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Abstract

We consider the Cauchy problem for the wave equation in a general
class of spherically symmetric black hole geometries. Under certain mild
conditions on the far-field decay and the singularity, we show that there
is a unique globally smooth solution to the Cauchy problem for the wave
equation with data compactly supported away from the horizon that is
compactly supported for all times and decays in L35, ast tends to infinity.
We obtain as a corollary that in the geometry of black hole solutions of
the SU(2) Einstein/Yang-Mills equations, solutions to the wave equation
with compactly supported initial data decay as t goes to infinity.

1 Introduction

The Cauchy problem for the wave equation in various black hole geometries
is an active area of research with much effort devoted to showing decay of the
solutions. In the case of the Schwarzschild metric, Kronthaler showed in [8]
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that there exists a unique global solution to this problem and, moreover, the
solution decays pointwise as ¢ — co. In [9] Kronthaler obtains a pointwise
decay rate of 3 under the assumption that the data are spherically sym-
metric (i.e., for the first angular mode of the full solution), along with the
additional result that if the data is momentarily static (i.e., 19| (,0) = 0),
then the decay rate can be improved to t~* (again for the first angular mode).
Donninger et al. improved this to a uniform decay rate in [5] independent
of spherical symmetry. For the Kerr metric (without a smallness restric-
tion to the angular momentum), Finster et al. showed decay of solutions
of the wave equations comprised of finitely many angular modes in [6]. In
the case of sufficiently small angular momentum, Dafermos and Rodnianski
were able to demonstrate the uniform boundedness of solutions to the wave
equation in [3], and Andersson and Blue obtained decay rates in [1], again
for sufficiently small angular momentum.

Our goal in this paper is to generalize decay results in the Schwarzschild
metric to a much more general class of spherically symmetric black hole
(SSBH) geometries. We consider a metric given by

ds? = gijda'de? = —T72(r)dt? + K*(r)dr® 4+ r?(d6* + sin® 0d¢?), (1.1)
where r>0,0<6<7,0<¢ <27, This clearly generalizes the

Schwarzschild geometry, as can be seen by making the identifications

r

T(r) = <1 - 2’”)_5 = K(r).

We must impose natural (i.e., physical) conditions on the coefficients T, K.
To this end, we assume there is a singularity in K at r = rg > 0 and we have
the following asymptotics near the singularity:

T(r)=ci(r— ro)_% +O(1) and K(r) = ca(r —ro) "2 + O(1) (1.2)

for some constants c1,co > 0, and

ol

T'(r)
K'(r)

(
(

c3(r — o)

24+ 0(r —rg
a(r—710) 2 +0(r—rp

I
o
njw

R (1.3)

for some non-zero constants cs,cs. We assume smoothness away from the
horizon: T, K € C*(rg,o0); and we assume that in the far-field, the metric
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asymptotically approaches Minkowski flat-space:
1 1 e
T(r)y=14+0(~-) and K(r) =14 O | — | asr tends to infinity. (1.4)
r r

We assume that for each r € (rg,00), T'(r) # 0 and K(r) # 0; and finally,
we impose restrictions on the far-field decay:
T'(r)  K'(r)
T(r)  K(r)

1
=0 (7“2> as r tends to infinity. (1.5)

We note that the Schwarzschild metric, the non-extreme Reissner—
Nordstrom metric, and the metrics given by black hole solutions of the
Einstein/Yang-Mills (EYM) equations (cf. [11]) satisfy these conditions. It
is easy to see the first two cases, and we will show in Section 6 that black
hole solutions to the EYM equations satisfy these conditions. For the pur-
poses of this paper, a geometry (1.1) satisfying the above conditions will be
referred to as an SSBH. We note also that the work [8] served as a model
for solving this problem and we also rely on results therein in a few places.

2 Preliminary notions

We begin by recalling that, given a spacetime metric g, the scalar wave
equation in that geometry is given by

1 0
Nes

where g% is the inverse of the metric gij and g = det(g;5). So, in the geometry
(1.1), the wave equation takes the form

720, T K 1
DC:< T262+ a <K2>+K36T <T> aT+T2ASQ>g:o, (2.2)

where T'=T(r), K = K(r), and Ag: = m (sm 9W> + ﬁ% is

the standard Laplacian on the sphere S? (c.f. [12]). We introduce the coor-
dinate u = u(r) by
*© K(a)T
_ _/ Mda’ (2.3)
, a

which maps the interval (rg,00) to the interval (—oo,0). This is a simple
consequence of the prescribed asymptotics. We note also that since T, K are
everywhere positive, u is indeed a valid coordinate change and the inverse

5 9
0C 1= g9V:V¢ = (veas7 g )c=0. @
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mapping r = r(u) is well-defined. Then the wave equation (2.2) on R x
(19, 00) x S? is equivalent to

2
<—r4a,? + 82 + ;ZASQ> Y =0, (2.4)

on R x (—00,0) x S, where T'=T(r) and r = r(u) (Note that, in what
follows, we will frequently suppress the arguments of these functions). The
Cauchy problem for the wave equation in the coordinates (¢, u,,¢) then
reads’

—r4(u)o? 2 77"2(20 2 U = U on —00 2
( (w)0f + 0 + T2(r(u))AS> P(t,u,0,¢) =0on R x (—o0,0) x S=,
(¥, 1) (0,u,0,6) = To(u,0,6) € CF° ((—00,0) x ).

