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Abstract

We prove the birationality of multiple Berglund—Hiibsch—Krawitz
(BHK) mirrors by using Shioda maps. We do this by creating a bira-
tional picture of the BHK correspondence in general. We give an explicit
quotient of a Fermat variety to which the mirrors are birational.

1 Introduction

The mirror symmetry conjecture predicts that for a Calabi—Yau variety, M,
there exists another Calabi—Yau variety, W, so that various geometric and
physical data are exchanged between M and W. A classical relationship
found between so-called mirror pairs is that on the level of cohomology

H"(M,C) = H"""(W,C)

provided that both Calabi—Yau varieties M and W are N-dimensional. In
1992, Berglund and Hiibsch proposed such a mirror symmetry relationship
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between finite quotients of hypersurfaces in weighted projective n-space [5].
Suppose Fy is a polynomial

Fa=> T]=}", (1.1)

i=0 j=0

where a;; € N, so that there exist positive integers ¢; and d so that
Zj a;jq; = d for all ¢ (i.e., F4 is quasihomogeneous). The polynomial F4
cuts out a hypersurface X4 := Z(F4) C WP"(qo,...,qn) of dimension
N = n — 1. Further assume that this hypersurface is a quasismooth Calabi—
Yau variety (the Calabi-Yau condition is equivalent to ) . ¢; = d and see
Section 2 for details about the quasismooth condition). Greene and Plesser
[13] proposed a mirror to X4 when the polynomial F4 was Fermat. Their
proposed mirror for the hypersurface X4 was a quotient of X4 by all its
phase symmetries of X4 leaving the cohomology H™"(X 4) invariant. The
problem was that their proposal does not work well for the case when
X4 was not a Fermat hypersurface. Berglund and Hiibsch proposed that
the mirror of the hypersurface X4 should relate to a hypersurface X 4r
cut out by

Fyr = i ﬁ " (1.2)

i=0 j=0

The hypersurface X 4r sits inside a different weighted-projective 4-space,
WP"(rg,...,r,). Berglund and Hiibsch proposed that the mirror of X4
should be a quotient of this new hypersurface X 4r by a suitable subgroup
P of the phase symmetries. In several examples, they showed that X 4 and
X 4r /P satisfy the classical mirror symmetry relation in that

hP(X 4,C) = K" 174X 4r /P, C).

This proposal fell out of favour when Batyrev and Borisov developed the
powerful toric approach (see [2,3,4]). In the 2000s, Krawitz [14] revived
Berglund and Hiibsch’s proposal by giving a rigorous mathematical descrip-
tion of their mirror and proving a mirror symmetry theorem on the level of
Frobenius algebra structures.

Krawitz also generalized the Berglund-Hiibsch mirror proposal by intro-
ducing the notion of a dual group: we start with a polynomial F)4. Consider
the group SL(F4) of phase symmetries of F4 leaving H™%(X4) invari-
ant. Define the subgroup Jg, of SL(F4) to be the group consisting of the
phase symmetries induced by the C* action on weighted-projective space
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(so that all elements of Jp, act trivially on the weighted-projective space).
Take the group G to be some subgroup of SL(F4) containing Jp,, i.e.,
Jr, € G C SL(Fy4). We obtain a Calabi-Yau orbifold Z4 ¢ := X4 /G where

G :=G/Jp,. Consider the analogous groups SL(Fyr) and Jp,, for the

polynomial F,r. Krawitz defined the dual group GT relative to G so
that Jp, . C GT C SL(F,r). For precise definitions of these groups, we
direct the reader to Section 2. Take the quotient GT := GT/.J F,r- The
Berglund-Hiibsch-Krawitz (BHK) mirror to the orbifold Z4 ¢ is the orb-
ifold Zyr gr == Xyr/ GT. Chiodo and Ruan [9] proved the classical mirror
symmetry statement for the mirror pair Z4 ¢ and Z4r gr is satisfied on the
level of Chen—Ruan cohomology

H%(Za,C) = Hig' P Zyr o7, C). (1.3)

One can compare the mirrors found in BHK mirror duality to the mirrors
of Batyrev and Borisov. In Batyrev—Borisov mirror symmetry, a family of
Calabi—Yau hypersurfaces in one toric variety all have mirrors that live inside
a family of hypersurfaces in a different toric variety. A feature of BHK mirror
symmetry is that it proposes possibly distinct mirrors of isolated points of
the family in the Calabi—Yau moduli space — not mirrors of families like the
work of Batyrev and Borisov. These BHK mirrors of the isolated points may
not live in the same family. Suppose one starts with two quasihomogeneous
potentials F)y and Fy

Fa=>T]=". Fu= f: ﬁxj’ (1.4)

i=0 j=0 i=0 j=0

Assume that there exist positive integers g;, ¢, so that X4 = Z(F4) C WP"
(90, ---,qn) and Xa» = Z(Far) C WP™(g(, ..., q,) and that X4 and X 4 are
Calabi—Yau. Take G and G’ to be subgroups of the group of phase symme-
tries that leave the respective cohomologies H™(X 4,C) and H™"(X 4/, C)
to be invariant. We obtain two Calabi-Yau orbifolds Z4 ¢ and Z4/ . One
can find examples Z4 ¢ and Z4 ¢ in the same family where their BHK
mirrors Zr gr and Z4nr (gyr will be quotients of hypersurfaces in differ-
ent weighted-projective spaces. See Section 5 for an explicit example.

