sub­
group. The substance of these remarks is found in my former 
report, page 245. It is repeated here since Burkhardt's state­
ment on bottom of page 221 of the Encyklopaedie seems to 
imply that the holomorph of G is also its group of isomorphisms, 
which is evidently incorrect. 

* Loewy, Math. Annalen, vol. 55 (1901), p. 68. 
t Dyck, Math. Annalen, vol. 22 (1883), p. 75. The present usage seems 

to be due to the influence of Jordan ; cf. Hagen, Synopsis der höheren Mathe-
matik, vol. 1 (1891), p. 285. Cauchy and Serret used the form BAB-1, which 
was called the derivative of A by Betti. 


