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Abstract

The world-sheet quantum conformal invariance can be realized in the
presence of the conformal factor F' by inclusion of the Liouville term.
In the background with linear dilaton field, ®(z) = ® + a,z*, the field
F becomes a new noncommutative variable. Therefore, it is natural to
extend space-time with a new coordinate, F', in order to unify expres-
sions for noncommutativity parameter ©% of the Dp-brane space-time
coordinates z?, with the part ©% connecting noncommutativity between
coordinates x* and F. In this way we solve the problems of Dp-brane
noncommutativity in a more elegant way. The technical advantage is in
the fact that in the extended space—time the action with dilaton field can
be rewritten in dilaton free form.

‘We use canonical method and extend its application to the derivation
of boundary conditions. From requirement that Hamiltonian, as the time
translation generator, has well-defined derivatives in the coordinates and
momenta, we obtain boundary conditions directly in the canonical form.

e-print archive: http://lanl.arXiv.org/abs/hep-th//0711.4463



2 BOJAN NIKOLIC AND BRANISLAV SAZDOVIC

1 Introduction

In [1,2] we explained new possibility in order to realize world-sheet quantum
conformal invariance. Instead of standard requirement for vanishing
B-functions corresponding to all background fields (metric, antisymmetric
tensor, and dilaton field), ﬂfy = 5,/ = % =0, we used the fact established

in [3] that condition ﬂf,/ = 0 implies that the third one is constant, 8% = c.
This constant contribution to the conformal anomaly has been cancelled by
adding Lioville term. Then the theory depends on arbitrary central charge
¢, and the conformal invariance is realized in the presence of the conformal
factor of the world-sheet metric, F'. The Liouville action brings dynamics
to the field F. So, in open string theory we should choose its boundary
condition and investigate its contribution to standard results of noncom-
mutativity without dilaton field [4-6]. It is shown in [1,2,7] that in the
presence of linear dilaton field, ®(x) = ®¢ + a;z° (which initially has been
investigated in [8]), the field F'is a new noncommutative dynamical variable,
while Dp-brane coordinate z. = a;2° is a commutative one.

In order to unify the expressions for noncommutativity parameters of
[1,2,7] we are going to treat the conformal part of the world-sheet metric
F as an additional coordinate of some extended space—time with the coor-
dinates y™ = (2#, F) and the metric Gj;n depending on ordinary metric
G, dilaton gradient a,, = 0, ® and central charge c. We will investigate the
geometry and noncommutativity features of extended Dp-brane, embedded
in the extended space—time, and parameterized by the extended coordinates
yd = (2%, F'), consisting of Dp-brane space-time coordinates z* and field F,
with the corresponding extended metric tensor G ap. In the extended for-
mulation the starting action obtains the dilaton free form, which simplifies
all calculations. Such approach makes the previous results more transparent
and offers their geometrical interpretation.

We use notation and terminology of [2] distinguishing two descriptions
of the same open string theory. In terms of variable y# and background
field Gap, the theory is described by equations of motion and boundary
conditions. The effective theory, defined on solution of boundary conditions,
is described only by effective equations of motion. This is the string theory
on orbifolds expressed in terms of effective variables ¢ symmetric under
transformation ¢ — —o and effective background field GZHB. We extend
terminology of [6] to the extended theory referring to metric Gap as closed
string metric and to Giﬁé as open string metric.

As a difference of standard Dp-brane metric G;;, which is always regular,
the extended metrics can be singular for some particular relations between
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background fields. So, we investigate three cases: (1) both closed and open
extended metrics are regular, (2) extended closed string metric G4 is sin-
gular, and (3) extended open string metric G is singular.

The singularities of the extended metrics produce the first class con-
straints, but with different origins. In the case (2) singular G4p produce a
standard constraint of the Dirac type. In the case (3) singularity of G5,
turns some second class constraints, obtained from the boundary conditions,
into the first class ones. In fact, Poisson brackets of these constraints close
on the extended effective metric GZHB. The singular directions of this metric
project complete set of constraints to the first class ones.

The first class constraints generate local gauge symmetries. After gauge
fixing the first class constraints and gauge conditions can be treated as sec-
ond class constraints. Solving these constraints together with the remaining
second class constraints, we obtain effective theory.

There is also an important methodological improvement. In Section 3.2
we obtain the boundary conditions purely canonically, from the require-
ment that Hamiltonian is differentiable in its canonical variables. This is
more natural approach because we intend to treat these conditions as canon-
ical constraints. The equations of motion for the momenta turn canonical
boundary conditions to the standard Lagrangian ones.

The last part of the article contains concluding remarks and two appen-
dices. Appendix A is devoted to the closed and open string metrics of
the extended space—time, and the corresponding zero central charge limit
(¢ =10). In Appendix B we introduce the projectors which help us to express
the results clearly.