Since the mirrors proposed by BHK and Batyrev—Borisov mirror symme-
try are different, we ask the question of how we can relate them. Iritani
suggested to look at the birational geometry of the mirrors Zyr gr and
Zanr (gryr- In this paper, we prove the following theorem.
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Theorem 1.1. Let Z5 ¢ and Za ¢ be Calabi—Yau orbifolds as above. If the
groups G and G’ are equal, then the BHK mirrors Zyr gr and Zianr gnr
of these orbifolds are birational.

Interpretations of BHK mirror duality into toric language have been con-
structed by Borisov [8], Clarke [10] and Shoemaker [17]. Each has had its
own benefits. Borisov’s interpretation provides a framework that generalizes
BHK mirror symmetry to complete intersections as well as starts to unify
BHK mirror symmetry with that of Batyrev—Borisov mirror symmetry. One
issue with this unification is that the Gorenstein cones proposed for his toric
BHK framework are not dual to one another in general, i.e., they are not
dual when A is not diagonal (see Remark 2.3.9 of [8]). One way to con-
strue the work done in this paper is to give intermediate evidence that this
may not be an issue when viewed under Kontsevich’s homological mirror
symmetry, provided that the Calabi—Yau orbifolds have mild singularities.
Clarke’s interpretation has the benefit of being very general, but has the
side effect that the details have not been worked out carefully. Shoemaker’s
interpretation is a specialized version of Clarke’s framework.

Shoemaker proved in recent months a weaker version of Theorem 1.1
where he additionally assumes that X 4 and X 4r were in the same weighted
projective m-space.We show that the Calabi-Yau orbifolds Z4 g, Za/qr,
Zyr gr and Z gt gryr are all birational to different finite group quotients
of a Fermat variety in projective space P". In the case where the group G
equals G, we see that the mirrors Zr or and Zanr (qryr are birational to
the same quotient of the Fermat variety.

An expert on Borisov’s construction may note that his Calabi—Yau condi-
tion is that the sum of entries of the inverse matrix of A, >, (A71);;, must
be an integer (Proposition 2.3.4 of [8]). In this paper we assume it is exactly
one, in order to focus on the classical BHK framework; however, our proof of
birationality of these varieties works the same in the more general context.
This is another feature to our theorem that is not emulated in Shoemaker’s
theorem. We hope that a reader that enjoys the toric interpretation to BHK
duality appreciates how this can be thought of as a result that helps with the
nonduality of the Gorenstein cones of [8]. On the other hand, all methods
we use will avoid toric geometry. We find this to be nice as it keeps in the
tradition of BHK duality being more classical in nature.

A key technical idea for proving Theorem 1.1 is using Shioda maps. Orig-
inally, Shioda used these maps to compute Picard numbers of Delsarte
surfaces in [16]. These maps entered the multiple mirror literature in [7]
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where they were generalized and then used to investigate Picard—Fuchs equa-
tions of different pencils of quintics in P*. The Shioda maps were then further
generalized to look at Gelfand-Kapranov-Zelevinsky (GKZ) hypergeometric
systems for certain families of Calabi—Yau varieties in weighted-projective
space in [6]. This paper provides a more concrete description of how Shioda
maps relate to BHK mirror symmetry than the previous two papers, and
explains the groups used in the theorems of [7,6] in the context of BHK
mirrors (see Section 3.2). In future work, this framework will be used to
probe Kéhler moduli space of the Calabi—Yau orbifolds.

1.1 Organization of the paper

In Section 2, we review the BHK mirror construction and the results of
Chiodo and Ruan. In Section 3, we use the Shioda map to discuss the
birational geometry of the BHK mirrors and the groups involved in [7, 6]. We
then show the birationality of the Calabi-Yau orbifolds Z4 ¢ and Zr gr to
finite quotients of a Fermat variety in projective space. In Section 4, we use
the results found in Section 3 to prove Theorem 1.1. Section 5 concludes the
paper by giving an explicit example where we take two Calabi—Yau orbifolds
and show that their BHK mirrors are hypersurfaces of different quotients of
weighted projective spaces. We then show that the BHK mirrors provided
in the example are birational.

2 BHK duality

We start with a matrix A with nonnegative integer entries (a;;);;_o. Define
a polynomial

n n
S B
=0 j=0
and impose the following conditions:

(1) the matrix A is invertible;
(2) the polynomial F4 is quasihomogeneous, i.e., there exist positive inte-
gers ¢j, d so that

n
> aig; =d
j=0

for all 7; and
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(3) the polynomial F} is a nondegenerate potential away from the origin,
i.e., we are assuming that, when viewing F4 as a polynomial in C"*!,
Z(F4) has exactly one singular point (at the origin).

Remark 2.1. These conditions are restrictive. By Theorem 1 of [15], there
is a classification of such polynomials. That is, F4 can be written as a sum
of invertible potentials, each of which must be of one of the three so-called
atomic types:

e a
WFermat =T,
Am,—
Wicop 1= 1@ + 252x3 + - - + 2, Ty + T 21, (2.1)

am—1
Wehain 1= xtllll? + 1'32373 + - $mm,1 Ty + xfnm.

