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Abstract. In this paper, we introduce a kernel-type version for the bi-dimensional extension
of the Foster, Greer, and Thorbecke index that was introduced by Duclos et al. (2006a) for
the purpose of a dominance approach to multidimensional poverty. The measure they used
in their dominance exercise is essentially a generalization, from one to two dimensions, of the
FGT index with separate poverty aversion parameters for each dimension. Our estimator
is constructed by using a bidimensional Parzen-Rosenblatt kernel of a probability density
function (pdf). We next provide its complete asymptotic behaviour by establishing its almost-
sure uniform and its uniform mean square consistencies. A simulation study shows that it
performs well for small samples comparatively to the empirical plug-in estimator. Our results
are also extensions of those of Dia (2008) and of Ciss et al. (2014) in one dimension.

Résumé. Dans ce papier, nous proposons un estimateur pour la version bidimensionnelle de
I'indice de pauvreté de Foster, Greer et Thorbecke, introduit par Duclos et al. (2006a) pour
I’étude de pauvreté dans un cadre multidimensionnel grace a la dominance stochastique. La
mesure qu’ils utilisent dans cet exercice est en fait une extension bidimensionnelle de I’indice
FGT avec deux parametres pour I'aversion de la pauvreté, un dans chaque direction. Dans le
processus de construction de notre estimateur, nous utilisons 1’estimateur bidimensionnel de
la densité de probabilité de Parzen-Rosenblatt. La convergence uniforme presque stire et la
convergence uniforme en erreur quadratique moyenne sont ensuite établies. Des simulations
numériques montrent que notre estimateur se comporte bien, méme pour les échantillons de
petites tailles, face a ’estimateur empirique. Nos résultats constituent aussi une extension
au cas bidimensionnel de ceux de Dia (2008) et de Ciss et al. (2014).
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1. Introduction

Duclos et al. (2006a) considered a multidimensional extension of the FGT class of measures,
to address robustness analysis of the choice of poverty indices and poverty lines. They used
the dominance approach for poverty comparisons, as initially developed in Atkinson (1987),
in Foster and Shorrocks (1988a), Foster and Shorrocks (1988b) and in Foster and Shorrocks
(1988¢). A major advantage of this approach is its ability in generating poverty orderings
that are robust with respect to the determination of poverty lines. Then the sensivity of
most of poverty measures to the poverty line makes this approach more important. Besides,
it also ensures robustness with respect to the choice of a multidimensional poverty index
over broad classes of them, as well as robustness over the manner in which multidimensional
indicators interact between them, when describing overall individual well-being. Duclos et al.
(2006b) also used the bivariate stochastic dominance techniques to investigate the incidence
of poverty, measured in terms of household expenditures per capita and child height-for-age
indicators.

Such important traits of this measure motivated us to have an asymptotic theory based on
estimators constructed on random samples that would provide accurate approximations for
small sizes. Their uniform asymptotic laws may lead to optimal choices of the two considered
parameters. A number of different ways are possible to adopt, one of them is the use of the
empirical plug-in estimator. We consider here, as a first study of such nature of this index,
extensions in form of kernel-type statistics, that we already used in one-dimensional studies
in Dia (2008), for « = 0 and @ > 1 and, by Ciss et al. (2014) for « € ]0,1[. By the way,
the results exposed in these papers will be particular cases of results of the current paper.
Our approach will demonstrate to give be better results than the one based on the empirical
estimator.

To make the ideas more clear, let z and y be two indicators of individual well-being among,
for example, income, expenditures, caloric consumption, life expectancy, height, body weight,
extent of personal safety and freedom, etc. Throughout this paper (X,Y") stands for the value
of (z,y) for a randomly selected individual of the population. Then (X, Y) is a random couple
of nonnegative real numbers defined of a given probability space (2, .4, P) whose cumulative
distribution function (cdf) is denoted by F(.,.) and we suppose that it admits a pdf f(.,.).
From now all the expections are done with respect to this probability space.

The bi-dimensional extension of the FGT Foster et al. (1984) class of poverty measures by
Duclos et al. (2006a) is denoted by P(z1, 22, a1, a3) and is defined as follows, for (o >
0, [6%) Z 0) :

_ N (%) ' (%) 2f(gc,y) dzdy if z1>0and 2 >0 (1)
0 otherwise.

where z; (resp. z2) represents the poverty line for the dimension z (resp. y). This index
is useful for ordinal robust comparisons of poverty, even when the measurements are made
across the intersection of the two dimensions considered.

Now let us consider, for n > 1, a random sample (X1,Y7), ..., (X, Yy) from (X,Y), defined
of the probability space defined above. The empirical plug-in estimator of 1 is given by
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~ 1 - — X\ Y\ @2
P, (21, 22, a1,00) = = (1——Z> (——J)

where x4y = max(0, z).

From there, we use the Parzen (1962) kernel estimator of the density f(z,y) :

flay) = ;ihllth(x;IXi)K(y;f). )

Combining these two last facts, and based on Riemann sum, we are able to propose the
following kernel estimator of the DSY index 1 : P, (21, 22, a1, a2)

SIS () (B (),

where [E]’ is the integer part of 7~ i = 1,2 «a; >0, h; = hi(n), i = 1,2 are positive
nonrandom sequences of real numbers tending to zero as as n tends to infinity, and finally
K (x) is a Borel function satisfying the following hypotheses:

(Hy) sup |K(z)| < oo, (Ha) / K(x)dr =1,(Hs) lim |z||K(x)| =0.
—co<r< oo R r—+o0
For readibiliy’s sake, we expose our construction of the latter statistic in the appendix
section 5.

As announced we are going to describe the complete asymptotic theory of (3). Our best
achievement is establishing the almost-sure consitency with respect to the parameters
(1, a2) € (R%)? as well as the uniform mean square efficiency. We have been able to
conduct simulation studies that showed good performances for small sizes data, better that
results from the empirical plug-in statistics.

The rest of the paper is organized as follows. In Section 2, will state full details of the results.
In Section 3, we will provide simulation studies outcomes and relevant comments as well as a
compairison with results from the empirical approach that was used until now. The complete
proofs are then given in Section 4.

2. Convergence of the estimator

We will need a number of hypotheses and conditions for our theorems. We need to derive
the following one K from the function K, defined on R? by K(x,y) = K(x)K(y). This this
latter inherits from K these two properties : sup_ ., , <40 |K(2,9)| < 400 and

/ . K(z,y)dzdy =1, lim |(z,9)||K(z,y)| = 0.

ll(z,y) |00

Now additional hypotheses on K or K are the following :
(H4) K is a bounded variation function on R and we denote by V(R) its total variation.
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(Hs) [ o |uv]|[K(u, v)] < +o0.
(Hg) There exists a non increasing function A such that A(;%, 72) = O(hih2) on any
bounded rectangle and for two couple of real numbers z = (z1, 22) and y = (y1, y2),

K@)~ K()| < Alle— gl and Au,v) — 0, (u,0) = (0,0),u> 0,0 > 0,
where ||-]| stands for the Euclidean norm.

Finally, these condions depend of the pdf f(z,y):

Ci: f (z,y) is uniformly continuous.