2 Extended Dp-brane in extended space—time

The action that describes dynamics of the open string in the presence of the
space-time metric G, (), Kalb-Ramond antisymmetric field B,,, (), and
dilaton scalar field ®(x) is of the form [9]

1
SG+B+e) = F /2 d*¢v/=g { [29(16@“/(33) +

X Oprtdpr” + <I>(:1;)R(2)} . (2.1)
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We integrate in the action over the world-sheet surface . parameterized by
& =(1,0) [(a=0,1), o € (0,7)], while the D-dimensional space-time is
spanned by the coordinates z* (u=0,1,2,...,D —1). We denote intrin-
sic world-sheet metric with g,g, and the corresponding scalar curvature
with R(?),

Three [-functions characterize the conformal anomaly of the sigma

model (2.1)

8%, = Ruy — £ Bupe BL”” +2Dya,, (2.2)
fy = D,B’,, — 2a,B",,, (2.3)
D — 26
8% =27k — R — 2 B,po B — D,a* + 4a?, (2.4)

where R, and D, are Ricci tensor and covariant derivative with respect to
the space-time metric G,,,, while

By = 0By, + 0,By, + 0,Buy,  ay = 0,9. (2.5)

It is shown in [3], that vanishing of ﬁu and (3, gives constant value of
the third f-function, f® = ¢, and the non-linear sagma model (2.1) becomes
conformal field theory. Therefore, Virasoro algebra with central charge ¢
emerges.

From this point our approach differs from the previous one [1]. We retain
two conditions, 5G =0 and W =0, but in order to cancel the remaining
conformal anomaly we add the corresponding Wess—Zumino term to the
action (2.1). In this concrete case the role of Wess—Zumino term takes the
Liouville action

g* / 2 @ 1 5o
R — A = aﬂva 2.
St 5(4n)2n 2d &V/—gR R\, g 03, (2.6)

where with V,, we denote the covariant derivative with respect to the intrin-
sic metric go3. Note, in this approach we establish quantum conformal
invariance even in the presence of the field F'. The complete action, in the
conformal gauge g.g = et Nag, takes the form

1
S = /f/zdzﬁ [(2770‘/6(;#,, + eo‘ﬂBw) On a0’

2
+ 27]O‘Ba#8ax“8ﬁF + anaﬁaaFﬁﬁF} , (2.7)
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where we defined the parameter o as

®
é - (4i/<a)2' (28)

The space—time with coordinates z#(€) is decomposed in Dp-brane part
spanned by coordinates z¢(£)(i = 0, 1,. .., p), and the orthogonal ones, z%(€)
(a=p+1,p+2,...,D—1), in such a way that G, =0, (u=14,v=a).
Also we choose the case where the fields B, and a, live only on the Dp-
brane: B, — Bjj, a, — a;.

In order to simplify the calculations and to offer geometrical unification of
noncommutativity parameters, it is useful to introduce an extended space—
time defined by the coordinates

yM = (2", F) = (y*, 2%), (2.9)
where an extended Dp-brane is parameterized by
yA = (' F), Ae{0,1,...,p+1}. (2.10)

The part of the action describing the string oscillation in £ directions decou-
ples. We will analyze the rest part described by action

S = Ii',/ d%¢ [%naﬁGAB + eaﬁBAB] 8ayA85yB, (2.11)
b

where the corresponding background fields Gap and Bsp are defined in
equation (A.1). Let us stress that the action in the presence of dilaton field
in extended space—time has the form of dilaton free action.

The action (2.11) can be rewritten in the form
1
S = R/Ed2§ [27)‘16*GAB +¢*® Bug aa*yAaﬁ *yB, (2.12)

where the extended metric *Gap (A.5) is diagonal, and *y* = (2%,*F) is
defined in equation (A.4). Because these two forms of metric are connected
by similarity transformation (A.3), further we will use the same notation for
both of them omitting the mark (x). The first form is useful for zero central
charge limit ¢ = 3% =0 (a — o), where Liouville field disappears. The
advantages of the second form are diagonalization of the extended metric
and manifest separation of one variable, *F', which simplify the comparison
with results of [2].
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All nontrivial features of the model defined in equations (2.11) and (2.12)
follow from the fact that the extended metrics (G 4p and the corresponding
effective one foB) are singular for some specific choices of the background
fields. It is easy to check that for A = é —a?=0and A= o= a’ =0 we
have det G2p = 0 and det GZHB = 0, respectively.

3 Canonical analysis of open string theory

Because boundary conditions will be treated as canonical constraints, we will
derive them in terms of coordinate and momenta using canonical method. In
this section we assume that extended metric G 4p is regular, while particular
cases of singular extended metrics are discussed in Section 4.