Using condition (1), we define the matrix B = dA~!, where d is a positive
integer so that all the entries of B are integers (note that d is not necessarily
the smallest such d). Take e := (1,...,1)T € R” and

q:= Be, ie., ¢ = Zbij‘
J

Then the polynomial Fj defines a zero locus X, = Z(F4) C WP"
(qos - - -, qn). Indeed, with these weights, the polynomial F4 is quasihomoge-
neous: each monomial in F4 has degree Z?:o a;jq; = d, as Aq = ABe = de.
Condition (2) above is used to ensure that each integer ¢; is positive.

Assume further that ). ¢; = d is the degree of the polynomial, which
implies that the hypersurface X4 is a Calabi-Yau variety. Define Sing(V')
to be the singular locus of any variety V', we say the hypersurface X 4 is qua-
sismooth if Sing(X4) € Sing(WP"(qo, ..., qn)) N X4. Condition (3) above
implies that our hypersurface X 4 is quasismooth. We remark that condition
(1) is used once again when we introduce the BHK mirror in Section 2.2: it
ensures that the matrix AT is a matrix of exponents of a polynomial with
n + 1 monomials and n 4 1 variables.

2.1 Group of diagonal automorphisms

Let us discuss the groups of symmetries of the Calabi-Yau variety Xp,.
Firstly, consider the scaling automorphisms of C**!\ {0}, n > 2. There
is a subgroup, (C*)"*1, of the automorphisms of C**1\ {0}. Explicitly,
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an element (\g,...,\,) € (C*)"*! acts on any element x = (g, ...,7,) €
€\ {0} by

()\0, ey >\n) X (xo, . ,xn) — ()\o.r(), ey /\nxn)

We view the weighted projective n-space WP"(qo, ..., q,) as a quotient of
C™*1\ {0} by a subgroup C* C (C*)™*! consisting of the elements that can
be written (A%/? .. X4/} for some A € C*.

Moreover, there is a second subgroup of (C*)"*!1, denoted Aut(Fy), which
can be defined as

Aut(Fa) :={(Nos- -, M) € (C)" T Fa(Noo, - - -, Ann)
= Fa(zg,...,x,) for all (zg,...,z,)}.

This group is sometimes referred to as the group of diagonal automorphisms
or the group of scaling symmetries. Note that for (Ag,...,\,) to be an
element of Aut(F4), each monomial []7_, a:j” must be invariant under the
action of (Ag,...,An).

Using the classification of Kreuzer and Skarke (see Remark 2.1), we can
see that for any polynomial of one of the atomic types that each \; must
have modulus 1. If the polynomial F is of Fermat-type, then A%x% =
z® hence \* = 1. If Fy is of loop-type, then Af*Xip1 =1 for all i < ap,

hence A\iy1 = A; “. Moreover, A%"\; =1 hence A\ = ;" = Apmam=l =

-= )\g_l)mal"’am. If [A\| # 1 then (—1)™ay ...ay = 1. This would require
m to be even and a; to be 1 for all . However, then the degree of the poly-
nomial, d, must be ¢ + ¢2; however d = > ;¢;, n > 2, and ¢; > 0, hence

a contradiction is reached. Lastly, if Fs is of chain-type, Almzlm = xdm,
hence |A,,|%" = 1. This implies that |[A'" ' Ap| = |\ =1, and so on,

hence |A\;| = 1. Any polynomial that is a combination of such types has an
analogous argument.

Since each \; can be written as i, for some 6; € R, we can then see
that (Xo,...,An) € Aut(Fy) if and only if we have that [[}_, etaii% =1

for all 3. The map (Ao,...,An) — (5= 1og(Xo), - - ., 5=7 log(\,)) induces an
isomorphism
20
Aut(Fa) = Q (20,---,20) € (R/Z)" |A| & | ez 5. (2.2)



1432 TYLER L. KELLY

We then observe that we can describe Aut(F4) as being generated by the
elements

pi = (eXThor/d L einild) € ()

Moreover, there is a characterization by Artebani, Boissiere and Sarti of the
group Aut(F4) (Proposition 2 of [1]).

Proposition 2.2. Aut(Fy) is a finite abelian group of order | det A|. If we
think of Fa as a sum of atomic types, Fa,(zo,...,zi) + -+ Fa,(zi,_,+1,

., Tn), then we may characterize the elements of Aut(Fa) as being the
product of the k groups Aut(Fa,). The groups Aut(Fa,) are determined
based on the atomic types:

(1) For a summand of Fermat type Wrermat = %, the group Aut(Wgermat)
is isomorphic to Z/aZ and generated by ¢ = e?m/a ¢ C*.

(2) For a summand of loop type Wipop = 2 T2 + 25223 + -+ - + T T +
xlmay, the group Aut(Wieep) is isomorphic to Z/T'Z where F =aj.
am + (=1)™*L and generated by (o1, ..., 0m) € (C*)™, where

o1 1= 2V gnd o = 2D e /T s o
(3) For a summand of chain type, Wepain = 5 @ + 25223 + - 20 0y +

xlm . the group Aut(Wenain) is isomorphic to Z/ (a1 - - - am)Z, and gen-
erated by (p1,...,0m) € (C*)™, where

2mi(—1)" " Ja,...am

Pi =€

Note that there is some overlap in the subgroups of (C*)"*!. Let Jp, =
Aut(F4) N C*. The group Jp, is generated by (e?miao/d  e2mian/d) which
is clearly in Aut(F4) because Z;L:[) a;jq; = d and the alternate description

provided by the isomorphism above in equation (2.2) (moreover, (e?7%0/d
7627mqn/ﬂl) — H?:O pi € Aut(FA))-