Csy: f(x,y) admits almost everywhere derivative f (z,y) € L1(R x R).
We are now able to describe our results that we organize in subsections.

2.1. The uniform almost sure consistency and the behavior of the bias

Theorem 1. Assume that the hypotheses Hy and Cy hold. Then, for all b >0 (i.e.b=
(b1,b2),b1 > 0 and by > 0), the estimator Py,(z1,22,a1,a3) converges uniformly almost
surely on [0,b1] x [0,b3] to P(z1,22,01,2) as n— +oo i.e.

P( lim sup | P, (21, 22,1, 2) — P(21, 22, 1, )| = 0) = 1,
nH0 (2 25)€[0,b1] X [0,bs]

provided nh2h3(loglogn)™! — 400 as n — +oo.

Theorem 2. Assume that the hypotheses Hy, Hs and Cy hold, for all b >0 (b=
(b1,b2), the estimator Ppn(z1,22,a1,a3) converges uniformly almost surely on [0,b1] X
[0,b2] to P(z1,29,a1,02) as n— oo i.e.

P( lim sup | P (21, 22, 1, a0) — P(21, 22,1, 00)| = 0) =1,
MO0 (24,22)€[0,b1] % [0,b2]

provided nh2h3(loglogn)~! — 400 as n — +oo.
Lemma 1. If Cy holds, then for all b >0, we have

lim sup |E(P, (21, 22, a1,2)) — P(2z1, 22,1, 2)| = 0.
N+ (51,25)€[0,b1]X[0,b2]

Lemma 2. Let M = sup(,, .,)cr> % and A = sup, ,)cp2 flx,y), If Hsand Cy hold,
then

( SU%D [E(Pn(21, 22, a1,02)) — P(21, 22, 1, a2)| < hth((/ |fl($’y)|d$dy)
z1,22)ER? R2

« (/R2(|u| 1) (o] + 1)K, 0)] dudv)

+o0

+ 4(ayaa M + Ahyhs) / |K(u,v)] dudv).

— 00

Remark 1. If K satisfies the hypothesis Hjs, then by using Hi, the kernel K =
K also satisfies it.

Je2 K2(y1,y2) dy1dy2
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From the two previous lemmas, we get the following corollaries

Corollary 1. Under the assumptions of Lemma 1, we have uniformly on [0,b1] x [0, bs]

[ZL1172 . ) ) .
. ihy\ 201 th 20z X — ihy Y. — tho
im B33 (1-7) (1-) K &(257))
n—l>1foo ; = z1 z9 hl ) hg

= P(Zl, 292, 20[1, 20(2) / K2(y1,y2) dyldyQ.
R2

Corollary 2. If the assumptions of Theorem 2 hold and if hihy = O(n~'loglogn)'/4,
then for all b > 0, we have almost-surely

sup | Py (21, 22, a1, 0) — P(z1, 22, 01, )| = O(n_1 log logn)1/4.

(21,22)€[0,b1] x[0,b2]

2.2. The uniform mean square consistency
Theorem 3. If Hg and Cy hold. Then
1.

lim nVar(Pn(zl,ZQ,ozl,ozg)):P(zl,22,2a1,2a2)/ Kz(yl,yg)dyldm
]R?

n—-+oo

2
- (P(Zl72270417a2)) .
2. For all b>0,

2
lim sup E(Pn(zl, z9, a1, q9) — P(21, 22, al,ag)) =0.
N+ (41,25)€[0,b1]%[0,b2]

Theorem 4. Assume that Hg and Cy hold. Then

lim nVar(P,(z1, 22, a1, a2)) = P21, 20, 201, 2a2) [ K2 (y1,y2) dy1dys

n—-+4o0o R2

2
— (P(Zl, Z9, 01, Oé2)> .
Moreover, if Hs holds we have for all b >0,

2
lim sup E(Pn(zl,ZQ,Oél,Oég) —P(Zl,ZQ,Oél,CKQ)> =0.
N0 (21,22)€[0,b1] % [0,b2]

For the proof of this theorem, first we prove the Theorem 5 below using the

Lemma 3. Let 0 < Hf < 1,i,5 =1,2. Then for all x = (x1,22),y = (y1,%2) and © # y
we have

+oo _ 91 _ 92
lim sup ((hlhz)_Q// |K(u1 T+ 17u2 T2 + 1)
n—=400 (21 20)€[0,1]x[0,1] —oo hy ha

Up —y1+9% ’U,Q_y2+9§

x K ( » ; n

)|f(U1,U2)duldU2> = 0.
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Theorem 5. Assume that the hypothesis Hg holds. Then for all b > 0,

lim sup Z Z (1 — Zl;fl )al (1 — jifl )al

n——+oo (z1,22)€[0,b1]x[0,b2] 0§i1¢j1§[%] Ogizyéng[,%]
o (1 _ izhz)"‘z (1 _ jzhz)“2
Z9 z9
o / K<U1 - ilhl)K(ul _jlhl)K(u2 - Z‘2h2)
R2 hy ha ho

— 15h
K(%)f(ul,UQ)duldUQ = 0.

Remark 2. The estimator P,(z1,z22,a1,a2) has asymptotic efficiency with respect to
Pn(zlv Z9,01, 0[2)7

P(z1, 22,201, 2002) [ro K2 (y1,y2) dyrdyz — (P(z1, 22, 01, @12) )
P(Z1722,2a1,202) — (P(Zl,ZQ,O[l,OéQ))Z '

6(21,22704,042) =

The integral [, K?(y1,y2) dyidys is strictly inferior to 1 for K product of two conventional
kernels Parzen (1962) p.1068. Then we have in this case e(z1, 22, a1, @2) < 1. In Theorem 4,
the rate of convergence in mean square is estimated to O(L) if hyhs is estimated to O(ﬁ)

3. Simulations

We conducted simulation studies based on of 75 replications of samples of size n = 50
and computed the value of our estimator and that of the empirical plug-in estimator. We
considered Gaussian kernels that fullfil H;,i = 1,...,6 and h; = 1/y/nlogn,j = 1,2. As for
the distribution, we used a couple of independent coordinates with first margin following
a Pareto distribution type on [0,1] with parameters xg = 0.02 and b = 0.2, and a second
margin following an exponential distribution with parameter A = 1. For a fixed couple of
poverty lines, for a fixed n, replications of samples give the following replicated values for the
two estimators, our kernel-type one and the empirical plug-in estimator, in the respective
replicated sequences :

(Prn,1(21, 22, 1, 2), .., P 75(21, 22, a1, 2))

and
(Ppi(21, Z2, 01, 02), ..., Py 75 (21, 22, 1, 0i2))
From each sequence, we compute the mean value mwv;, the mean square error msq; and the

variance ¢;, where ¢ = 1 corresponds to the Kernel-type estimator and ¢ = 2 to the empirical
estimator. For the first case, this is :

75
1
muy = Pp(21, 22,00, 02) = %an,i(zl,zmal,ou),
i=1
75
msqe]— = % Z(Pn,i(21u227a1ua2) - P(Zla227alaa2))27
i—1
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75

1
- ﬂ Z(Pn,i(zlv z2,01, a2) - Pn(Zl, z2,01, aQ))Z-
i=1

01

For the second case, we similarly define muvy, msqe2 and os.