3.1 Canonical Hamiltonian in terms of currents

The momenta canonically conjugated to the fields y4 are
TA = H(GABQB — QBABy/B). (3.1)

Using the definition of the canonical Hamiltonian H. = 74y — £, we obtain

1 . .
H, = / doMe, He=T ~Tp, Te=F, (G jiajin, (32)

where the expression for inverse metric (G~1)48 is given in equation (A.6),
and the current is defined as

jea =ma+26Iuapy’®  (Hiap = Bap + 3.Gap). (3.3)

From the basic Poisson bracket algebra
{y*(1,0),75(,5)} = 0*pd(c — 7), (3.4)
the current algebra directly follows
{jra,j+B} = £26G aBY, (3.5)

while all opposite chirality currents commute and for simplicity we define
0 =9,6(c — 7). Consequently, the Poisson bracket between canonical
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Hamiltonian and the current ji 4 is proportional to its sigma derivative

{He,jra} = Fika (3.6)

This canonical analysis is formally equivalent to the analysis without dila-
ton field. But, because we work in extended space—time, it contains dilaton.
The components of the currents and energy-momentum tensor

%

Ji . o aidd a
:A AB 7 7, . -
:G = s = G]—}—i ; — —1 y

. 1 2 1.

il = A (aljﬁ:i — 2Z$> , (3.7)
1 - ivF, L.pp

T, = :Fﬂ Gij JiJy + 2(a; )it + azﬁ:zﬁ: ) (3.8)

where
. j:ti ™ + 2I£H:|:Z‘jl‘/j + 2maiF’
VE S P , (3.9)

is 7+ 2ka;a" + AEF
(03

for ¢ = 0 (&« — 00), are in full agreement with the corresponding ones of [10].

3.2 Hamiltonian derivation of the boundary conditions

In [5,7] the open string boundary conditions have been introduced in Lagran-
gian formalism and rewritten in terms of canonical variables. Because we
intend to treat the open string boundary conditions as canonical constraints,
we will derive them directly in Hamiltonian form.

The Hamiltonian is a generator of the time translation, so it must be
differentiable in coordinates and momenta. Varying Hamiltonian (3.2), we
obtain

SH, = 6H® — fwy4; (3.10)
where index R denotes the regular term of the form

dﬂmz/wmmw+3%m) (3.11)
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and

YO = (MG NP p+ (1,.G A% 5. (3.12)

The Hamiltonian is properly defined canonical variable, when the bound-
ary term yff)dyA‘o in equation (3.10) vanishes. That is automatically ful-

filled for closed strings, because they do not have endpoints. Assuming that
the variations dy“ are arbitrary at the open string endpoints, we obtain the

™
Neumann boundary conditions in the canonical form, 7‘(‘?))0 = 0. On the

™
other hand, if we suppose that the string endpoints are fixed, 5yA‘O =0,

the boundary conditions are known as Dirichlet boundary conditions. We
choose the Neumann boundary conditions for variables y4. Note that beside
the Neumann boundary conditions on coordinates z it also includes the
Neumann boundary condition on Liouville field F'.

After imposing the expressions for momenta obtained on their equations
of motion, the boundary conditions reduce to the Lagrangian ones of [5,7]

Y = k(~Gapy® + 2Bagi®). (3.13)

Checking the consistency of the constraints, with the help of relation (3.6),
we obtain an infinite set of constraints. Using Taylor expansion, we rewrite
all the constraints at ¢ = 0 in a more compact o-dependent form

La(0) = Y 207 (0= 0) = (LG )aPjp(0) + (-G )P jin(~0),

(3.14)

2
h S
Il

{Hen{™0} = (G150 5+ (-1)" (-G )AL 02
(3.15)

In the same way, we obtain similar expressions from the constraints at o =
m. From the fact that the differences of the corresponding constraints at
o0 =0 and 7 are also constraints, we conclude that all positive chirality
currents and, consequently, all variables are 2w periodic functions. Because
of this periodicity the constraints at ¢ = 7 can be discarded (for more details
see [7]).
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We complete the consistency procedure finding the Poisson bracket
{H., T4} =1, (3.16)

which means that there are no more constraints in the theory.

4 First class constraints and gauge symmetries

In order to finish canonical analysis we have to classify the constraints. The
nature of the constraints depends on the (non)singularity of the extended
metrics, Gap and GZHB. It turns out that, for some particular choices of
the background fields, they have vanishing determinants, which produce
the first class constraints. According to the Dirac theory for constrained
systems, the first class constraints generate gauge symmetries in the theory,
which existence enables us to fix nonphysical degrees of freedom.

4.1 Case of regular metrics (A # 0, A # 0)

For A # 0 we have
det Gap = 4Adet Gij #0, (4.1)

so that we are able to solve all velocities in terms of momenta from equation
(3.1). In that case there are no constraints of Dirac type.