We now introduce the group
SL(Fa) =< (Mo, ..., An) € Aut(Fy) H

The group Jr, is a subgroup of _SL(FA) as a generator of Jg, is the element
(e?7193/4); and I1; e2mia;/d = ¢*3 239 = 1. Fix a group G so that Jp, C G C
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SL(F4) and put G := G/Jp,. To help summarize, we have the following
diagram of groups:

JFA C JFA C JFA C C*

I

G SL(FA)“— Aut(Fy)—— (C*)"H!

| |

G:=G/Jp, (C*)m

Consider the Calabi-Yau orbifold, Za¢ = Xr,/G C WP"(qo,...,qn)/G.
We now will describe the BHK mirror to it.

2.2 The BHK mirror

In this section, we construct the BHK mirror to the Calabi—Yau orbifold
Z ¢ defined above. Take the polynomial

Fur = zn: ﬁ X5 (2.3)

i=0 j=0

It is quasihomogeneous because there exist positive integers r; := > ; bji s0
that

Far(N°Xg, ..., A" X,,) = MFyr(Xo, ..., Xn). (2.4)

Note that the polynomial Fyr cuts out a well-defined Calabi-Yau hyper-
surface X 47 € WP™(rg,...,7y,). Define the diagonal automorphism group,
Aut(F4r), analogously to Aut(F4). By the analogous isomorphism to that
in equation (2.2), the group Aut(F4r) is generated by p! =
diag(e2™bi/ d)?zo € (C*)"*1. Define the dual group GT relative to G to
be

G = {H@?)Si

n
si € Z, where Ha:fz is G—invariant} C Aut(Fyr).
=0

1=0

(2.5)

Lemma 2.3. If the group G is a subgroup of SL(F4), then the dual group
G" contains the group J For-
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Proof. 1t is sufficient to show that the element H?:o pJT is in the dual
group GT. This is equivalent to H?:o xj to be G-invariant. Any ele-
ment (Ao, ...,An) of G acts on the monomial []_qx; by [[j_gA; =1 (as
G C SL(Fya)). O

Lemma 2.4. If the group G contains Jp,, then the dual group GT is
contained in SL(Fyr).

The proof of this lemma is analogous to the lemma above. As the
dual group G7 sits between Jr . and SL(F,r), define the group G7 :=

GT/)J F,r- We have a well-defined Calabi-Yau orbifold Zyr gr := Xyr/ GT

C WP™(rg, . ..,7n)/GT. The Calabi-Yau orbifold Z At r is the BHK mirror
to ZA7g.

2.3 Classical mirror symmetry for BHK mirrors

In this section, we summarize some results of Chiodo and Ruan for BHK
mirrors. This section is based on Section 3.2 of [9]. We recommend the
exposition there. Recall that we can view the weighted projective n-space
WP"(qo, - ..,q,) as a stack

[+ {0}/C] (2.6)
where a group element X\ of the torus C* acts by
Axoy .o oymy) = (A, ..., N Inay,). (2.7)
The quotient stack WP™(qo, ..., qn)/ G is equivalent to the stack
[c™1\ {0}/GC*] (2.8)

so we can view the Calabi-Yau orbifold Z4 ¢ as the (smooth) Deligne-
Mumford stack

[Zac) = [{z € C""\ {0} Fa(z) =0} /GC*] C [C™H1\ {0}/GC*}(.2 0



BHK MIRRORS VIA SHIODA MAPS 1435

We now review the Chen—Ruan orbifold cohomology for such a stack. Intu-
itively speaking, it consists of a direct sum over all elements of GC* of
G-invariant cohomology of the fixed loci of each element.

If ~ is an element of GC*, take the fixed loci

n+1l . __ n+1 _
CrH s = fx € €\ {0}y - x = x},

2.10
X} = {Falgun =0} C CIH (2.10)

Fix a point x € X ). The action of v on the tangent space Tx({Fa = 0})
can be written as a diagonal matrix (when written with respect to a certain
basis), Ay = diag(e%i“?, ol 62”“71), for some real numbers a; € [0,1). We
then define the age shift of v

n

1
a(y) := 5 log(det A,) ;1 al. (2.11)

We now may define the bigraded Chen—Ruan orbifold cohomology as a direct
sum of twisted sector ordinary cohomology groups

HP4([Zac).C) = @ HP0a-a0)(X)/GC*,C). (2.12)
yeGC*

The degree d Chen—Ruan orbifold cohomology is defined to be the
direct sum

HgR([ZA,GLC): @ Hg]?{([ZA,G]a(C)' (213)
p+q=d

Continue to assume that the group G contains Jr, and is a subgroup of
SL(Fy4) and the hypersurface X4 is Calabi-Yau. Chiodo and Ruan prove:

Theorem 2.5 (Theorem 2 of [9]). Given the Calabi-Yau orbifold Z, g
and its BHK mirror Zr gr as above, one has the standard relationship
between the Hodge diamonds of mirror pairs on the level of the Chen—Ruan
cohomology of the orbifolds

H24([Zac),C) =2 Hpy' PU([Zar 7], C).