(2.5)

Let us first settle the question of existence and uniqueness for the problem
(2.5).
Theorem 2.1. The Cauchy problem (2.5) in the geometry of an SSBH has a
unique, smooth solution that exists for all timest. Furthermore, this solution
is compactly supported in (u,0,d) for each time t.

Proof. To prove the theorem, we wish to apply the theory of symmetric
hyperbolic systems in Section 5.3 of [7] to the auxiliary partial differential
equation (PDE)

Age 1 T K’
2 2 S
<6t — (95 — T2T2 - m (T + K)) E(t, 879,¢) = 0, (26)

where
s(u) = / r?(a)da, (2.7)
u(2rg)

r =r(u(s)), and the arguments of T, 7", K, K" are also r(u(s)). Note that
we may consider s as a function of r by considering

s(u(r)) = /(2 )r2(a)da

= /; T(a)K (a)da. (2.8)

0

We use the compact form (1,irp;) for the data in what follows, since this is most
convenient when we reformulate this as a Hamiltonian system later.
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The PDE (2.6) is equivalent to (2.4) upon making the change of coordinate
s = s(u) and letting £ = rip. We consider this PDE because in this coordi-
nate we will be able to prove that the solution of (2.5) is compactly supported
for each ¢. In the w variable, this is not obvious, and it is not clear how to
prove it. Let us also note that s(u) maps the interval (—oo, 0) monotonically
onto R. We will prove the theorem first for the Cauchy problem

Ags 1 (T K
(83—8§—T2T2—W<T+K §:OonR><R><S2,

(&.aigt)(07870a¢) = 50(8797 (b) € CSO(R X 52)27

(2.9)

and then use this to obtain results about the Cauchy problem (2.5). We note
here that the following argument closely follows the corresponding argu-
ment in [8]. To prove the theorem, we must work in local coordinates on
S2. So let us consider the chart (U, (,¢)) where U is an open, relatively
compact subset of S? and (6, ¢) are well defined on U. Then, letting I’ =
(&t Eus Ocos )65 065 &7, we can cast the PDE in (2.9) as a first-order system:

Aol + A18UF+A28(COSQ)F+A38¢F+ BI' =0, (2.10)
where the matrices Ay, ..., Az, B are defined as follows:
sin2¢ 1 1
Ap :=diag (1,1 1 A)p=—-1=(A
0 dlag< b S A g >, (A1)12 (A1)21,
sin? 0 11
A =———=(4A A =—————=(A
(A2)13 272 (A2)31, (A3)14 2T 5020 (A3)a1,
2cos 6 1 T K’
Bis=-l By=-— (= 4+"), Bs=-1
BT e P T g, (T * K) o ’

and all other matrix entries are zero. Upon multiplying this system by 72,
we obtain a symmetric hyperbolic system on R x R x U, since each A; is
symmetric and Ay is uniformly positive definite on this region. Further,
since the initial data Zy has compact support, we can restrict the system to
R x V x U, where V is open, relatively compact, and supp Zo(u, 0, ¢) C V C
R for each (6, $) € S%. Since we can cover S? by finitely many such charts
(due to compactness) the theory of symmetric hyperbolic systems guaran-
tees the existence and uniqueness of a smooth solution & of (2.9) defined for
all t < &1 for some g1 > 0. Moreover, this solution propagates with finite
speed and thus there exists an 0 < € < €] so that £ has compact support in
V x 8?2 for all times ¢t < e. Therefore, we can repeat this argument for the
Cauchy problem with data (£(g,u, 0, ¢),i&(e,u, 0,¢))T and obtain a unique,
smooth solution & defined for ¢ < 2¢ which has compact support in a possi-
bly larger, though still open and relatively compact set for all times t < 2e.
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Repeating the argument yields a global solution ¢ of the Cauchy problem
(2.9) which is smooth, unique, and compactly supported for all times t.

Since we have already observed that a solution v of (2.5) yields a solution
of (2.9) under the coordinate change s = s(u) and the identification £ = ri
and vice versa, the theorem follows. O

We now observe that the Cauchy problem admits a conserved energy:

Proposition 2.1. A solution of the Cauchy problem (2.5) admits a
conserved energy E (1) given by

B 2 pl 0 4 ) ) 7’2(u)
)= [ ] e + w0+ g s

y ( ! <a¢¢)2+sm29(a(wsg)¢)2> dud(cos0)de;  (2.11)

sin? 6

1.€.,

d

SE() =0,

Proof. We know that (2.5) admits a globally defined, smooth, unique
solution which is compactly supported for all times t. Thus, the energy
E(v) is well defined. Moreover, since 1 solves (2.5), an easy calculation
shows that £ E(1)) = 0. O

Next, we wish to cast the Cauchy problem (2.5) as a first-order Hamilton-
ian system. To this end we define W := (1, it);)T; then i0;¥ = H¥, where

0 1
m=(30),

and A = —i&% _ B2 Therefore, the Cauchy problem (2.5) is equivalent

pov: 7272 "

to the problem

(2.12)

i0;¥ = HV on R x (—o0,0) x S2,
U(0,u,0,¢) = Po(u,0,¢) € C5°((—00,0) x 5%)2.