The algebra of the constraints I'4 originating from boundary conditions
has a simple matrix form

{Ta(0),Tp(0)} = —kGYpd, (4.2)

where GL; is defined in equations (A.9) and (A.10). The determinant of
G

€ A2 (S
det G5 = 4= det G (4.3)
is regular for A # 0 and A # 0, and all constraints are of the second class.
We use the assumption that the standard metrics are regular, det G;; # 0

and det ijﬁ # 0.
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4.2 Singularity of the metric Gap (A = 0)

For A = 0 the determinant of the metric G4p (4.1) is equal to zero. This
means that extended metric G 24p have one singular direction n4 defined
in equation (B.4). From (3.1) it is clear, that we are not able to solve all
velocities in terms of momenta, and consequently there must be a primary
constraint. For A = 0, the current

j= nAjiA =nma + QﬁnABABy’B (4.4)

does not depend on velocities and we conclude that it is a constraint. From
the algebra of currents (3.5) we obtain that j commutes with all ji4, so it
is of the first class.

The canonical Hamiltonian is of the form

1

H, = / doMe, He=T ~Tp, Te=% (6 isajen,  (45)

where (¢71)48 defined in (B.9) is the inverse of the induced metric in the
subspace orthogonal to the vector n. In order to examine the consistency
of the constraint j we introduce the total Hamiltonian

Hy=H.+ /da)\(a)j(a), (4.6)

where X is a Lagrange multiplier. From the equation
{Hr,j} =0, (4.7)
we conclude that there are no more constraints in the theory and the mul-

tiplier A remains undetermined. This confirms that j is a constraint of the
first class.

The first class constraints generates the local gauge symmetry transfor-
mations of an arbitrary variable X

5X = {X,G}, G= / don(0)j(o). (4.8)

If we apply this to the coordinates y and canonically conjugated momenta
T4, We get

5yA = nAn, 0ma = 2/<mBBBA77’. (4.9)
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From the expression

doy=9 (n,;y ) =n, n?=Gupnn®, (4.10)

we conclude that y = 0 is a good gauge condition. Note that
nay? = adaizt, n* = add? (4.11)

are equal to zero for A = 0, but their fraction does not depend on A and,
consequently, it is finite.

Using the constraint equation j = 0 and gauge fixing y = 0 the boundary
conditions take the form

Tu(o) = Ta= g )a%j_plo) + M_g ") a"jip(—0), (4.12)

with the algebra

{T4(0),T5(3)} = kG4 (4.13)
The extended effective metric has the form

Gl = (~2(Leg ™) + (g™ L)an) |

_ (gAB - 4(Bg_1B)AB) ‘A:O’ (4.14)

with the concrete expression given in equation (B.14). For a*> # 0 and A # 0
with the help of the relation

det G5 = 4aa® A det GSF

4 3 (4.15)

we conclude that all constraints originating from boundary conditions and
remaining after gauge fixing are of the second class.

4.3 Singularity of the metric G5 (A = 0)

From expression (4.3) we conclude that, for A=0 and A#0, det G,
has two zeros at .A = 0, which means that metric G 5 has two smgular
directions 74! and 74 introduced in equations (B.10) and (B.11). According
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to the algebra of constraints (4.2), for A = 0 and A # 0, the constraints
Iy =afTa, Ty=nsly, (4.16)
are of the first class, while the rest ones
(P'r)a = (Pr)a”T's (4.17)

are of the second class. The projector (JE’T) 48, introduced in equation
(B.13), projects on the subspace orthogonal to directions fz‘f‘ and ﬁ‘;.

The generator corresponding to the first class constraints I'; and I'y is

G = / do (1 (0)T1(0) + 120\ Ta(o)], (4.18)

with the same form of gauge transformation as in equation (4.8). Using the
identities

At =2, BG™HA,  af = 2(A BG4, (4.19)

we obtain that the constraints do not depend on the coordinate y*

D1 = 51 +73)ma(0) + 5(73 — i )wa(—0),
Dy = 5(af +75)ma(0) + 3(Af — 7g))wa(—0). (4.20)

Consequently, the gauge transformations of the momenta w4 are trivial, and
we obtain

+ 57 — ) Im(—0) —mp(—0)], dma=0.  (4.21)

y1 = 3 [n2(0) + m2(=0)] + § [m () —m(=0)],
y2 = 3 [m (o) +m(=0)] + § [n2(a) — ma(—0)], (4.22)
Yo = ﬁ“;L‘QyA, = G iARB (0 = 1,2), (4.23)

enable us to choose good gauge conditions
y1 =0, y2=0. (4.24)

As well as in equation (4.11) 7i 4y and 712 vanish for A = 0, but the variable
Yo 18 well defined.
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5 Dp-brane features

Using the solution of the second class constraints, we obtain that Poisson
brackets of some coordinates are non-zero. The effective theory, defined on
these constraints, describes string symmetric under o-parity, which propa-
gates in new, so-called effective background. In the zero central charge limit,
¢ =0, we get the full agreement with the corresponding results of [1].