Next, we choose (a1, a2) = (0,0), (a1,a2) = (1,1) and (a1, a2) = (2,2). The outcomes are
summerized in the table below.

(21, 22) (0.1,0.1) (0.1,0.4) (0.1,0.8) (0.4,0.4) (0.4,0.8)
(a1 =0,a2 =0);n =50
mgsel 4.52376e-04 | 4.25607e-03 | 1.07638e-02 | 4.40944e-03 | 1.03522e-02
magse2 0.871967 7.923746 23.95921 35.87961 104.3472
o1 9.91613e-06 | 9.84891e-05 | 2.46968e-04 | 7.26561e-04 | 1.5741e-03
o2 0.264786 1.283177 3.634951 1.867318 23.41582
(a1 =1,a2 =1);n =50
mgsel 2.486597 0.2256831 0.0739875 1.124062 0.342812
magse2 1.993245 0.0701992 0.6961594 1.439354 10.39371
o1 6.54092e-08 | 5.20152e-04 | 5.26027e-06 | 6.83591e-05 | 1.80800e-04
o2 0.0125571 0.0639057 0.641102 1.507185 4.193532
(a1 =2,a2 =2);n =50
mgqsel 1273.946 4.87621 0.168094 35.68207 0.342669
maqse2 1277.474 5.709271 0.507776 49.40013 4.335062
o1 4.31454e-10 | 7.37444e-08 | 2.16516e-07 | 1.40352e-05 | 4.40888e-05
o2 1.40887e-03 | 8.76890e-03 | 2.32100e-02 | 0.15877 0.323104

Table 1. Comparative table of results simulations for small samples

The studied cases P(z1, 22,0,0), P(21, 22,1,1), P(21, 22, 2,2) are commonly and respectively
called the two-dimensional poverty rate intersection, the two-dimensional depth of poverty
intersection and the two-dimensional severity of poverty intersection Duclos et al. (2006a).
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The results speak themselves. The kernel-type estimator behave much better.

4. Proofs of the results.

Lemma 4. Let 0< 60, <1, i=1,2.If f(x,y) is uniformly continuous and bounded,
we have uniformly relatively to (0;,y;) C [0,1] x R

. U
lim / (h1nhon)” K(h T 2 —)f(ur +y1 — O1hy n,uz + y2 — O2ha ) durdus
R2 1,n 2,n

n—-+oo
= f(yh y2) / K(”ly U2) duydus.
R2

Proof. Since f(z,y) is uniformly continuous, then for € > 0, there exists 7 > 0 such
that for ||91hz,n|| <n,i=1,2,

_ U U
\ /2(h1,nh2,n) 1K( 2 )f(ur +y1 — 01hyn,ug + y2 — O2h2 ) durdus
R

)
hl,n hQ,n

_ U u
—/ (h1nhon) ' K( L 22 fun + w1, ug + y2) dudus)|
R2 hl,n h2,n

_ u (2
s/(mmmm>HK@%aﬁiwvw1+m—emu“w+ym—@mm>
R2 1,n 2.n

~ Fun + g1, s + y2)| durdus Ss/ (hnhon) K-S 200 duy dus.
R2

hln h2n

For y = (y1,¥2), choose then n large enough such that ||6h,| <n, 6 = (01,02) to get
the inequality for all (6;,y;), ¢=1,2. It comes up that

| / (hinh2n) 1K(h1 h )f(ul +y1 — 01hy n,u2 + y2 — O2ha ) dugdus

*f(yhyz)/ K(u1, ug) duidus|

<\/ (1 hon) K (-

) (w1 + y1, u2 + yo) durdus
th h2,n

u u
- /Rz(hlthm)_lK(#vﬁ)f(ylay2)duldu2|~

Let ¢(z,y) an uniformly continuous function verifying

—+o00
// |g(v1,v2)| dvrdvs < 0.

Let hy, = (hin,han) be asequence of positive constants satisfing

WD fon =0
Define
1 oo v v
Gn(T1,72) = hlnhQn/ i K(ﬁ ﬁ)g(fcl—vhﬂ?z—vz)dmdvz
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Then

—+o0
gn(x1,22) — g(z1, 22 / K(v1, v2) dvrdvg

v
- /2(h1,nh2,n) ]K(h1 T 2 ) gl — v1, 29 — v2) — g(21,22)] dvidvs.
R n 2,n

Let ¢ > 0 and split the region of integration into two regions: |jv|]| < J and |v] > 0.
Then we have

+oo
= |gn(x1,22) — g(z1, 22 / K(v1,v2) dvydvs]
< max |g(xz1 — v1, 22 — v2) — g(21, T2 |// K(z1,22)| dz1dza
lvli<s T

2,

+ |g(x1, z2 \// (h1nh2n)” 1K(h h )dv1dv2
[|[v]|>6& 1,n 2,n

lg(w1 —v1,20 —v2)| v V1
+ K dvidv
//v|>5 [[v]] hi nh2n (hln ha n) 1

+oo
< ﬁf’%‘g(% — 1, %2 — V2) — g(T1, T2 |// K(z1, 22)| dz1dz2
b5 s )| Kzl [ [ 1901, 22)| deadzs
0 a2 3
+1g(w1, 2) \// IK(21, 22)| dz1d2s.
Z”>h1 nh2 n

As one lets n  tends to oo,by choosing a small §, you may use the uniform continuity of
g to prove that the fisrt term tends to 0. The second term tends to 0, from the hypotheses
on K(z,y). The third term too, since K(z,y) has compact support. Then at every point
(z1,22), we have

n——+00

+oo
lim g, (21, x2) :g(xl,:c2)/ K(vy,v2) dvrdvs.

Therefore

U2

lim (hlmhzm) K(

e | h1 o, n)f(ul+y1,u2+y2) duydus = f(y1,92) /R2 K(u1, u2) duidus

uniformly, the proof of the lemma is then complete. O

4.1. Convergence of the estimator. Proof of the Lemma 1
Observe first that

lim F(Zl,ZQ) —F(Zl,O) —F(0722) +F(0,0)
(z1,22)—(0,0) 2172

= f(0,0).
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Indeed we have by the mean value theorem

F(Zl722) — F(Zl,O) = (ZQ — O)a—F(zl,sl) with s 6]0,2’2[,

82’2
and
F(0,0) — F(0,22) = —(22 — 0)2 (0,s1) with s; €]0, za].
Therefore

oF oF
F(z1,22) — F(21,0) = F(0,22) + F(0,0) = 22(872(21’81) - 372(0751))

F
= 29(z1 — )5‘281322 (s1,82) with s1 €]0,21]
B 0*F ( )
=125 o 0% 51,82)-
Hence
F(Zl,Zg)—F(Zl,O)—F(O,ZQ)—f—F(0,0) O*F
= (51,82),
Z1%22 82’1822
and
0’F 0’F
m(sl,@) - 92107 (0,0) = £(0,0) as (z1,22) — (0,0).
Therefore 2L (21,22) is bounded.