Theorem 2.1 implies that the problem (2.12) has a unique, smooth solution
W that is defined for all times ¢ and compactly supported for each t.
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Let us next observe that the energy in (2.11) defines an inner prod-
uct on the space C§° ((—o0,0) x S2)2: for U,T € C§° ((—o0,0) x 52)2 with
U = (1,12)T and I = (71, 72)7, we can define the scalar product (¥, T) by

/%/ / 975 + (8uth1)(8ul'1) +

X <sm 9( A1) (Og71) + sin” 6(9 cose)%)(a(cosg)m)) dud(cos 0)d¢.
(2.13)

We next show that with respect to this inner product, H is symmetric on
the domain C§° ((—o0,0) x 5’2)2.

Proposition 2.2. The operator H is symmetric with respect to the inner
product (-,-) on the domain C° ((—oo,O) X 5’2)2.

Proof. Consider a solution ¥ of (2.12). Upon making the identification
= (,ihy) T, we know that 1 solves (2.5). We have that (¥, V) = E(v),
and therefore that 4 (¥, ¥) = 0 for solutions of (2.12). On the other hand,

d

dt<\II V) = (0,V, V) + (¥, 0,¥)

= —i(HU,0) +i(V, HY),

which shows that (HW, W) = (U, HU) for any ¥ solving (2.12). Note that
this expression holds for each t, and in particular, at ¢t =0. Thus,
(HWUg, Vo) = (Vg, HVp). But the initial data ¥y can be chosen arbitrar-
ily in C§°((—00,0) x S%)2, which, after a standard polarization argument,
shows that H is symmetric on the space C§°((—o0,0) x S?)? with respect
to the inner product (-, ). O

We next observe that the only manifestation of the angular variables (6, ¢)
in the problem (2.5) is in the spherical Laplacian. Since any smooth function
on S? can be expanded into an absolutely and uniformly convergent series
in terms of spherical harmonics (cf. [2]), we may therefore write

U(t,u,0,¢) = Z > U W)Y (6, 6), (2.14)

=0 |m|<l

where the Y}, (0, ¢) are the spherical harmonics (i.e., Ag2Y}, = —1(l + 1)Y})
and this series converges uniformly and absolutely for each fixed
(t,u) € R x (—00,0). Furthermore, we know that U™ = (i 4™ where
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Y = (i, Yim) 12(s2)- 1t is clear therefore that W™ (t,u) is smooth and for

each t, U'm(t u) € C§°(—00,0)2. Thus, for any ¥, € C§°((—00,0) x S%)2,
we can decompose the scalar product (¥, I") according to

@ =3 S =3 % [ g

=0 |m|<I =0 |m|<I

m m T m,lm
+ (0wt (0u™) + 51+ D" ™ du,

which follows from integrating by parts.

The action of the Hamiltonian also simplifies under the spherical harmonic
decomposition:

HY(t,u,0,¢) = ZZ HU"™ (t,u)Yim (6, ¢),
1=0 |m|<l

where

0 1
Hy = < 1 a2, L0+ > : (2.15)
7748u + 272 O

T

Therefore, the components U™ in the spherical harmonic decomposition of
¥ solve a reduced equation:

Proposition 2.3. Consider the solution ¥ of (2.12). The component
functions U™ in the spherical harmonic decomposition of ¥ (2.14) solve
the reduced problem

10, ¥ = H; '™ on R x (—o0,0),
: l ) (2.16)
U (0,u) = ¥y € C°(—o0,0)”.

Proof. The proposition follows from the discussion above and the uniqueness
of the spherical harmonic decomposition. O

Our strategy therefore is to solve problem (2.16) and then sum up according
0 (2.14) to obtain a solution of (2.12). We note as well that H; is symmetric
with respect to the inner product (-,-); on the domain C§°(—o0,0)?, since
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for WM Tm ¢ 08°(—00,0)? we have

<]{l\11lm7 Flm)[ _ <H(\I/lmyzm), FleZm>
= (U"Yipn, H(I" Vi)
= (U™ T,

This also implies that the energy E;(¥'™) := (/™ Wim), is conserved for
smooth, compactly supported solutions of (2.16), since we have

d
yr <\Illm \I/lm> <6t\I/lm, \I/lm>l + <\I/lm,6t\plm>l
—i(H P, O 4 (B Y,
by the symmetry of H;.
3 The Hamiltonian
Let us rewrite H; as
0 1
= ( — 502+ Vi(u) 0 > (31)

where Vj(u) = lﬁéﬂ}? (Recall the arguments are T'=T(r) and r = r(u).)

We wish to construct a self-adjoint extension of H;, and we therefore need
to find a Hilbert space on which H; is densely defined. To that end, let
us define %\}1,0 as the completion of C§°(—00,0) within the Hilbert space

1
%”Vll(—oo,O) i= {1 ¢y € L*(—00,0) and r?V;2¢) € L?(—00,0)}. Let us also
define %’;;0 as the completion of C§°(—o00,0) within the Hilbert space
Hi2(—00,0) 1= {zp r?y € L*(—00,0) } Finally, we define Hilbert space

H = %‘} 0 ® A2y endowed with the inner product (-,-); to be the
underlylng Hilbert space for the Hamiltonian H;.

We next construct a self-adjoint extension of H;j:

Proposition 3.1. The operator H; with domain 9(H;) = C§°(—00,0)?
essentially self-adjoint in the Hilbert space €.