5.1 Solution of constraint equations

In the case of regular metrics we solve second class constraints originating
from boundary conditions (3.14), I'4 = 0. In the cases of singular metrics,
the first class constraints and local gauge symmetry appear. After gauge
fixing we can treat the first class constraints and gauge conditions as second
class constraints. For A = 0 we solve gauge condition y = 0, first class con-
straint j = 0, and, the second class constraints I'y = 0 (4.12). In the case
A = 0, solution of the the first class constraints, I'; = 0 and T's = 0, and the
second class ones, (I'r) 4 = 0, is equivalent to the solution of all constraints,
I'4 = 0. Then the complete set of equation consists of I' 4 = 0 and the gauge
conditions, y; = 0 and y2 = 0, (4.24).

In terms of the o-symmetric and antisymmetric parts of coordinates and
momenta

7o) =5 [y (o) + vy (=0)], 7o) =3[y (o) =y (~0)],
pa(o) = 3 [ra(o) + ma(=0)], palo) = 5lmal0) —ma(-0)].  (5.1)
the constraints I'4 (o) have the form
Ly =2BG Y APpp — kGLTP + pa. (5.2)

Solving the corresponding set of equations, we obtain that the solution in
all three considered cases has the same form

o(e) = Q) =204 [ Po(). 7R0) = Pato). (53
where

D
ypp = (Ppp)tey?, 73" = (Ppp)a®mp,

Q" = (Ppy)*5d®, Pa = (Ppp)a’ps. (5.4)
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Table 1: Projectors.

Case A#£0,A#0 A=0 A=0
(Ppp)a® 54" (Pr)a® (Pr)a”
The projectors (Ppy)a® are given in table 1, while the concrete expressions

B

for (Pr)a® and (Pr)4® are defined in equation (B.17) and (B.13), respec-
tively.

In case (1), equation (5.3) contains all components, because ygp(a) =

yA(U), and we introduce this notation just in order to unify expressions for
all solutions.

In cases (2) and (3), corresponding to A =0 and A = 0, respectively,

solution (5.3) does not contain two directions determined by the vectors 7

and ﬁg‘. These directions satisfy Dirichlet boundary conditions, while the

corresponding canonically conjugated momenta are equal to zero

™

=0,
0

"0, m =0, m=0, (5.5)

Y1 0

where y,, (a = 1,2) is introduced in equation (4.23).

In all cases tensor

1, . _
048 = —E(geﬂlBgD;PDp)AB (5.6)

can be written in the same form and it is manifestly antisymmetric. The
corresponding metrics are given in table 2, where the particular expressions
for metrics are given in Appendix A and for projectors in Appendix B.

In case (1), when both closed and open string metric, G4p and GZHB, are
regular, the component form of the tensor 047 is

A _ (O ©
o~ (% 9. 6.7

Table 2: Extended metrics.

Case A#£0,A#£0 A=0 A=
(90 )" (G )P (Gt Pr)*P (Gof Pr)AP
(Ql_)l)AB (G—I)AB (g—l)AB (G—I)AB

P
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where

1

57 (B (5.8)

07 = —— (G} BG I}V, ©' =
K

and

. . . azdj
(7)) =67 + T (5.9)

In the basis where both ordinary and effective metrics are diagonal, (5.7)
can be transformed as

1 i
*Q48 = —E(*G;HlB*G_l)AB = (60 8) (5.10)

with the same expression for ©% as in (5.8).

The antisymmetric parameter ©4 in cases (2) and (3) has the same form
in diagonal and nondiagonal representation

ij
018 = <@o 8) : (5.11)
where
ij | -1 ij
S :—E(GeHHTBG I)¥,
. . azd] 4 B .
(IIp);? =6 — PP m(Ba)i(aB)J. (5.12)

The component form of the above results are in full accordance with the
results of [1,2].

5.2 Noncommutativity

From the Poisson brackets of the basic string variables (3.4), we calculate
the corresponding ones of the effective variables

{QA(Tv J)? PB(Tv 5)} = (PDP>AB(SS(07 5)’ (5'13)

where 0(0,5) = 3[6(c — ) + 6(0 + 7).
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Separating the center of mass variables
A A A
bplen = = [ doubylo) (@) = (byon + YA (610
we obtain

{Y5,(0),Y5,(5)} = 048 A(0 +5), (5.15)

where the function A(z) is defined as

-1 ifz=0,
Alx) =490 if0<ax<2m, (5.16)
1 if x = 2m.
From the identity
& ij i
5@ a; +0" =0, (5.17)

which holds for components defined in equation (5.8), we conclude that com-
bination F' + Sa;xz* = *F is a commutative variable. The same result follows
directly from the diagonal form of the noncommutativity parameter (5.10).