Z122

Let Ap,i=2Ap iN[0,21]; An, ;=2 ;jN[0,22] and xp the indicator function of the
set B = B x By. For (z1,22) € [0,b1] x [0, b2]. We have

ih jho\ &
E(P,(z1, 22, 01, 2)) = (1—L 1) (1—]72) ’ K(ur,uz)
‘ 21 Z2 R2

X f(urhy — thy, ushs — jhs) duidus,

which can be written in the following form

+oo
X / K(Ul, UQ)f(Ulhl — ihl, Ughg — ]hg) duldu2d9:dy

21

22

hy ai ho az
(hl([h ]+1)—z1)(h2([h ]+1)—Z2)(1_z[fl]) (1_22])
h [}71} thQ — @)duldug

+oo
/ K(uwi,u2) f(urhi +
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We have
i i
s I (F 1) = =) (a2 + 1) = 22) (1 - h[”) (1- h[”) (5)
/ " K(uy,us)f(urhy + n [#] ,ugho — hifz])dulduﬂ

+oo
<hihy sup f(zy) / / 1K (un, )| dudca,

(z,y)€R? —o0
since |hi([75] +1) — 2| < h; i=1,2.

According to Ha, we can write

P(z1, 29,1, ) //+°°/ / 1 - — (1 - Zyz)a2K(U17U2) duydus f (z,y) dedy.
(6)

Let (x,y) € Ap, ; X Ap, j. By considering the terms in 4 and in 6 we get,

ih jho\ @2 Feo
|<1 — %) (1 ] 2 : / K Ul, Ug)f(ulhl — Zhhulhg — jhg) duldu2 (7)
1

-(=5)7(

|// (1~ Zhl) (- %)Mf(ulhl—ihl,ughg—jhg)
(1_7) (1 ) a:y)]K(ul,uz)dulduz|
Iy 2y

(1 - 7) f(a, y)|K(u1,u2)| duydus

Ty

|f(urhy — Zhlvuth —Jh2) [z, 9)|IK(ur, uz)| durdus.
For (z,y) € Ap,,ixAp, j, we have by the first order Taylor formula applied to the function

g(w,y) = (1 - :T)al (1 - z%)az,

for ¢; €]hii, x| and ¢y €]haj, vy,
(-2 (-2 (- 2)" (- 2)”
=|(-2)" (- 2) " ()
H(1-2) (- 2)" (in )]

arh ash
1701 + 2 2) :2(
zZ1 Z9 Z1%22

1— ) K (w1, ug) duydus f(z, y)|

<2 zp0o1hy + z1a2ho

).
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Therefore, denoting by I fj (z,y) the first integral of the right hand-side of (7) and

[%] [72]

Li(z,y) = Z X&n, , (2,y).
=0
We have
z1 Z2 2(051212 +0¢221) H<h1,h2)H
|| sy < - x ®
0 0 122

+oo
/ / // Y)[K(u1, uz)| durduz) dedy

=2(a122 + @221) H (hl, h2> H X

+oo
<// K(u1, ug |duldu2> (511;222)

Denoting by 157 (x,y) the second integral of the right hand-side of (7) and

[ (2]

I(z,y) = XA, ZXA;LZ i IQ’J (2, y).
We have
. too
L (x,y) < // |f(urhy —ihy,ughg — jha) — f(ih1, jhe)|[|K(u1, u2)| duydusg
“+oo
[ [ 1 ghe)  Fe )G )| dusdu,

Let >0, since f(z,y)is uniformly continuous, there exists 1y = ng(z1,22) >0 such
that ||(¢h1,j5h2) — (z,y)|| < no, hence if |h| < no, we have |f(uihy —ihi,ushs —jhe)—
flz,y)| < Moy Therefore

\H
‘l\'}

}

+oo
/ / IQ 1‘ Y dl‘dy hth// |f(u1h1 — ihl,Uth —jhg) - f(Zhl,jh2)|

—+oo
X |K(u1, ue)| duidug + 6// |K(u1, ug)| duidusdzdy.
By the uniform continuity of f(z,y) we have

3 m =mlz1,22) >0, ubl| <m = [f(urhy — ik, uzhy — jha) — f(iha, jha)| < (Il
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Hence

+oo
hlhg // |f(U1h1 — ihl,UQhQ - jhg) - f(’th,th)HK(ul,U2)| duld’uQ
0 o]

3l

o

’\
[

(71172
S
=0 j

h2 // (ul, UQ)| duldu2
MkmMH
a2

—+ Z Z hlhg// Ulhl — ’ihl,Uth — jhg) — f(Zhl,]h2)||K(U1,U2)| dulduz

=0 j=0 uh|\>171

+oo
<€// ’U,1,UQ |du1du2
217122

ul—

F“N

M ¥

h2// |f(uihy —ihy, ugha — jho)|
[luh]|>n1

[22

X |K(U1,UQ)| d’ll,ld’ll,g + Z Z hlhg// |f(Zh1,]h2)||K(U1,U2)| duldu2.
luh )l Zn1

i=0 j=0

Since f(z,y), is continuous, its is Riemann-integrable. Hence

by bo
hah) f(ihy, jhs)] — / fa,y)dedy  n - +oo.
0 j=0 o Jo
Since
by bo by by
(ha ([~ ]1%WMMG]+U—MNM[]M[D%Q n — 400,
hy ho ho
and
[31172) .
hihsl f(ihs, jho)| a/ f(x,y) dady.
1=0 j=0

This last sum is bounded, let A be its bound.

By the change of variables v; =u;h; ¢ =1,2, we have

(7] 132
hg// f(u1h1 Zhl,’UQhQ 7]h2)||K(U1,U2)‘dU1dU2
i=0 j luhl|=mn
(7] 122
+Zzh1h2// fiha, jho)|[K(u1, uz)| duydus
i=0 j=0 uh|\>m
71 72
h h
hg// . ’Ul—Zhl,Ug jh2)|h h ‘K(h h )|d’U1dU2
=07 [lv]|> 771

+A// |K(U17UQ)|dU1dUQ.
llwhl|Zm:
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According to (Hg) there exists C' >0 such that for [7-32| > C, we have

U1 V2

|h ha

me
||< 2>|gf.
ha' = lol]

Let n=inf(n,Chihs), i=1,2 being small enough, then

V1 V2
—1h ih —K dvid
//I H>m U1 ny,V2 — ] 2)h hy (h1 )| V14V2

S 7// |f(v1 —ihi,v2 — jha)| dvidus
1811 S iz

E £
— dxdy = —.
< an//Rz (@)l dedy =

hlhg// |f<’l)1 — ihl,vg jhg | ‘K( 2 >|d?]1d’l)2 S LZQE S g
ol >m ha 1l
Since Affl\uhl\>m IK(u1,us)| duydus — 0,n — +00, we have together with 8 and 5
lim sup |E(Pn (21, 22, a1, a2)) — P(21, 22, a1, 2|
1H0 (21,25)€[0,61] x[0,b2]
+oo
< 25// K(u1,us) duidug + €.