Proof. To prove this, we use the following version of Stone’s theorem (cf. [10],
Section 8.4):
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Theorem 3.1 (Stone’s theorem). Let U(t) be a strongly continuous one-
parameter unitary group on a Hilbert space 7. Then there is a self-adjoint
operator A on A so that U(t) = €. Furthermore, let 2 be a dense domain
which is invariant under U(t) and on which U(t) is strongly differentiable.
Then i~' times the strong derivative of U(t) is essentially self-adjoint on 9
and its closure is A.

Now consider the Cauchy problem (2.16). By the theory of symmetric
hyperbolic systems, the problem (2.16) has a unique, smooth, global solution
U™ that is compactly supported for all times ¢ (we prove this similarly to
Theorem 2.1). Thus, for t € R we define the operators

U(t) : C§°(—00,0)% = C5°(—00,0)? by
U()wg" = W'(t) = ("™ (1), i0"™ (1))

Note that U (t) leaves the dense subspace C§°(—o00,0)? invariant for all times
t and also, by the energy conservation, the U(t) are unitary with respect to
the energy inner product and therefore extend to unitary operators on 7.
The uniqueness of U™ guarantees that U(0) = I and U(t)U(s) = U(t + s)
for all s,t € R. Thus, the U(t) form a one-parameter unitary group. The
fact that the solutions are smooth in ¢t and u guarantees that this group
is strongly continuous on # and strongly differentiable on C§°(—o0,0)2.
Then, for v1,v2 € C5°(—00,0),

i~! lim %(U(h)(’ﬂ,’Yz)T - (71,’72)T) = —Hl(’Yl,’YQ)T-

Thus, by Stone’s theorem, H; is essentially self-adjoint on . with self-
adjoint closure H; and U(t) = e 1M1, O

To obtain a representation of the solution U™ of (2.16), we will use Stone’s
formula that relates the spectral projections of a self-adjoint operator to the
resolvent. We recall Stone’s formula in the following theorem:

Theorem 3.2 (Stone’s formula). For a self-adjoint operator A, the
following holds:

1 . 1 b L N—1 cn—1
3 (Plasy + Play) = lim / [(A—A—ie) — (A—A+ie)l]dr, (3.2)

where the limit is taken in the strong operator topology.
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We refer to [10], chapter VII for a proof. According to Stone’s formula, to
understand the spectral projections of H;, we must investigate the resolvent
operator (H; —w)~! : # +— 2. Since H is self-adjoint, it follows immedi-
ately that (H; —w)~! exists for each w € C \ R. So let us fix w € C \ R and
consider the eigenvalue equation

H,® = wd. (3.3)

Note that since w ¢ o(H;), this equation does not have solutions in JZ.
Nonetheless, we will be able to construct the resolvent out of special solutions
of this equation. To that end, let us observe that (3.3) is equivalent to the
differential equation

2
—¢"(w) = W?riC + U+ 1)C =0, (3.4)

on the interval (—oo,0) where ( = ¢; or ¢o. This ordinary differential equa-
tion (ODE) is difficult to solve explicitly; so let us use the coordinate
s = s(u) defined in (2.7) and define

n(s) = r(u(s))C(u(s)). (3.5)

Inserting these into (3.4), we obtain the equivalent ODE

) =)+ (o - g (T ) ) =0 e

To investigate this ODE, we need to look at the potential

o - (U e (TeX) e

Invoking the asymptotics (1.4) and (1.5), we see that as s tends to infinity,
[Wi(s)] = O (l(lstl)) for I # 0 and |Wy(s)| = O (s%) We note that for large
r, we have s = r + O(logr), and for small » we have s = cicalog(r — ro) +
O(1), using the asymptotics (1.2), (1.3) as well as (2.8). Noting also that

Wi(s) = O(r —rp) near the horizon, the previous comments yield that
[Wi(s)] < a1e*2® as s — —oo for some constants aj, g > 0.

We now return to (3.6) and prescribe asymptotic boundary conditions
to determine a pair of fundamental solutions. In the case Im (w) > 0, we
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require

lim () =1, and  lim (e“*n1u(s)) =0 (3.8)
and

Slirgo e 'y ,(s) =1, and Slirgo (e*iwsnng(s))/ =0, (3.9)

whereas in the case Im (w) < 0, we require

lim e " ,(s)=1, and lim (e o(s)) =0 (3.10)
and
lim e“*ny,(s) =1, and lim (ei“’sngw(s))/ =0. (3.11)

Now these two solutions 7y ., 12,, must be linearly independent, for if they
were not, there would be a non-zero vector in the kernel of (H; —w)~!.
But since H; is essentially self-adjoint, the spectrum is contained on the
real line, and thus, for w € C\ R, the kernel of (H; — w)™! is trivial. Thus,
M w and 72, form a fundamental set of solutions of (3.6), and the Wronskian
W(N1ws N2w) = Mw(8)M5,,(8) — M o (5)M2,(s) is non-vanishing. We note also
that by Abel’s theorem, w(n 4, M2, ) is independent of s.