This is a classical mirror symmetry theorem for such orbifolds. We remark
that in the case of orbifolds the dimension of the bigraded Chen—Ruan



1436 TYLER L. KELLY

orbifold cohomology vector spaces and stringy Hodge numbers agree. More-
over, we have:

Corollary 2.6 (Corollary 4 of [9]). Suppose both Calabi—Yau orbifolds
Zac and Zyr gr admit smooth crepant resolutions M and W, respectively,
then we have the equality

WP9(M, C) = WP, C),

where hP4 is the ordinary (p,q) Hodge number.

3 The Shioda map and BHK mirrors

We now introduce the Shioda map and relate it to BHK mirrors. Recall
the hypersurfaces X4 and X 4r as above. Define the matrix B to be dA~!
where d is a positive integer so that B has only integer entries. The Shioda
maps are the rational maps

¢p : P" -—> WP"(qo, . .., qn),

3.1
¢pr P - WP"(rg,...,7T0), (3:-1)
where
¢ b
Wo - tyn) 3 (@0 i),z = [[ur"
k=0
, " (3.2)
T bes
(vo Yn) o (20 Zn), Rj = H ykkj
k=0

Consider the polynomial
n
Fyr = nyl (3.3)
i=0

and the Fermat hypersurface cut out by it, X4 := Z(F4;) C P™. Note that

the Shioda maps above restrict to rational maps Xy —¢—B+ X4 and Xy —d)—Ba

X 47, respectively, allowing us to obtain the diagram

X4 (3.4)

N
¢B N2
Ve N
» S

X4 X 4

e
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We now reinterpret the groups G' and G” in the context of the Shioda
map. Any element of Aut(Fy;) is of the form g = (e*™"/);  for some
integers hj. When we push forward the action of g via ¢, we obtain the
diagonal automorphism

2mi L

(65)(g) = (0 Zo=0%"); € Aut(Fa). (3.5)

The element (¢p)«(g) is a generic element of Aut(F4), namely H?:o p?j .

We turn our attention to describing the dual group G” to G. If we push the
element g7 := (e275i/4); ¢ Aut(F,;) down via the map ¢ zr, then we get the
action

n

(6pr)e(gh) = (8 Zimosbiay; = T (o7 (3.6)

=1

In other words, we have (surjective) group homomorphisms

(65)« : Aut(Fyr) — Aut(Fa), o
(ppr)s : Aut(Fyr) — Aut(Fyr). '

This gives us a new interpretation of the choice of groups G and
GT: both are pushforwards of subgroups of Aut(Fy;) via the Shioda maps
¢p and ¢pr, respectively.

3.1 Reinterpretation of the dual group

We now reformulate the relationship between the groups G and GT' via a
bilinear pairing. Consider the map

(g2 x 2" —Z

)

where (s, h)p := sT Bh. Choose a subgroup G' C Aut(F}4), so that Jg, C G.
Then set H := ((¢p)«)~1(G). Note that the map (h;); — (e27/9); induces
a natural, surjective group homomorphism

zntt B Aut(Fyy). (3.8)
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Take H to be the inverse image H := pr~'(H) of H under this map. We
can then define the subgroup H+5 C Z"*! to be

Hts .= {S c 7zt

(s,h)p € dZ for all h € H} : (3.9)

Define H15 to be the image of H+# under pr, pr(H5).

We remark that it is clear that the group Jp,, is contained by H as
(¢B)«(e2md, . . . e2mi/d) = [1; pj is a generator of Jp,.

We have assumed that the group G is a subgroup of SL(F4). This requires
that, for all group elements h = (hy,); € H, the product H?:o e @ L bykhi
equals 1. This implies that the sum Z; k=0 Djrhy is an integer divisible by d;
therefore, (1,...,1) € H*L5. So, its image pr(1,...,1) must be in H5. The
element pr(1,...,1) = (e2™/4 .. €27/} is a generator of the group JF,;,
hence H+5 contains Jry, -

Moreover, if one unravels all the definitions, one can see that (¢pr)«
(H2) =GT. In order for a monomial [[/ ;" to be G-invariant, we
will need, for any [], p?i = (e% i=0ishi); € G, that [T =i =11,

(e% i=0ishi z:)%i | This is equivalent to >_i; sibijhj being a multiple of d.

3.2 Birational geometry of BHK mirrors

We now give a theorem of Bini, written in our notation (Theorem 3.1 of [6]):

Theorem 3.1. Let all the notation be as above. Then the hypersurfaces
X4 and X 1 are birational to the quotients of the Fermat variety Xar/

((68)) " (Jra)/ TFyy) and Xar/((¢pr)e) " (Jr,)/ TFur ), Tespectively.

We now give a few comments about the proof of the above theorem. It is
proven via composing ¢p with the map

qa : WP”(QOy s >qn) - Pn+17

. . .. aij . . Anj
(o 1. xpy) — Hx].H:):j ij
J J

J

(3.10)
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Note that the composition g4 o ¢p : Xgr --+ P"*! gives the map
q;
(Yo: v :yYn) — Hyjj:yil:...:yg . (3.11)
J

Letting m = ged(d, g, - - -, q,), we describe the closure of the image as

My :=Z (Z g, uld ™ = Hufl{/m> c Pt (3.12)
=1

=1

Bini then proves that the map g4 o ¢p is birational to a quotient map, which
in our notation implies the birational equivalence

M =~ Xar /(¢ (SL(Fa)) [ TFyy). (3.13)

Bini then refers the reader to the proof of Theorem 2.6 in [7] to see
why the other two maps are birational to quotient maps as well. Note
that Bini requires d to be the smallest positive integer so that dA~" is an
integral matrix, but the requirement that d is the smallest such integer is
unnecessary. One can just use the first part of Theorem 2.6 of [7] to eliminate
this hypothesis.