The proof of the lemma is complete. g

4.2. Proof of Lemma 2

For (x,y) € Ap, i X Ap, j i=1,..,[7t;j=1,...[], wehave

oo ih jho\ 2 , ,
// 1-— 71> (1 — %) ||f(u1h1 — Zhl, U1h2 — ]hg)HK(ul, U2)| duldug

too  pxthi(Juil+1)  py+ha(luzl+1)
< / / / / 1F (b1, 1)K (i, )] d ).
— 00 X y

Hence I3(x,y) being as in the previous Lemma 1, the following inequality holds

zZ1 zZ2
//Iz(x,y)dxdy
o Jo
21 2 +oo  rathi(luil+1)  pytho(luzl+1)
<[] ] / 1 (b2, 42) K (1, 2) s du ) dody.
0 0 —0o0 T Yy
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By the change of variables ¢; = x + hq(Ju1| + 1)v1; ta = y + ha(Jua| + 1)ve, we have by
Fubini’s theorem

/ / L y) dady < huhs / / (Jua] + 1) (Jusz] + 1)Ky, uz)|
0 0 R2

1
x(// )f (a:+h1(|u1|+1)v1,y+hg(|uQ|+1)vg)|dxdydu1duQ// dvydvs
R2 0

= [ [ @ o,

This inequality together with inequality 5 and 8 lead to the completion of the proof. O

4.3. Proof of Theorem 1 and Theorem 2

Let F, be the empirical distribution of the sample (X1,17), (X2, Y2),...,(X,,Y,) define
by

n m

Fn(lla 12) = n_l ZZ(XXi<l1XYj<lz)»

i=1 j=1

where x4 stands for the indicator function of a set A. We can write

(172 . . . .

_ thy\ @1 jhg a2 l1 —ih1 I —jhg ~
Pn(Zl,ZQ,Oél,OZQ) —/ - ;; (1— ) ) (1— P ) K( hl s hg )an(ll,lg),
and

() ) ihi\ @ ho\ @ l ihy 1 ih
E(Pn(ZhZz,ahOQ)): // (1_171) (1_u) K( - 1» 2 2)dF(l1712)-
i=0 j=0 R2 Z1 Z2 h1 h2
We have
‘Pn(Zl,ZQ,Oél,Oé2>_E(Pn(21722,0617a2))|
(i) 1] h ih l ihy 1 ih
thi\ 1 Jho\ 2 1 —th1 t2 —JNhg S
= 1—-— 1——= K dF, (l1,ls) —dF (14,1 .
@Z//( 1) (- 22) T 2 (0 1) - (0, 1)

First we are going to apply the Fubini’s theorem and then integrate by parts with respect
to for each variable.
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We obtain then

hy ha
= [ KOG [ KO @) - ar( 1)

Iy —ihy Iy — jh
/ K( Lo 2 IRy (af, (1, ) — dF (1, 1))
R

2
B 1— zh1 ly — jhy D% (Fu(ly,lo) — F(l1,12))
_/K( )| /K( ) o diydl;|
Zh1 Iy — jha  O(F,(l1,12) — F(ly, 1)) 1+
/K [K( ho ) ol dll}_oo
OK lo—jho i .
_/ (%% )dl2a(Fn(llvl2) F(lth))dll}
R 812 3[1

. ~ - aK lg jhg
:—/K(ll zhl)a(Fn(ll,lg) F(ll,lg))dll/ (=5 )dl2
R hl 6l1 R alz

L—ih;
= ([ ) - P [ PR ) - P

oK lo—jho
x/(hz)dlg
R

0ly
= [ A R (2 ) = Fil ),
DK (-) dl;

where dj, K(-) = denote the derivative of K with respect to [;. Therefore

ol;

P, (217227a17a2) - ]E(P (Zla227a1aa2))|

zh lo —ih -
5 Z// (KB (i) - (D)
20] : R2 2 (I1,12)€R?
:Tl 1y —ihy lo—ihg )
< Z / W UK [V sw (R - P
0 R

(l17l2)€R2

Zl}[ZQ]V(R)xV(R) sup | Fn(l1,l2) — F(ly,1o)].
T hihe (i ,l2) ER?

Remarking that

| Pr(21, 22, 01, a2) — (P21, 22, a1, a2))|
= |Pp(21, 22, a1, a2) — E(Py (21, 22, 1, 2)) + E(Pp (21, 22, a1, 2)) — P(21, 22, a1, a2))|
< | Pu(z1, 22, a1, a2) — E(Py (21, 22, a1, a2))| + [E(Pu(21, 22, a1, a2)) — P(21, 22, a1, )|

By the Lemma 1 we have

|E(P, (21, 22, a1,2)) — P(z1, 22,1, 2)] = 0 n — +o0o,
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and because of the previous inequality we have

|Pn(Zl,ZQ,Oél,O£2) — E(Pn(zl,ZQ,Oq,OLQ))| — 0 n — +o0o.

4.4. Proof of Corollary 2
We have

|P71(Z17 22, ()[1,0(2) - P(Z17 22, O[17052)|

= |E(Pn (21,22, a1, 2)) — P(21, 22, 001, a2) + P (21, 22, a1, a2) — E(Py (21, 22, a1, a2)) |

One other hand we have

‘Pn(21,22,061,a2) _P(ZlaZQ;alaa2)|
< |E(Pu(21, 22, a1, ) — P21, 22, a1, @2)| + [Pu(21, 22, a1, a2) — E(P, (21, 22, a1, a2))|.

(9)
On the other hand by the Lemma 2 we have

sup  [E(P,(z1, 22,01, a2)) — P(21, 22, 1, )| <
(21,22)ER?

mma ([ 1 Gldodn)( [ (ul+ 1)l + DIECw.0)| dudv)

—+oo

+ 4(aya M + Ahyhs) / IK(u,v)] dudv),

— 00
and moreover

21

ha

Z2IVR)XV(R) sup |Fu(lr,la)—F(l1, ).

| Pn(21, 22, 1, ) =E(Pp (21, 22, a1, a2))| < | 5
2 (ll,l2)€R2

Il

Therefore the second term of the right hand-side of inequality 9 tends to zero as n —
+00.The first term tends to hihy = O(n™ ' loglog n)1/4 as n — 4oo0.

Hence the proof is complete. O

4.5. The uniform mean square consistency. Proof of Lemma 3

Let 8= (01,02) >0, and €%, 05 i=1,2;i represent indices not powers.
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Define
—l’l—Fg%hl u2_x2+0%h2
hi ’ hs

-2 oo U
Lo(a1, 22,51, y2) = (huhs) / / IK( )

up —y1 +03h1 uz — yo + 03hs
hy ’ ho

x K( ) f(ur, ug) dugdus

’U1+I179%7y1+9%h1

Hoe U1 U2 1
— [ ] (b KGR 2k K L )

+ a9 — 07 —yy + 030
X K (PR ) (e o — B, +p — 03ho) dusdus

— — / — / —
x/vl 9%h1\§61 /vz 9%h2|§52 |v1 G}hl >61 J|v2 0%h2\>52
/ — / — / — / — '
|vy 0%h1|§61 |v2 9%h2|>62 |vy 9%h1\>51 |va 9?h2|§52