Let us now construct the solutions 7; 4, 72, (for notational purposes, in
this section we will write 71, =n'(\w,s),n2w =n?(\,w,s), where
A=1+ %; the A dependence in what follows can be important in a more
general setting, so to make this as general as possible, we make explicit the
A dependence). We cite [4] for the idea of this construction. We focus first on
the solution with boundary conditions at s = co, and we restrict ourselves
for the moment to Im w < 0, w # 0. We first write the ODE (3.6) as

2 1
n"(s) + (‘”2 2 2 4) n(s)

(1) [ 2] e (54 5

and we find the Green’s function for the operator on the left-hand side with
zero boundary conditions at s = oo is given by

1
B()‘v W, S, y) = H(y - S)Z(ng()" W, y)ng()\, —Ww, 3) - 77(2)()" W, 8)773()\» —Ww, y))’
(3.12)
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where
1 \?
e\ w,s) = <2mus) efg(AjL%)H)(\Q)(ws), (3.13)

H is the usual Heaviside function, and H )(\2) is the Hankel function of the
second kind (we refer [13,14] for information about the Hankel functions).
Note that lims_e 75 (A, w, s) €@ = 1. Thus, if we require

lim 7%\, w,s) e =1, (3.14)
S§—00

then the equivalent integral equation for n? is

o0
(A w,s) =n5(A\w,s) + / B\ w, s, ) W(yn*(\,w,y)dy.  (3.15)

We wish to solve this with a series solution, so we write

2(\,w, ) Znn (A, w,s) (3.16)
where
o= [ BOw s )W)y (3.17)

To address convergence, we note that it is shown in Appendix A of [4] that
for 0 < s < y we have

2 ‘w|8 _)\+% (Im w)s
and
A1 -3
B(\ <C Im w|y+(Im w)s Yy ; 3.19

where C depends on A. It is easy to show then by induction that

1
CQ(s))" wls \ M2 m w)s
. )] < c n(! ) (1 |+ ||w\8> e, (3.20)
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where

y“[ (y)’ (Im w|+Im w)y
= —_— . 21
) /s 1 ‘w’ye W (3:21)

Note that for Im w < 0, @ is finite for all s € [0, 00) and indeed ||Q|| 11 (j0,00))
< 00, owing to the integrability of W and our requirement that Im w < 0.

Thus, n? exists (for Im w <0 and w # 0), and the following bounds are
obvious:

B W
m w)s wis 2 S
(A w, 8)| < Cel™ ) (M) Q) (3.22)
and
AL
2\ w,s) — 2\, w,s)| < Cellm s wls i (e“Q6) —1). (3.23)
77 » ¥ 770 )y Wy = 1 + |w‘3

It is straightforward to show that n? is smooth in s for fixed w, analytic
in w for fixed s (for Im w < 0), unique, and that n? solves the ODE (3.6).
Furthermore, we easily obtain the following estimates:

4200w 5)| < Clufetim s (1218 o (3.24)
ds 0\HE )| = 1+ |w|s '
and
d d ]w\s _A_% ( )
2 2 Im w)s
—n°(A — —n5(A\ <C
‘dsﬁ ( ,w,s) ds%( 7("))5) = <1+]w\s> €
1
o0 |w’y )—)\+2 cow)
X _— dy. 3.25
/s (H‘w,y e WIW (y)|dy (3.25)

From (3.22) we see a possible singularity in n? at w = 0, but this singular-
ity is removable. Indeed, repeating the above construction with the initial
1 i
function ng’o()\,w,s) = w2 (rws)> e_i(’\Jr%)H)(?) (ws) yields a solution
n?Y of the integral equation

0\ w,s) =g (A, w, s) + / B\ w,5,9)W(@m)n* (A, w,y) dy.

This solution satisfies the boundary conditions limg .o, 7*°()\,w, s)elws =

A 2,0

w =2 and it is continuous in the region Im w < 0. Finally, n*” can also

be obtained from n? in the sense that w/\_%nz = n?" (by uniqueness).
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So we have solved the ODE (3.6) with boundary conditions at s = oo for
Im w < 0. For Im w > 0, we obtain a solution of n?(\,w, s) of this boundary
value problem (BVP) by defining n?(\,w, s) = n2(\,@,s). The uniqueness
guarantees that this is indeed a solution and it is easy to check that this
function is well-behaved as w — 0.

A similar construction produces a solution 7' (\,w, s) of (3.6) with bound-
ary conditions at s = —oo which is also smooth in s, analytic in w, and
unique. We can, furthermore, extend this solution to w = 0 as above.

We can now use these solutions to construct the resolvent. For ease of
notation, we will let 171 ,(s) = n' (A, w, s) and 72,,(s) = n*(\,w, s), since we
are considering [ and therefore A to be fixed. Then, we use the the definition
(3.5) to obtain from 7,72, two solutions (g, (2. of (3.4), and in the
case w = 0, we again use (3.5) to obtain solutions (9, (2,0. It is easy to see
that w(m w, M2.w) = W(C1w, (2w), and therefore, it follows that for Im w # 0,
(1ws C2w form a pair of fundamental solutions for the ODE (3.4) with non-
vanishing Wronskian. Thus, we may define the following function:

hy(u,v) =

1 {Cl,w(U)CQ,w(v)’ us v, (3.26)

S w(Ces Gw) | Gw®)w(u), u> .

An easy calculation shows that h,(u,v) satisfies the distributional equations
2 a2, T
(—du —riw* + ﬁl(l + 1)> ho(u,v) = 6(u —v)
o 42,7
_ <—dv T 1)) o (11, ) (3.27)

where the arguments on the left are 7 = r(v) and r = r(u) on the right. We
next use the function h,(u,v) to construct the resolvent (H; —w)~!. We
note here that this argument is similar to an argument in [8].