An upshot of this reinterpretation of the theorem is that the mirror
statement of BHK duality is a relation of two orbifolds birational to dif-
ferent orbifold quotients of the same Fermat hypersurface in projective
space. Namely, X 4/G is birational to Xq7/(((¢8)«) " (Jr,) + H/JE,,) while
X 47 /G7 is birational to Xd[/(((gbBT)*)_l(JFAT) +HY2/JR,,). As Jp, CG
and J F,r cGT

(¢5)+) " (Jr) € ((95)) 1 (G) = H,

(3.14)
(ppr)e) ' (Jr,r) € ((ppr)e) (GT) C H'P

which gives us the following corollary:

Corollary 3.2. The Calabi—Yau orbifold Z 5 ¢ is birational to Xqr/(H/JF,,)
and its BHK mirror Z gr r is birational to Xar/(HYB ) Jg,,).
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4 Multiple mirrors

As stated in the introduction, one can take two polynomials

n n n n ,
FA:ZH:U?U, FA/:ZHm;” (4.1)

i=0 j=0 i=0 j=0

that cut out two hypersurfaces in weighted-projective mn-spaces,
X4 CWP™(qo,---,qn) and X 0 C WP™(q),...,q)), respectively. Take two
groups G and G’ so that Jp, € G C SL(Fy4) and Jp,,. C GT C SL(Fyr).
We then obtain two Calabi-Yau orbifolds Z4 g := X A/é and Za g =
X /G

Even if these two orbifolds are in the same family of Calabi—Yau varieties,
they may have BHK mirrors that are not in the same quotient of weighted-
projective n-space (see Section 5 for an explicit example or Tables 5.1-3 of
[12]). Take the polynomials

n n n n
FAT - Z H $?ji, F(A/)T - Z H l‘?ﬂ. (42)

i=0 j=0 i=0 j=0

They are quasihomogeneous polynomials but not necessarily with the same
weights. So they cut out hypersurfaces X, r and X 4yr. Take the dual
groups GT and (G")” to G and G’, respectively. We quotient each hypersur-
face by their respective groups, GT := GT/JFAT and (G))T := (G’)T/JF(

A/)T °
We then have the BHK mirror dualities
ZA,G BHK mirrors ZATygT,
(4.3)
BHK mirrors
ZA’,G” — Z(A/)T7(G/)T.

In this section, we will investigate and compare the birational geometry
of the BHK mirrors of the Calabi-Yau orbifolds Z4 ¢ and Z 4 ¢ by using
the Shioda maps. Take positive integers d and d’ so that B := dA~! and
B’ :=d'(A")~! are matrices with integer entries. Then we can form a “tree”
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diagram of Shioda maps:

_ Xadrr _
gy~ T~ $ar
A - - =~ ~ s
Xar Xar
o5~ < %7 b 7 ¢(B1T
/ N Ve N
# z + 2
XA XAT X X(A/)T

One can then calculate that ¢ o ¢o; = ¢eps for any integer valued matrix
M and positive integer ¢. This means we can simplify our tree to just the
diagram:

_ Xaarr _
¢d/§//’:// \\:\\\(bi(B’)T (4.5)
//// L/¢d’BT ban’ \‘ \\\\§~ ’
XA - XAT XA/ X(A/)T

The Calabi-Yau orbifolds are just finite quotients of the hypersurfaces
Xa, Xyr, Xy and X(A,)T, so we can view them in the context of the
diagram:

_ Xdarr _
bap_ -~ 7 SO T =< ST
_ - - N ~
//// ;/¢d’BT (de’\* \\\\s
XA - XAT XA’ X(A/)T
Zaa Zpr gr Za e Zany (Gnr

(4.6)
Letting H and H' be the groups H := (¢4 p); (G) and H' := (¢gp); 1 (G'),
we know that:

Proposition 4.1. The following birational equivalences hold:

Zac =~ Xaar/(H/JF,,,),

(
ZAT,GTZJde/[/(H dB/JFdd/I)’ (4 7)
Zarcr ~ Xaarr/( '
(

Zanyr qanyr = Xaar/((H )LdB'/JFddu)
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Proof. Follows directly from Corollary 3.2. O

Recall that we are asking for the conditions in which Z,r gr and Z( 4y (gr)r
are birational. This question can be answered if we can show that the groups
H+5 and (H')‘4s' are equal. We now prove that such an equality holds,
if we assume that the groups G' and G’ are equal.

Lemma 4.2. If the groups G and G' are equal, then Ha'5 and (H')*as’
are equal.

Proof. Set H :=pr~'(H) and H’':=pr~'(H') (recall these groups from
Section 3.2). Note that we have an equality of groups (¢zp)s o pr(H) =
G = G’ = (¢ap')« o pr(H'). This implies that, for any element h € H, there
exists an element h’ € H’' so that ¢’ Bh = dB'h’.