In case (1) where extended metrics are regular there are one commutative
and p + 1 noncommutative variables. In other two cases, where either ordi-
nary or effective extended metric are singular, the coordinates y, (a =1, 2)
satisfy Dirichlet boundary conditions and decrease the number of the Dp-
brane dimensions. Because the variable *F' is a commutative one, there are
p — 1 noncommutative variables in the theory. The expressions for noncom-
mutativity parameter ©% between coordinates z, and ©° between z’ and
the field F, are unified.

5.3 Effective theory

Let us introduce the effective current
jea = Pa £ rg55Q"7, ¢ (9.4)7F = (Ppp)a®, (5.18)

which live in subspace defined by projector (Pp,) 4P playing the role of
unity. Using solution (5.3), we correlate it with corresponding one defined
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in (3.3) and get
jea=£2(Mrg ) a"jsn. (5.19)

Substituting these relations in the canonical Hamiltonian [(3.2) or (4.5)], we
obtain an effective energy-momentum tensor and Hamiltonian

1

E(ge_ﬁfl)ABjﬁ:Ajj:B =T., He=T_ -T;=H.. (5.20)

Iy =7

The effective theory is defined in the phase space spanned by the coor-
dinates Q4 and momenta P4. The expressions Ty satisfy Virasoro alge-
bra. Consequently, the effective theory is a string theory constrained to the
subspace defined by projector (Pp,)4? and symmetric under o-parity but
propagating in the effective background G 4p — gi{%, Bap — 0.

5.4 Zero central charge limit ¢ =0 (@ — 00)

The expressions in the non-diagonal form are technically more convenient
for applying zero central charge limit ¢ = 0 (a« — o0). All details concerning
zero central charge limit are expressed in Appendix A.2. For ¢ = 0 we have

ma — 14 = k(°Gapy® — 2Bapy’?),

jea = Yjea ="ma + 26 apy'?, (5.21)

where Il op = Bap + %OGAB and °Gap is defined in equation (A.18).
Index © is chosen to signify the condition ¢ = 8% = 0.

In case (1), where both extended metrics are regular (A4 — —a? # 0, A —
—a? # 0), the noncommutativity parameter takes the form

0@ij 0@i
0948 — (_063. 0 ) : (5.22)
where
g 1 = ” ., (Ba)’
0t — _ — 0\7 0t — _
0 ~(PrBPY)Y, ‘0 ST (5.23)

and the projectors (P);7 and ]5%3 are defined in equation (A.20).
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In cases (2) and (3) in the limit ¢ = 0 the noncommutativity parameters
have the same form

0gii
0nAB __
&) _< . O). (5.24)

For case (2) of singular °G 45 (A — —a® = 0) the noncommutativity param-
eter is defined as

g 1 y A 4
"0l = — (G PABGIPH), (PR =67 — —(Ba)(aBy,  (525)

while in case (3) of singular effective extended metric °G%fL, (A — —a? = 0)
we have

g 1 . o .
"0 = —L(GAPEBCET Y, (PR =67 + 5(Bay(@By.  (5.26)

Note that in the zero central charge limit identity (5. 17) turns to 1dent1ty
@”a] = 0, so that commutative variable 1*F 1 SF+ aZ:L‘ turns to a;x

All these results are in full correspondence with the expressions obtained
in framework without Liouville term [1].

6 Concluding remarks

In this article we considered noncommutativity properties of the space—time
extended by the conformal part of the world-sheet metric F. The field F,
introduced by Liouville term, allows us to establish the quantum conformal
invariance without using the dilaton space-time equation of motion, 3% = 0.
In fact, after imposing the space-time equation of motion, Bﬁu =0, the
Liouville action cancels the remaining constant anomaly, 5% = ¢, and makes
the conformal part of the world sheet metric, F', dynamical variable.

So it is natural to consider the extended space-time with the coordinates
y™ = (z*, F) and the metric Gpsn. An extended Dp-brane, parameterized
by extended string coordinates y* = (2%, F) with the corresponding closed
string metric G 4, is emebedded in the extended space—time. In this way in
equation (5.6) we unified the expressions for noncommutativity parameter
©% between Dp-brane space-time coordinates z* with the noncommutativity

parameter ©! between z* and the field F.

When the both extended metrics are regular (A # 0, A # 0) the analysis
in the extended formulation is completely equivalent to the dilaton free case.
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Table 3: Dp-brane features.