Proposition 3.2. For any w € C\R, the resolvent (H; —w)™! can be
represented as an integral operator with kernel

0 0 w 1
ky(u,v) = 6(u — v) < 10 > + 1 (v) hy, (u, v) ( O w > . (3.28)
Proof. Consider the integral operator K, with kernel given by k,(u,v)
acting on the domain 2(K,) := {(H, — w)¥ : ¥ € C§°(—0,0)?}. We claim
first that Z(K,,) is a dense subset of 7. To prove this, let { € 7 be arbi-
trary. Because the resolvent exists, (H; —w) : Z2(H;) — S is onto. Thus,
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there exists v € 2(H;) so that (H; — w)y = &. Since H is the closure of Hj,
there is a sequence {v,} C C§°(—00,0) so that v, — v and Hyy, — Hyy as
n — oo. Thus, {(H; — w)v,} converges to (H; — w)y = &, and thus, 2(K,,)
is dense in 7.

Now, for an arbitrary T' = (y1,72)T € C§°(—00,0)?, we have

_ 0 _
(Sw(H; — w))(u) := / kw(u,v)(H; — w)T'(v) dv

_ /_5: [5@ — ) ((1) 8) + 774 (0) b (u, v) (:}2 i)}
—wY1 + Y2

1 (l+1
x ( d2 + G )>71—w72

rd Y r272

0
= (0, —wy1 +2)" +/ he (u,v)

2
(—di —rt? 4+ %l(l + 1)> "

X 9 dv
(—di —riw? + %l(l + 1)) Tw
= (717’72)T
=T,

where we have used (3.27). Thus, K,(H; —w) =1 on C§°(—00,0)? and
hence K, = (H; — w)~ ! on 9(K,,). Since (H; — w)~! is bounded and 2(K,,)

is dense, the claim follows. O
We can now apply Stone’s formula to H; to get, for each ¥ € J# that

1

5 (Plap + Plap) ¥ (u)
= tim sh [0~ o307 (T~ (i) o) d
_a%Qwi ) ;| — (w+ie ;| — (w—1ie u) dw

1 rb 0

= i o / ( / (ke (1,0) = ke v))\ll(v)dv) dw,  (3.29)

where the limit is taken with respect to the norm in 7.
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4 A representation formula

In this section, we will obtain an integral representation formula for the
solution of the Cauchy problem (2.16) via (3.29). We begin first with a
proposition (this is again similar to an argument in [8]):

Proposition 4.1. The Wronskian w((iw,(2w) does not vanish for w € R\
{0}. This remains valid in the case w =0 for the solutions (10, C2,0-

Proof. We first note, again, that w(m w, 72,w) = W((1w, (2,w) and it therefore
suffices to the lemma for the n solutions or the ( solutions. For the w =0
case, we observe that (19, (2,0 solve the ODE

7,2
("(u) = 7510+ 1)¢(w), (4.1)

subject to the asymptotic boundary conditions

}Li;%s(u)lCOT(U) = (—i)'(20 =)

lim Cro(uw)r(u) =1.

Thus, (4.1) with the asymptotic boundary conditions implies that the solu-
tion (1,0 is convex. Similarly, since the solution (2 must be either real or
purely imaginary depending on whether [ is odd or even, (4.1) implies that
either Re((2,0) or Im ({2,) is strictly convex or concave (again depending
on [). In any case, this observation coupled with the asymptotic boundary
conditions imply that (i and (20 are linearly independent and thus that

w(C1,0,C2,0) # 0.

In the case, w € R\ {0}, it’s easy to show, using the asymptotic boundary
conditions (3.8) — (3.11), that w(Re(n;),Im (1)) # 0 for j =1,2. Next,

for j € {1,2}, consider y; := ZJ]—:’ An easy calculation shows that

w(Re(nj,w)7 Im (nj,w)) .
‘nj,w 2

Im (y;) =

Note that y; is well defined since w(Re(7);w), Im (1;)) # 0. Thus, Im (y;) #
0 and either Im (y;) > 0 or Im (y;) < 0 by continuity for all s € (—o0, 00).
Moreover, using the boundary conditions again, it is easy to show that
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Im (y;) and Im (y2) have different signs. Therefore

WM w, Mw) = Mw2w(y2 —y1) # 0,

and hence, w((i1w, (2,0) # 0. O

As a consequence, we have

Corollary 4.1. The function hy(u,v) defined in (3.26) is continuous in
(w,u,v) for w € {Im (w) <0} and (u,v) € (=00, 0)2.

Proof. Note that the analytic dependence on w of the ODE (3.4) guaran-
tees that the ¢ solutions depend at least continuously on w for Im (w) < 0.
Moreover, since h,,(u,v) is invariant under the substitution wl@,w for (o,
the previous proposition yields the claim. O

Next, observe that the definitions of n', 7% for Im w > 0 imply that h, @, v) =
he(u,v), and hence, ky,(u,v) = kg(u,v). We can then simplify (3.29) to read

b 0
%(P[a,b] + Plopy)¥(a) = lim _% / ( / I (o v))m(v)dv> do,
(4.2)

where this converges in .7#-norm. Since the integrand is continuous and
U € C§°(—o0,0)?, for any bounded interval [a,b] we are integrating a con-
tinuous integrand over a compact region, and if we consider this limit as a
pointwise limit in w, then for any fixed v we may exchange the limit and the
integration (by Lebesgue’s Dominated Convergence Theorem). This obser-
vation coupled with the norm convergence yields

o+ P ¥ ==+ [ ([t euopwonn ) . 1

T
Note that this yields that Pg,; =0 for any a € R, and thus that P, =

P4,p)- This in turn implies that the spectrum o(H,) is absolutely continuous.
In particular, this yields

Play U(u) = — - / ' < / m (kzw(u,v))\ll(v)dv) do  (44)

s

for any ¥ € C§°(—00,0)? and any bounded interval (a, b).