Suppose that s € (H')Las'. We claim that s is in Htes, ie., for every
h € H, that (s,h)yp € dZ. Indeed, this is true. Given any h e H, there
exists some h’ as above where d’Bh dB'h, hence (s,h)ap = (s,h')ap €
d7Z, as s € (H')*as'. This proves that (H )Ld’B C (H')*as'. By symmetry,
we now have the equality of the groups, H+d's = (H’)LdB’.

This implies that the images of the groups H+«'s and (H')‘s’ under the
homomorphism pr are equal, hence H+#5 and (H')a5’ are equal. U

We then have the proof of Theorem 1.1:

Theorem 4.3 (=Theorem 1.1). Let Zaq and Zy ¢ be Calabi-Yau
orbifolds as above. If the groups G and G’ are equal, then the BHK mirrors
Zyr gr oand Zanr e of these orbifolds are birational.

Proof. Follows directly from Proposition 4.1 and Lemma 4.2. U

5 Example: BHK mirrors, Shioda maps and Chen—Ruan
Hodge numbers

In this section, we give an example of two Calabi-Yau orbifolds Z4 ¢ and
Zp ¢ that are in the same family, but have two different BHK mirrors
Zyr gr and Zgnr qnyr that are not in the same family. As mentioned
before, this is a feature of BHK mirror duality that differentiates it from
the mirror construction of Batyrev and Borisov. We will show that the
BHK mirrors are birational to each other and that their Chen—Ruan Hodge
numbers match.
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Consider the polynomials

Fai=uof +y5+ys+ui+ 98, )
Fao=yf + 95+ y3 + i + yays.

The polynomials F4 and Fa cut out hypersurfaces X4 = Z(F4) and
Xar = Z(Fy), two well-defined hypersurfaces in the (Gorenstein) weighted
projective 4-space WP4(3,3,6,8,4). Note that they are in the same family.

We now address the groups involved in the BHK mirror construction. Set
¢ to be a primitive 24th root of unity. The groups Jp, and Jp,, are equal
and are generated by the element (¢3,¢3,¢%,¢8,¢*) € (C*)°. We take G and
G’ to be the same group, namely we define it to be

G=G":= (¢ ¢, Y, (¢ 1,¢5,1,1),(1,1,¢2,1,¢). (5.2

Note that each of the generators of the group G are also in SL(Fy) and
SL(Fg4), hence the group G satisfies the conditions required for BHK dual-
ity. We quotient both the hypersurfaces by X4 and X 4+ by the group G/Jr,
to obtain the Calabi-Yau orbifolds Z4 ¢ and Z 4 ¢ which are in the same
family of hypersurfaces in WIP4(3,3,6,8,4)/(G/Jr,).

5.1 BHK mirrors
Next, we describe the BHK mirrors to Z4 ¢ and Z4/ . The polynomials
associated to the matrices A and AT are

Fur =Fa:=vy8+05 +vu5+ui +18, 653

Fur: :zf+z§+z§+zZZ5+z§.

While the hypersurface X v = Z(F4r) is in WIP*(3,3,6,8,4), the hyper-
surface X4y = Z(Fyr) is in a different (Gorenstein) weighted projective
4-space, namely WP*(1,1,2,2,2). We can compute the following groups:

M),
c%%%6%

)y
c@&@&mu¢ﬁ£%

(5.4)

—~ o~~~ —~ o~
Iy
w
‘,\r
‘/\r
(=]
J\r
OO
u;
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Note that the groups G and J. F,p are equal, so the BHK mirror Z 47 gr is
the hypersurface X 47. On the other hand, the quotient group (G')*/Jp
Is isomorphic to Zs, hence the BHK mirror Z4yr gyr is the Calabi-Yau
orbifold X(4yr/Z2. Note that the Calabi-Yau orbifold Z,r r is a hyper-
surface in WIP4(3,3,6,8,4), while Zanyr (gryr 1s in WP(1,1,2,2,2)/Zy. The
two BHK mirrors are not hypersurfaces of the same quotient of weighted-

projective spaces, hence not sitting inside the same family of Calabi—Yau
orbifolds.

A’)T

5.2 Shioda maps

Even though the two BHK mirrors Z,r gr and Z 4y (gryr do not sit in the
same family of hypersurfaces of the same quotient of weighted-projective
space, we can show that they are birational. Take the matrices B := 24A~!
and B’ :=24(A’)"l. Let Xas be the hypersurface Z(z3* + 23* + 23% +
r3* 4+ 22%) C P*. We then have the Shioda maps

Xoar _ _ (5.5)
B / \\\ ~ - \¢\<B/)T
¢BT bpr \§ T~ <.
XA Xyr Xar Xanr

The maps then can be described explicitly

bdp(xy ... x5) = (23232828 2d) € Xy,
bpr(xy ... cx5) = (23 a5 2l 2 2d) € Xy,
dpr(1: ... tws) = (2 ad b 2f a%2l) € X, (56)
dpyr(Tri...1x5) = (2323 2fafeg? ad) € Xanr-

The four Shioda maps are rational maps that are birational to quotient
maps. Take the following four subgroups to Aut(Fbss):

H o= ((¢66,60, (¢ 1,1,1,1), (31,07 1),
(L1,¢%1.¢%, (L1, 1,¢.¢h),
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H' = ((6.€.6,6,0, (¢ 11,11, (¢ 1,¢74 1, 1),
(11,63 1,¢3),(1,1,1,¢%,0), (5.7)
H» = (H,)LB/ = <(C’C7<’C7 Qs (Csv 1,1,1,1), (1, 1744, 1,1),

(€% ¢ L1, (LL LG CY),
Ik = (¢, ¢, ¢, ¢ Q).