Case Ya (Ppp)a® Dp, Nie Ye
1. — 548 p+2 p+1 *F
2. Y1, Y2 (Pr)a® D p-1 *F
3. Y1, Y2 (Pr)a® p p-1 *F

Applying known results of the dilaton free case on extended Dp-brane, we
independently derived the results of [1,2,7], in a much simpler way. We show
that both noncommutative parameters, ©” and ©°, are just components
of the extended noncommutativity parameter. One Dp-brane coordinate,
*F=F+ %aixi, is commutative. Consequently, number of noncommutative
variables is the same as in the absence of dilaton field.

In case (2) the closed string metric G4p has one singular direction,
whereas in case (3) there are two singular directions of the open string
metric G‘;gg. In both cases the first class constraints appear in the theory
generating local symmetries. Fixing the gauge, the first class constraints
and gauge conditions behave like second class constraints. Solving the sec-
ond class constraints we obtain an effective theory expressed in terms of the
effective variables Q4, symmetric under o-parity transformation, and corre-
sponding effective metric gffB. We conclude that Dp-brane is described by
one commutative, *F', and p — 1 noncommutative coordinates.

All cases can be explained from the unique point of view. As a conse-
quence of the relation between background fields, some coordinates y, =
figay”

g
ity of the Dp-brane. The physical Dp-branes are defined by projections
(PDp)A p with dimensions Dp,, = (PDp)A 4. The variable *F' is commutative
in all three cases, y. = *F, while all other directions are noncommutative,
because yép depends on both the coordinates @4 and momenta P4 [see
equation (5.3)]. So, the number of commutative coordinates NN, is equal to
1, and the number of noncommutative coordinates is Ny. = Dp, — 1. This
analysis is summarized in table 3.

satisfy Dirichlet boundary conditions, and change the dimensional-

In this article we also introduced one methodological improvement and
derived boundary conditions by canonical methods. Demanding that
canonical Hamiltonian as time translation generator is differentiable in its
canonical variables, we obtain the boundary conditions purely canonically.
We treated boundary conditions as canonical constraints, so this approach
seems to be more natural. The equations of motion for canonical momenta
give the standard Lagrangian form of the boundary condition.
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All results of this paper agree with the corresponding ones in component
notation of [1,2,7]. The advantage of the extended space-time approach is
to write the action in the presence of dilaton field in the dilaton free form.
In such a way we unify the expressions for noncommutativity parameters.
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Appendix A Extended space—time

In this appendix we will introduce the metrics in diagonal and nondiagonal
form, and the similarity transformation which connects them. Also we give
the expressions for metrics in the zero central charge limit ¢ =0 (o — 00)
in order to compare them with the results of [1].

A.1 Extended metrics in nondiagonal and diagonal form

Let us introduce the coordinates of the extended Dp-brane y4 and the cor-
responding background fields G 4p and Bap

yA = <iﬂ> 3 GAB =

We can diagonalize G 4p applying similarity transformation to vectors

Gij QCLZ‘

_(Bi; 0
- é , Bap= < 0 0> . (A1)
J (6%

*VA — MABVB, *VA — [(Mfl)T]ABVB’ (A.Q)
where
5 0 & 0
M4 = ag; | (M~NHAp = _ag (det M =1). (A.3)
2 2

From transformation laws for vectors (A.2) we can derive the corresponding
ones for arbitrary tensors. Marking variables in diagonal form by (x) we
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obtain ;
oyt = (*J:F> , "F=F+ %aixi, (A.4)
and
*GAB = 4 s *BAB = BAB, *Gij = Gz‘j — aa;ay. (A.5)
«

The inverse of the metric Gap and *G 4p are of the form

al

(*G_l)ij v (*G—l)'l] 0
@ne=| P ey o | (AD)
NS "o
2A 4A
where
(*G—l)w = GY + ﬂ7 = l — a2. (A~7)

A a

Because metrics Gap and *G 4p are connected by similarity transformation,
their determinants are equal and have a form

det Gap = det*Gap = 4Adet Gj;. (A.8)

The corresponding effective metrics are

Gij 2a;
G = Gap —4BG'B)ap = 4], (A.9)
20,]' —
[0
*Geft
ij
"G =*Gap —4(B*G™'B)ap = 4l (A.10)
0o =
«
where
e eff 4
Gij = Gij — Z(Ba)i(aB)jy (A.11)
and

4 ~
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The corresponding inverse ones are of the form

a‘a’ a

G — —— *G—1yij
—1\AB _ @) A 2A w—1NAB _ ("Ger ) 0
<Geﬁ) - EL‘] 1 ) ( Geﬁ) - 0 g )
_ - 4
2A 4A (A13)
with the space—time components
- |
(G = (G )7 + z(B@)’(&B)],
(Ca) = (Gah) + 3 @@ +aBay@By], (AL
and
I
A= o —an (A.15)