Since f is continuous, it is bounded on I} x Iy = [x1 — 1,21 + §1] X [x2 — d2, 22 + d2].
We assume that n is large enough such that (x, + vy £ 01hy, x4+ vo + 03hy) € I1 x Iy.
Therefore

1 2
/ / < sup sup  f(x1 +v1 — 01hy, 20 4 v2 — 07 hy)
|[v1—01h1|<61 J|v1—01h1|<62  |v1—61h1|<51 |va—0Fha|<d2

</ . C Kuw)
— 0 Sur <407 Y — 401 <us <L +0}

— 0 hy — 210 — 0%hy — 02h
><|K(I1 ih1 —y1 + 03 1+u17$2 1he — Y2 + 05 2+u2)(h1h2)_1|du1du2
hl h2
(10)
= sup sup fley +v1 — 9%h1,$2 +v2 — 9%h2)
‘Ul—e%hl‘gél ‘Uz—efhzlg(SQ
“+o0
X//;OO X,}%+9%§u1§}%+g%(UI)X,%+9%§u2S%+9§(U2)|K(u17U2)|
— 0 h, — 0Lh — 0%hy — 02h
><|K(x1 1h1 —y1 + 050 +u171172 1he — Y2 + 05 2+u2)(h1h2)*1|du1duz.
hi ha
For all (uq,us),
—0ih; — 0ih — 0%hy — 02h
lim (gAML T2 Z AR Z 92 T2 L) (hahe) | = 0.
n—-+00 h1 h2
Write
—0thy —y, + 03k —0%hy — yo + 020
|K(x1 ! lh Yy 7 +u17m2 L 2h Y2 T 7502 + u2)(hih2) ™!
1 2
—0thy —y, + 03k — 0%hy — yo + 020 — 0} —y, +03n
:|(x1 1 1h Y1 2 1+u1)($2 1 2h Y2 2 2+u2)K(£B1 1 hyl 21 +u1)
1 2 1
— 0% — 02h
<K )
2
1 1
X |

X .
I —Q%hl—yl—&—%hl—i—hlul xg—G%hg—yg—i—G%hg—&-hqu‘
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We have
1 |_ 1
xz—Hihz—yl—f—%hz—i—hlul o ‘xi_yiHl_ 9{*95*1%}%‘

Ti—Yi

i=1,2.

Since |u;| < % + 6%, we may choose §; small enough such that for n > ng, we have
Ti = Yi i —y

Therefore
1 1

- - < . 11
|$i—9§hi—yi+9§hi+hiui| Tz =yl (1= m) ()
Since Hgz implies there exists B such that

— 0 h — OLh —0%hy — 02h
T1 1h1 —y1 + 05 1+u1)($2 1he — Y2 + 05 2+u2)
hl h2
1 —Q%hl — Y1 —|—0%h1 n X9 —G%hg —y2+9§h2
h1 ho

I(

x K(

ul)K(

+U2)| < B,

xl—H%hl—yl—i—H%hl n $2—9%h2—y2+9%h2

K
|K( 3 uy I

+ u2)(h1hg) !

< 2B
Tz = y|(L =)z — g2l (1—n2)
|K(u1,us2)| being integrable, by dominated convergence we get,

/ / —0 as n — 4oo.
|v179}h1|§61 "Ulfeihl‘géz
Let / / write it in the form

‘U170%h1‘>51 "U27912h2‘>52

1 V1 U2 1
/ / -/ / orva () RG22 (o)
\v170}h1|>61 |’L)279%h2|>52 \v170}h1|>51 |’L)279%h2|>52 1 2

v+ a1 — 0] —y1 + 03k va 40 — 07 — yo + 030

K
X ( hl ) h2 ))
« f(l‘l + v — G}hhwg + vo — O%hg) | dvydvs.
V1V2

We get

/ / < 2 2 | V1V U1 V2 )|

X sup sup —, =
— 1 2 b
[o1 =011 |56, J|oa—02ha|>8, 01 —O1ha 02 = 0T |y _g1h, |55, jva—62ha|>5, PR hi ho

—1
« [ / ((haha)
‘Ul—Gih1|>51 |’U1—9%}L1|>62

’01+(E1—0%—y1+0%h1 v2+x2—0%—y2+9§h2))
hl ’ h2
X \f(xl + v — Qihl,:cg + Vg — 9%h2)| dvldvg.

x K(
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Let the change of variables defined by

Then

/ / < 2 2 | V1V V1 VU2 )|
X sup sup —,
— 1 2 ?
|’U1—9%h1‘>61 ‘Uz—Q?h2‘>52 61 - 91 h’l 62 - 91h2 |’L)1—9%h1|>61 |’U2—9%h2‘>52 h1h2 h1 h’2

u (7
X // |(h1h2)_1K(fl, —2)|f(u1 +y1 — 9%h1,u2 +y2 — 9§h2)du1du2.
R2 hl h2
(12)

For Lemma 4 (replacing K by |K|) and (Hs) we have

|/ / | -0 as n — +oo,
|v170}h1|>61 ‘U170%h1‘>52

and the convergence is uniform in this case.

Consider the case flvl—91h1\<51 ﬁvl_91h1|>62(.)(.)7 by Fubini’s theorem we have
1 —= 1

/ / 6=/ o/ ().
|’U179%h1‘§51 ‘1}179%h1‘>52 |’L)179%h1|§51 |’U179%h1|>52

Using the two cases treated in one dimension (Lemma 2.3 Dia (2008) and Lemma 2.9 Ciss
et al. (2014)) , we get

/ —0 and/ —0 as n— +oo,
|’U1—9%h1‘§61 |’U1—9ih1‘>62

therefore

/ / —+0 as n — 4oo.
|’U179%h1|§51 ‘Ug*@%h2‘>52

Consider the case flvreih1|>61 f|v276fh2|§62(')(')7 similarly by Fubini’s theorem we

have
/ / 0=/ o f ()
[v1—01h1|>61 J |va—02ha|<62 [v1—0}h1|>61 [v2—02ha| <82
therefore
/ / —0 as n — 4oo.
[v1—01h1|>81 J|va—02ha| <52
This complete the proof of Lemma 3. g
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Remark 3. According to the case considered, if Cy is verified then for
flvl—aihll>61 f\vl—eih1|>6z’ the integral of the right hand-side of 12 becomes

u u
// |(h1h2)‘1K(h—1, h*2)||f(ul +y1 — O3h1, uy + Yo — 3ho)

u u U U
w U ui4y1—03h1  pusty2—03he ,
// |(hihe) ™' K( hl h2 |/ / |f (t1,t2)] dtydtaduydusy
2" S 1z

Ul U2 Uy
hih duyd
[ [ GE N th) KRG 5 dusduy

Uy u
// |h1h2 1K ! 2)|dU1dUQ// |f tl,tQ)ldtldtQ

+//R2 |K(U1,u2)‘f(u1,u2)qudU;Q.

The integrals of the right hand-side of this last inequality are bounded. Hence the theorem
is valid under the hypothesis Cs.

For the cases / / and / applying Fubini’s
|[v1—0}h1|<81 J v —0] hy|>82 v =01 h1|>81 J |v1—01h1|<62

theorem and the results of Lemma 2.3 Dia (2008) in the one-dimensional case we give us
the result.