By Proposition 4.1, we have the following birational equivalences:

Zag = Xaar/((C%1,1,1,1), (¢4 1,¢71,1,1), (1,1,¢%,1,¢),

(L1,1,¢.¢h),

ZA’,G’ x~ X24I/<(C87 ]-7 17 17 1)7 ((27 ]-7 C717 17 1)7 (]—7 17C27 17C2)7
(1L,1,1,¢%,0),
(5.8)
Zar g = Xoar/{ (¢ 1,1,1,1), (1,1,¢4,1,1), (3, ¢3, (21, 1),

(1,1,1,6,¢Y),

Z(A’)Tv(G')T = X24I/<(C8a 1,1,1,1), (1,1, C4a 1, 1), (C27 C27 C27 1,1),
(1,1,1,6,¢Y).

So we can see that the BHK mirrors Zyr gr and Zyr gnr are
birational.

5.3 Chen—Ruan Hodge numbers

As the Calabi~Yau orbifolds Z4 ¢ and Z 4 ¢ are quasismooth varieties in the
same toric variety, namely WP4(3,3,6,8,4)/((—i,1,4,1,1),(1,1,—1,1, 1)),
they have the same Chen—Ruan Hodge numbers. By the theorem of Chiodo
and Ruan, this means that their BHK mirrors Z,r gr and Z 47 (gryr must
have the same Chen—Ruan Hodge numbers. We now check this explicitly.

Consider the hypersurface X 4 C WP*(3,3,6,8,4). The dual group GT
is equal to the group Jp .. The only elements of the group GTC* that will
have nontrivial fixed loci are in Jp,r s the weighted projective space is
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Gorenstein. The group J F,r has exactly six elements which have fixed loci
that have nonempty intersections with the hypersurface:

Element of Jp , Fixed locus
(1,1,1,1,1) Xt
(¢'®, ¢!, ¢ 1,1) | Z(y1, y2,93) N X ur
(1,1,1,¢%9,¢®) Z(ya,y5) N X qr
(¢",¢"%,1,1,1) Z(y1,y2) N X yr
(1,1,1,¢5,¢") Z(yasys) N Xyr
(¢%,¢% ¢ 1,1) | Z(y1,y2,y3) N Xur
We can just then compute the Hodge numbers by using the Griffiths—

Dolgachev—Steenbrink formulas (see [11]). This computation gives us that
X 4r has a Hodge diamond of:

1
0 0
0 1 0
1 36 36 1
0 1 0
0 0
1

The remaining fixed loci are simpler: Z(y1,y2,y3) N X 4 consists of three
points, Z(y4,ys) N X7 is a curve of genus nine and Z(y1,y2) N X gr is
a curve of genus one. After considering the age shift, one obtains the
Chen-Ruan Hodge diamond of the Calabi-Yau orbifold Z4 g:

1
0 0
0 7 0
1 95 55 1
0 7 0
0 0
1

Next, we check that these are the same Chen—Ruan Hodge numbers as
the Calabi-Yau orbifold Z 4nr . Recall that X yr C WP4(1,1,2,2,2),

so we will have a different C* action. The group (G')T equals the group
JF(A/)T -((1,1,1,—-1,-1)). As the weighted-projective space is Gorenstein,

we can only look at (G')T to find the nontrivial fixed loci of elements. The
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group (G')T only has five elements that will have nonempty intersections
between the hypersurface and the fixed loci of the elements:

Element of (G")T Fixed locus
(1,1,1,1,1) X (ar
(€%,¢",1,1,1) | Z(21,22) N Xanyr
(1,1,1,¢12,¢12) Z (24, 25) N X (aryr
(¢%,¢%,¢*2,1,1) | Z(21, 22, 23) N Xanr
(¢"8, ¢, ¢ 1,1) | Z(21, 20, 23) N X(anyr

One then computes the cohomology of each fixed locus and finds the piece
invariant under the action of the group Z, generated by (1,1,1,—1,—1). The
(Z2)-invariant part of the cohomology of X (47 gives the Hodge diamond:

1
0 0
0 1 0
1 45 45 1
0 1 0
0 0
1

Z(z1,22) N X(4ryr is a curve with a Zs invariant ROt =1, Z(z4,25) N Xanr
is a Zg-invariant curve of genus nine, and Z(z1,22,23) N X(4r is a set of
four Zo-invariant points. After considering the age shift, one obtains the
Chen-Ruan Hodge diamond of Z iz (gnyr:

1
0 0
0 7 0
1 55 95 1
0 7 0
0 0
1

Note that this Chen—Ruan Hodge diamond matches that of the
Calabi-Yau orbifold Z4 . To summarize, what we have given here is two
Calabi~Yau orbifolds Z4 ¢ and Z 4/ ¢ that live in a family of hypersurfaces in
a finite quotient of a weighted-projective space. Their BHK mirrors Zr g7
and Z 41 (qyr do not sit in a single family, unlike the mirrors proposed
by Batyrev and Borisov. However, the two BHK mirrors have the same
Chen—Ruan Hodge number and are birationally equivalent to one another,

as both are birational to the same finite quotient of a Fermat hypersurface
of P*.
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