SPHERICALLY SYMMETRIC BLACK HOLE GEOMETRY 1807

We would next like to rewrite the integrand in (4.4) in a more useful form.
To this end, let us observe that for w € R\ {0}, the pair {¢1,, (1w} forms
a fundamental system for the ODE (3.4). Therefore, there exist constants
(constant in u,v) A(w), pu(w) so that

Cow(w) = Aw)Crw(u) + 1(w)C1w(w) (4.5)

for w e R\ {0}. From the boundary conditions (3.8) —(3.11) (and the

fact that w(m w, M2w) = W(C1w, (2w)), it is easy to see that w((iw,(2w) =
—2iwp(w). Now, let us make the following definitions

M w(u) = Re(Crw(u)), and 71 o (u) = Im ((1,0(w)), (4.6)
as well as
G (u) = (’Ya,w(u)7w7a,W(u))T‘ (4.7)

Then for w # 0, an easy calculation shows that

Im (hw( = —— Z Vaw ’wa( ) (48)

where the coefficients are given by

anw) =14 Re (X2 o) =1-Re (59 ana
Aw)

a12(w) = as1 (w) = —Im <M(w)> . (4.9)

By continuity, this expression extends to w = 0, and we can therefore write
/ T (o (11, 0)) 8 () do
suppW¥

2
— [ Y st (S L) v

w w
2w suppW¥ ab=1

— 5 O aw@)I W /Suppw o (011 (0) + 71,0 (0) 2 (0))r d

=5 O aw(@)T T, vy, (4.10)
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where we have used the fact that w?rty; ,,(v) = (—=d2 + r*Vj(v))y1..(v) and
we integrated by parts. We also note that the inner product above is well
defined because ¥ € C5°(—o0,0).

We use the above argument to finally obtain a representation formula for
the solution W™ of the Cauchy problem (2.16).

Proposition 4.2. The solution W™ of the Cauchy problem (2.16) can be
represented as
W (¢ ) = e gl ()

1
Y w2

2
D ()T ()T, To)dw, (4.11)

a,b=1

where the integral converges in norm in .

Proof. Using (4.10) in (4.4) and applying the spectral theorem, for any n €
N, we have

2
- 1 " 1
e_ltHlP(_n’n)\Iio(u) — 271-/ _lth § : <Fb \Ijlm> dw

Furthermore, since e is unitary, we have
—itH —itH
(§ ZP(_nm)\I/o — € Z\Ifo,

in the JZ-norm as n — oo. Il

5 Decay

We now obtain decay results from the representation formula (4.11). To this
end, we state a proposition.

Proposition 5.1. For fired u € (—00,0), the integrand in the representation
(4.11) is in LY(R,C?) as a function of w. In particular, the representation
(4.11) holds pointwise for each u € (—o0,0).

Proof. Since the integrand is continuous, we need only to analyze it for
|w] > 1. We must therefore investigate the asymptotic behavior of ;. (u)
for |w| > 1, but according to the definition (3.5), we shall first analyze the
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asymptotic behavior of 1 ,,. To do this, we refer to the proof of existence of
M in Theorem 5.1 of [8] where 71, is constructed via a perturbation series

mw(s) =Y 0t (s), (5.1)

k=0

where 775?2;(5) = e and

e =- [ " Lsin(u(s - )Wis)n® 3)ds.

—00

We then have the following estimate:
(k+1 k) [ \p g~
W) < [ Smel o

and if we assume, by way of induction, that

)| < ( | i,\wl(é)clé)k, (5.2)

—00

we then have

i) S/_;,i‘!m@)l; </;| "VVl(é)\ds>k
:/;Z‘s‘ [(kim /; ® |le( )Ids]kﬂdg

= e (L w6 )‘dg)kﬂ'

Since the induction hypothesis (5.2) also holds for k = 0, (5.2) holds for each
keN.

Therefore, we have the following estimate on 7, from (5.1):

1/ F
<
el <3 ([ omitsas)
<e %HWl”Ll
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for |w| > 1, since we know ||[W;| ;1 < co. Next we analyze (4™ T?),. We
have

@ = [ ) + Gl
supp¥y™

2
T m
+ gl + 1) ($f™)171 wdu,

but since 71, solves the ODE (3.4), we have

_ T
Mw = w2rh ~MNMw T+ T2 (I+ 1)7Lw .

Substituting this into the expression above and integrating by parts twice
yields

= 5 [ et (e - Sk + S )
su 0

w
(W6™)] W+1)
i + 272 du

2

()75l + D) (i) -

Since r, T are smooth and ¥§™ € C§°(—oc,0)?, we can iterate this argument
as many times as we like to obtain arbitrary polynomial decay in w.