Because of the first relation in (A.14), we can raise the index of a; with both
(G7)7 and (G1)¥

i = (G Yia; = (G)a;, a2 =da;. (A.16)

The determinants of the effective metrics are

A2

det G = det *GelL; = A= det G (A.17)

A.2 Extended metrics in the zero central charge limit (¢ = 0)

In the zero central charge limit all quantities (including closed and open
string metric and projectors) in component form agree with the expressions
in the case without Liouville term (see [1])

Gii 2a; 0G:: 2a;

0 % % 0 veff g 7

GAB—_( J >, G —< J ), A.18
0 AB=\ 245 0 (4.18)

QCL]'
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while the inverse ones are

at . ~1

G—1pYyii P d
(0G1)AB = ( e (0G1)AB = T 232
al 1]’ ¢ al 1]
242  4a? 262 4a2
(A.19)
where
. . aiaj ~ S —1ni ala]
(PR) =6/ — =5, P = (G - = (A.20)
The term Oéij is defined as
0~ eff 4
Gij = G + —(Ba)i(aB);, (A.21)
while its inverse is
~—1\¢ —1\¢ 4 ~\ ([~
G = (G ) - =3 (Ba)i(aB);. (A.22)

Appendix B Extended space—time projectors

In this appendix we introduce projector operators in order to separate non-
commutative and nonphysical variables on the Dp-brane as well as to express
the noncommutativity parameter.

The projectors on the subspace spanned by vectors nf, and on the orthog-
onal one with respect to the metric g4p are

(M) a” =v"ngany, (r)a® =647 — ()47, (B.1)
where
NaA = gABNY, Yab =1 gany, VY = 0%. (B.2)
The transposed operator is

g = ¢ “licP gpp. (B.3)
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B.1 Projectors on regular part of Gap

In both representations the extended metrics, Gap and *G 4, are singular
for A = 0. The corresponding singular directions are

a i
a
n? = aa | nt = MAgnP = <0) , (B.4)
2
so that the vectors
na = Gapn® = aAd (%l> =*ns =*Gap*n®, (B.5)

vanish for A = 0.
The corresponding projectors for nondiagonal and diagonal case are

o oaq o a;d)
57 — = ! 5 — = 0
(PO =T a2 2 |, (PO =|" a? . (B.6)
0 1 0 1

The metric in the subspace orthogonal to the vector n4 is defined as
gap = (PYG)ap, (971" = (G~ PR)A7. (B.7)

The concrete expressions are

;G

Gij — CtA 5 2al- Gij - —5 0
a * a
9gAB = 4 > gAB = 4 | (BS)
2aj — 0 —
« «

while the inverse ones have the same form in both representations

= (g )" (B.9)

~| o o
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s T
B.2 Projectors on regular part of G%5

There are two singular directions of the effective metric GZHB

it = <2(a55')i> . =2 |, (B.10)

and of the corresponding one in diagonal representation *GjﬁB (A.10)

= (2(5LOB)"> = (%) _ (B.11)

In both representations the vectors with lower indices

~ A 2(aB 7 * ~ ~ 1 i * =
AV .,71 < (CLO ) ) = MNi1A, noaA = Oé.A <C(L)> = N9gA, (B12)
vanish for A = 0.

Using the second expression (B.1) we obtain the projectors on subspace
orthogonal to the vectors 4! and 74

R p l'j (67073 A . y
(Pr)a® = ( E) i . (*Pr)aP = <<P€)’J ?) , (B.13)

where (Pp)d = 04 — aa;al — %(Ba)i(&B)j.

B.3 DMetrics in subspace orthogonal on ﬁ,’f and 1’:,‘24

Using the definition of the extended effective metric (4.14), we obtain for
non-diagonal representation

el = 1] (G = A A B
2aj a _i LN
2A 4A
where
4

Gij = ijﬁ + %(Ba)i(aB)j, (G™HY = (Geg)V — ﬁ(Ba)i(dB)j. (B.15)



26 BOJAN NIKOLIC AND BRANISLAV SAZDOVIC

The corresponding expressions in diagonal form are obtained by acting with
similarity transformation (A.3)

. . B ~1~]

o Gij — aaiaj 0 B (G*l)w + a(} 0
*Gyp = 4], (G HAE = A

(6%

0 0

|0

(B.16)

Applying the procedure described at the beginning of this appendix, on

vectors 711 and 714 and on the metric G, we obtain the projectors

Py 24 ) Pr)
(Pr)a® = ( (T)) i . (*Pr)AP = <( E) ?), (B.17)

a;a’
a2

for non-diagonal and diagonal case, respectively, where (Pr);/ = 6;/ —
S (Ba)i(aB).
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