4.6. Proof of Theorem &

We suppose condition C;p verified. Let A; =[0,21] X [0, 21]; Aa = [0, 22] X [0, 22]. We can
write

S () (e sy

z9 z9
0<i#51 <[74] 0<ia#j2<[72]
—1i1h — q1h —ish — joh
x/ |K(U1 11 1,U1 J1 1)K(U2 12 2,U2 J2 2)|f(u1,uQ)du1du2)
R2 h]_ h] h2 h’2

:// @n(xlayl)dmldyl// D, (z2,y2) dradys,
{(z1,y1)€A1:|z1—Y1|>0} {(z2,y2)€A2:|z2—y2|>0}

where

1 i1hy Jihi®
O (z1,91) = 72 Z XAn, iy XBny 5y (mlayl)(l - ) (1 - )
L o<in i <[]

—i1hy u i1h
[ IR I ) i

and @, (x2,y2) is obtained by replacing x1 by w2, y1 by w2 , wiy by ws and f;
by f..
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Note @,,,,(x1,y1,22,92) := Ppn(z1,y1)Pn(z2, y2). Therefore

1 irhy\ ™ Jihiy e
(pnlz (x17y17x27y2) - W Z XAh1,i1><Ah1=j1 (‘Tlﬂyl)(]‘ - 7 ) <1 - P )
12 o<i £ <[]

i2ho Jaha\ o2
X Z XAhyg,io X Ahy, js (vayQ) (1 - Z) (1 - 7 )
0<ia#j2<[72]

—i1h — j1h —i1h — jah
[ [ R R (P e IR ) dudu
R2 1 1 2 2
If (xl,yl) S Ah17i1 X Ahl,jl i1 7é 713 (xQ,yQ) € AhQ,iQ X Ah27j2 19 7é J2 with the
representations

$1:h1i1+9%h1, y1:h1j1+9%h1 0§911<1, 1=1,2,

and
1’2:h2i2+9%h2, y2:h2j2+9§h2 05912 <1, =12
We have

1 irhi\ ™ Jihiyor igho\ @2 Jaho 2
(=) (=20 (=) (-)
1 zZ2 29
// ul—xl—l—t? hl Ul—y1+92h1)K(’UQ—$2—|—9%h2 u2—y2—|—9§h2
22 ’ hy ho ’ ho

)|
X f ul,ug duldug

// U1—$1+9 hi uy —yy + 63 hl)K( us — o + 03hy us — yo + 03ho
- h2h2 R2 ’ h1 ha ’ ha

)|

X f(ul, UQ) duldu2.
The right hand-side tends to zero as n — +oo according to the Lemma 3.
Let 0, =%, i=1,2. Write

// U1—x1+9 hy ul—y1+92h1) (uz—x2+9%h2 uQ—y2+0§h2)|
w212 ) e ’ hy ha ’ ha

X f U]_,U2 duldu2

/1)1|<(51 /U2|<52 /|\U1|>(51 /|1)2|>52 /|1)1|<51 /|;}2><52 /|;)1><51 /|U2<52

Then, we have

// ‘I’n(l’l,yl)dﬂﬁldyl// O, (22, y2) dradys
{(z1,y1)€A1:|T1—Y1[>0} {(z2,y2)€Az:|z2—y2[>0}

< // Z XADny iy XDy gy (ml’yl)
{(z1,y1)€A1:|z1—y1|>0} 0Si1#j1§[%]

X// XA, i, XA (932 y2)
{(z2,y2)EA2:|42—yo Z ha,iz hga,j2 s

0 . .
>0} 0§22¢12§[%]

[v1]<o1 Jv2|<62 [v1]>61 J|v2|>d2 [v1|<o1 Jv2|>d2 [v1]>01 J|v2|<d2
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The proof of the remainder is conducted as follow:

First consider

//{($17y1)€A11|I1y1|>0} //{($27y2)€A21|$2y2|>0} /|v1|<51 /|v2|<52 '

Define A = sup f(z,y). The notations being as in the proof Lemma 3 with
(z,y)€[0,21]x[0,22]
Zi

6; = 5 1= 1,2, we have following inequality 10

+o0 +oo
/ / < A/ X_Ll<ul<g/ X_ 52 <, < 02 [K(ur, u2)|
|v1|<61 J |v2]|<d2 —o0 hi=""=Pr1 J_ hy =7 =ha

xlfo%h17y1+0%h1 T 1’270%h27y2+0%h2
hl 1 hg

X |K( +u2)(h1h2)71|du1du2.

For all (u1,us),

1 —Q%hl —y1+9%h1 i xg—thg—yg—FH%fu

lim K T
Jm [K( I uy s +ug)(hih2)” [ =0
Write
—60thy —yy +603R — 0%2hy — yy + 02h
R gy B BT ) ()
1 2
—01hy — 1y + 630 — 02hy — yo + 62R
:lK(wl 11— Y 2/ _~_u1’!132 12 — Y2 2 2+u2)
h1 h2
2 — 01 — 0in — 0% — 02h
_K( z1+ 21 1—Y1+0; 1+u1’22+9€2 1—Y2+03 2+u2)
h1 h2
2 — 6! —yy + 63 — 02 — yp + 62
+ K( SRR hl S L +U1a22+x2 ;L 2t 2+ ug)|(hiha) ™!
1 2
2 2 2 —0ih; — 0ih — 0% — 02h
<2y G n i nthn, 2r 0t B et L)
h1 hg h1 h2
X(hlhg)_l.
Moreover,
2 — 6 — 0h —6? — 02h
IK( 21+ 21 }2 Y1+ 050 +u172’2+l‘2 ;L Y2 + 05 2+u2)|(h1h2)_1
1 2
:‘2214—:’1@1—y1+h1U1H222+332—y2+h2u2|
h1 ho
2 — 01 — 0in — 62 — 02h
« [K( z1+ 2 1 — Y1+ 03 1+u1’22+$2 1 — Y2+ 03 2+u2)|
hl h2
1

X .
1221 + 21 — y1 + hiua||220 + 2 — Y2 + hous]
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We have

221 + 11— U1 +h1U1||222 + 22 — Y2 + houy

TT =
| hl h2
- |22’1 +x — Y1 + h1u1 — Q%hl -+ Q%hl + Q%hl — G%hl‘
o hl hl
222 —+ o — Y2 + h2U2 — Q%hg + Qghg Q%hg — 0§h2
221+ 1 —y1 + hiuy — 0%]11 + Q%hl H%hl — G%hl
<| i |+ A
229 + X9 — Yo + hous — H%hg + 9%]12 Q%hQ — O%hg
x| T [+ =)
< |2Z1 4+ 21 —y1 + hiuy — 9%]11 + Q%hl ||222 + 29 — Yo + houo — G%hg + eghgl
- hl h2
221 +x1 — Y1 + h1U1 — G%hl + Q%hl 222 + 2o — Y2 + h2u2 — 0%h2 + gghg
+ | I | + | 7 |+ 1.

and C = sup, g |K(y)], then we have

Let B = sup,cp |yl|K(y)