It remains for us to analyze the coefficients agp,(w). To that end, let us
consider A\(w), p(w); these satisfy

W(N2,w, Mw) = 2iwp(w) and w(nN2w, Mw) = 2iwA(w).

In each case, one proceeds exactly as in [8] (and uses the fact w((24, (1 w) =

w(N2w Mw)) to find w(nzw, mw) = 2iw+ O(1) and w(nzw, Niw) = O(1),
which implies

ww) =140 <1> and A(w) = O(1)

for w large. Thus, the coefficients «g;, remain at least bounded.

Putting all of this together, we have shown that the integrand in the
representation (4.11) is in L*(R,C?). Furthermore, this implies that the
integral converges pointwise, and thus that the representation (4.11) holds
for each u € (—o0,0). O

As a simple corollary we now obtain decay:
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Corollary 5.1. The solution W' of the reduced Cauchy problem (2.16)
vanishes as t — oo for fized u € (—00,0).

Proof. According to the representation formula (4.11) and the above theo-
rem, ¥ is the Fourier transform of an absolutely integrable function. Then
by the Riemann-Lebesgue lemma, for fixed u, ¥ (t,u) — 0 as t — co. [

Our next goal is to show decay of the solution ¥ of the problem (2.12).
By the uniqueness and convergence of the spherical harmonic decomposition,
one obtains a solution of (2.12) from solutions of (2.16) via (2.14) and vice
versa. In particular, this implies that the solution ¥ of the problem (2.12)
has the representation

U(t,u0,0) = > e Hwin(t u)Y™ (0, 9). (5.3)
=0 |m|<I

Finally, we prove the main theorem of this paper:

Theorem 5.1. The Cauchy problem (2.5) in the geometry of a generalized
Schwarzschild black hole has a unique, smooth, globally defined solution that
is compactly supported for all times t. Moreover, this solution tends to zero

for fized (u,0,¢) ast — oco.

The proof of this theorem then follows from the modal decay proved in
(5.1) and the argument in [8].

6 Application to the EYM equations

It was shown by Smoller et al. in [11] that there exists infinitely many black
hole solutions of the SU(2) EYM equations. These solutions correspond to
a metric of the form

ds? = ~T~2(r)de* + A7 () dr® + 1 d62,

which has a singularity at some horizon radius r =9 > 0 (i.e., A(rg) = 0)
and are smooth in the region (rp,o0). Moreover, the metric coefficients
decay to unity at a rate O(r~!) (see Section 4 of [11]) and are bounded
away from zero away from the singularity. It remains then to analyze the
asymptotic behavior near the singularity and the asymptotic decay of the
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derivatives. To that end, let us state explicitly the differential equations
satisfied by T, A:

)

rAH%1+2M%A—1—(1Tg), (6.1)
T (1 B w2)2 2

2r A (T> = +1-2wA-1 (6.2)

There is a third equation allowing one to solve for w, but since we only wish
to deduce asymptotics, we omit the equation and instead recall the relevant
facts about w.

Proposition 6.1. The function w satisfies the following:

lim w?(r) = 1, (6.3)
lim rw'(r) =0, (6.4)
lim w?(r) < 1, 6.5
Jim w(r) (6.5)
lim |w'(r)| < oo. 6.6
lim /() (6.6)
Moreover, the following inequality also holds:
1— 2 2
(m_(’w00)>¢0. (6.7)
To

For proof, we refer to [11]. Now, since A(r) is smooth on [rg,o0) and
A(rg) = 0, a Taylor expansion yields

A(r) = A'(ro) - (r —10) + O(r —10)*, (6.8)

where, from (6.1), we have

—w(rg)? 2
14/(7,0):i2 (TO_(l(O”> 7507

T‘O To

according to (6.7). Also, (6.2) gives

T\ (1-wr?) 1
<T<r>) = A ) —r0)  ZA)r—rg) T O
-t Lo (6.9)

2(r —ro)
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Thus,

d

d _
o log(T) = . log [(7‘ —70)

[ I

] +Oo(1),

which implies that

%log [T (r— To)%} =0(1).

Integrating this from ry to r, we obtain

T(r) - (r—10)? = c1+ O(r — 1)
for some constant c1, and thus that

T(r)=ci(r— 7’0)7% +O(r — ro)%
as r \, ro. Moreover, using this in (6.9) yields

T'(r) = co(r — ro)_% +O(r — ro)_%

1813

for some constant co. Note also that, in applying the results of this paper
to the EYM equations, we make the identification K? = A~!, and therefore,

K(r) = A_%(r). Thus from (6.8) we find
K(r) =c3(r — ro)fé +O(1)

for r near rg. Finally, we have

= A
Kr) 2A3(r)

SO we can write

Ky = L (A(0) + 0l = )
2 (A’ (ro)(r —ro) + O(r — 19)?)

= cu(r — ro)_% +O0(r — To)_%

N|w

for some constant cy.
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Now for the far-field decay condition, observe that from (6.1), we have

A =2 o (;) ,

r

since A =1+ O(r~!). From the relationship between A and K, this implies

that
(5)-2 o (2).

Similarly, from (6.2), we have

()0 (2)

Putting these two observations together yields

for r tending to infinity.

Thus, black hole solutions of the EYM equations do indeed satisfy the
conditions of a generalized Schwarzschild black hole and we conclude that
solutions of the Cauchy problem for the wave equation in these geometries
must decay according to Theorem 5.1.
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