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NOTE ON ISOTROPIC CONGRUENCES.
BY DR. L. P. EISENHART.

(Read before the American Mathematical Society, December 28, 1901.)

ConsIDER a sphere § of radius unity and center at the
origin of coordinates, and a surface S, corresponding to § by
orthogonality of linear elements. By a theorem of Ribau-
cour * we know that §, is the mean surface of an isotropic
congruence C. If § is taken to define an infinitesimal de-
formation of §, the associate} surface in this deformation
will be a minimal surface §,;{ then § and §, correspond by
parallelism of tangent planes at corresponding points.
Moreover, if the reciprocal character of the relation existing
between these latter two surfaces is noted, and 8 is consid-
ered as the associate in the deformation of §,, then the sur-
face §; corresponding to §, with orthogonality of linear ele-
ments is the adjoint minimal surface of &§,.

Darboux has shown § that the following relations exist be-
tween the cartesian coordinates of these four surfaces :

2 = %, — Y2 + 2y,
€Y) Y=Yy — 2,0 + .2,
2, =2, — oy + y,2.

Let S be referred to its asymptotic lines ; then §, and §;
will be referred to the double system of lines which is con-
jugate for each || As the latter are adjoint minimal sur-
faces, this double system is.made up of the lines of length
zero on each surface. Weierstrass has shown ** that the
coordinates of S, can be expressed as the following functions
of u and v, parameters referring to the lines of length zero :

£y =25 1) + uf (u) — ()

+ 15050 + @) = i),

* Etude des Elassoides, chap. 8 (Mémoire couronné par 1’Academie de
Belgique) ; Darboux, vol. 4, p. 15.

1 Bianchi, p. 279.

I Darboux, vol. 4, p. 96.

¢ Ibid., p. 66.

| Bianchi, p. 284.

** Darboux, vol. 1, p. 289.
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@ =i M )y — i) + i)

— 1_+_” £ + if! (v) — if,(v),

zy=uf"(u) — f'(u) + o, (v) — f/(v),

where accents denote differentiation. Since S, is the adjoint
minimal surface of §,, the codrdinates x,, y,, 2, have the fol-
lowing expressions : oK

r=i[ (L5 + w0 — fw)

(!

3 _ (1+u

2 WYORTRO =5m)]

S (W) —uf" (W) + f(u)

OB IORIION
2, =1 (uf"(u) — f'(u) — of)"(v) + f/(v)).

Since § and 8, have parallel tangent planes at correspond-
ing points and 8§ is a sphere of radius unity, the codrdinates
z, 1, z are equal to the direction cosines of the normal to S.
Hence these codrdinates have the following expressions :

@  e=

u— _iv—u __uv—l
14+ w’ y= 1+w T i1+w

Substituting in (1) the above expression for z, -, 2, we
find
—_ u+v ? A f+f1
xl 1+U’U(f +fl) 21+’M’U,
V=, i —
®) O e AR SO R P
_ L . _oufi+f
21_1+uv(‘f +4 21+1w'

But these are the expressions found by Darboux | for the

* Darboux, vol. 1, p. 323.
+ Ibid., p. 296.
1 Darboux, vol. 4, p. 17.
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cartesian coordinates of a point on the mean surface of an
isotropic congruence, where the functions f and f, which
enter in these expressions refer to the minimal surface
which is the envelope of the mean planes of the congru-
ence. In the present case these functions refer to S, the
adjoint minimal surface of S,, the latter being the associ-
ate of S in the deformation determined by S,. Hence we
have the following theorem :

The middle envelope of an isotropic congruence is the adjoint of
the minimal surface which is the associate surface in the infinitesi-

mal deformation of the sphere, the directriz of the congruence.
PRINCETON,
November, 1901.

KRONECKER’'S LECTURES ON THE THEORY OF
NUMBERS.

Vorlesungen iiber Mathematik, von Leopold Kronecker, herausge-
geben unter Mitwirkung einer von der Koéniglich Preus-
gischen Akademie der Wissenschaften eingesetzten Kom-
mission. In zwei Teilen. Zweiter Teil. Vorlesungen iiber
Allgemeine Arithmetik. Bearbeitet und herausgegeben von
Dr. Kurt HEensgn. Erster Abschnitt: Vorlesungen diber
Zahlentheorte. Erster Band. 8vo., xvi + 509 pp. Teub-
ner, 1901.

In the summer semester of 1841 Lejeune Dirichlet gave,
for the first time, a course of lectures under the title of
‘¢ Zahlentheorie” at the university of Berlin.* These
lectures were attended by Kronecker. The subject was
soon afterward added to the regular announcements not
only at Berlin but also at the other German universities.
The fact that during the winter semester of the current
university year at least seven of the German universities
offered courses on this subject, given by such well-known
men as Frobenius, Weber, and Gordan, is sufficient evi-
dence of the abiding interest in the theory which, accord-
ing to Gauss, excels all other parts of pure mathematics in
““its magic charm ’’ and ¢‘its inexhaustible richness.”’

The volume before us is to be followed by a second on
the same subject. In these volumes the editor aims to de-
velop the theory of numbers in such a manner as to preserve
the personal imprint of Kronecker, but to fill out the lJacunee
which the lectures of this great arithmetician naturally pre-

* Under the title of ‘‘Anfangsgriinde der héher en Arithmetik ?’ Dirich-
let offered a course on the theory of numbers at Berlin as early as 1833,