2z1 + 21 — Y1 + haur | 220 + 22 — Y2 + hous
\ I
h1 h2
z2+x2—0f—y2+9§h2
ha

221 + 11 — 0} —yy + 6010
1 1 1~ %N 2 1+u1)

K
I -

XK( +UQ)|

< B?4+2BC+C

Therefore we have

221+ 11 — 0 —y; + 601k 29 + To — 0% — yo + 62k
1 1 1~ W 2 1+u1)K( 2 2 1~ Y2 2 2+u

_ —1
T " 2)|(h — 1hy)

K (

< B?2+2BC+C
- |221 +T1— +h1u1||222 + To — Yo +h2U2|’

hence

1‘179%h17y1+9%h1 $270%h27y2+9%h2

IK( i +u " + ug)(hih) ™|

<(/\(221 222 BQ—FQBC—FC
- hi’ ho 1221 + 21 — y1 + hiua||222 + 22 — y2 + houa|
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We conclude that for h;, i=1,2, small enough

A
<
/|v1§61 /1)2§52 T 221 + 21 — Y1 + hua||222 + 22 — y2 + hous

x// K (uy,u2)|(B* 4 2BC + C) duydus
R2

- AD
1221 + 21 — y1 + hiua||222 + 22 — y2 + haug|

< AD
T 221 + w1 — 1+ haua||222 + 22 — y2 + hous|

AD

< )
T (221 + w1 —y1 + hiur) (222 + 22 — Y2 + houg)

where D being the finite bound of [ [o, [K(u1,uz)|(B* + 2BC 4 4C) dus dus.
Finally, we have
/ / < AD
1| <61 J [va| <62 - (221 +T1—y1 + hlul)(222 + T2 — Y2 + thg)

+ O(hyhs).

i

; 7
Since —0d; < hjuy < §;, we have Z <2z +x; —yi + hiu; < 727 i=1,2, we get

2
2AD

/ / < + O(h1hy).
[v1]<81 Jva|<82 #1722

Therefore by Lebesgue-dominated convergence theorem, we have

lim // // (/ / ) dxydxody, dys
n—+oo Ay Ap Ju1]<81 J|v2| <82

S LS ][ mssinae
Ard Jag MTE <61 s | <6,

Consider then / / .
[v1]>81 J|va|>d2

We use the second part, by analogous reasoning, of the proof of Lemma 3

2 2 V1 V2 U1 V2
< —x— sup sup |——|K(—=,>)
/ul|>(s1 /|v2|>52 01 02 oy |>6, |va>6, D1 h2 hi by

u U
. // [(hiha) T K(=, ) f (w1 + y1 — 03ha, us + ya — 03hs) durdus,
R2

hi’ ha

hence

/ / — 0, n — 400
[v1|>61 J |v2|>02

uniformly.

(13)
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Consider / / (-) by Fubini’s theorem we get
[v1]<61 S v2]|>02

/ / (-):/ (-)/ ()5 0%0=0, n— +oo,
|v1\§61 \v2\>62 \v1\§61 "U2|>§2

according to the Lemma 2.3 for the one-dimensional case.

Similarly we have

/ / (.):/ (.)/ () > 0x0=0, n—s+oo.
[v1]>81 J|v2|<d2 [v1[>d1 [v2|<d2

Consequently
lim // // / — 0, n—+oo,
n—-+oo N As R2
since A; and As are bounded. The proof of the lemma is complete. O

Remark 4. If C5 is verified then the Theorem is again valid. Indeed it suffices to apply
Remark 3 to inequality 13 in the case / .
‘U1|>51 |v2|>52

For the case / / (resp. / / ), apply Remark 3 to / (
|v1]<61 J|va|>02 [v1]>681 J|v2|<62 |vg|>d2

resp. / ).
|v1]>81

4.7. Proof of Theorem 3

We suppose condition (Cy) satisfied, then

[21122]
B thyyor Jjhayer Xy —ihy Yi —jho o
nVar(Pn(zlvzwhaz))—E(;;(l_zl) (1 72) K=K
2]12]
2 7@}171 ay 7]}7,2 a2 X —thy kajhg
- (z_o =0 <1 21) (1 22 ) K hy JE( hao ))
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() 73] h h X h Y, h
a1 sz — _
E( (1_271) (1 J 2) K( k1 LK ( k—J 2))?
i=0 j=0 21 z2 hl h2
a h X ih (73] h Y, h
thy\ e E—th1\o Jho\ 2 E— Jh2\2
2[5 (1-2) (- 2)"x
(1= 5) K ETEr e (- ) TRES)
(5]
thy\ 221 X — ihy
H[i3 (1)
{z:() - ( W )
a, ih l1h X ih X l1h
a1 3} — —
T (17@71) (17 1 1) K( E—10 1)K( k 1 1)}
: 21 21 h1 ha
i#£l
(73] ho\ 2 Y h
Jh2\**2 o Yk — Jh2
142
% {]:O ( z9 ) h2 )
(73] ih loh Y; ih Y, — lsh
Jha\ @2 212\ *2 E— Jn2 k— l2h2
1 —) (1 - —) K K }
+§( . ) KK )
2

l
=E |:m1m3 + mimy + moms + m2m4:| .

where
21
'_[h1]<1_zh1)21 QXk—ihl)
e i—o 21 hi ’
R (e by Kb X
m2 _iyél ( B Zl) ( B Z1 ) hl ( hl ),
(2]
ho 202 Y. — jh
Mg = (1_3 2>“K2(kh1 2)7
: Z2 2
7=0
e (CREEEES R CRLES oy Rt L RRUESLLES
= B ) B z9 ) h2 ( hQ '

We have, by the Theorem 5 E(maomy) — 0, as n — +oo.

According to Fubini, and the Theorem 2.5 Dia (2008) and Theorem 2.5 Ciss et al. (2014)
in the unidimensional case, E(mimy4) — 0, and E(mamg) — 0, as n — +oc.

On the other hand by Corollary 1,

E(mims) — P(z1, 22,201, 202) [ K (y1,y2),
R‘Z
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therefore
nVar(P,(z1, z2, a1, 2)) — P(zl,ZQ,Oq,az)/ K?(y1,9y2) — P?(21, 22, a1, a2).
]R2

According to the Lemma 1 we have

E(Pn(Z:[,ZQ,Oél,OQ))—>P(21,22,a1,a2) as n — +00,

therefore
]E2(Pn(zl,zg,a1,a2)) — P2(21,22,a1,a2) as n — +oo.
Define
biais(Pp (21,22, a1, a2)) = E(P, (21, 22, 1, a2)) — P(21, 22, 01, a2).

We have

E(P, (21, 22, a1, a2) — P21, 22, a1, a2))?

= biais® (P (21, 22, a1, a2)) + Var(P, (21, 22, a1, az)),
and

|/ K?(y1,y2) P(21, 22, 01, ) — P?(21, 20, a1, a2)| S/ K?(y1,y2) + L.
R2 R2

Hence
1
Var(Pn(Z1, 22,01, 0[2)) = 0(7)

n

By Lemma 1, we have
[E(Pp (21, 22, a1, 2)) — P(z1, 29,1, 2)| = 0, n — 400,

therefore

biais?(P, (21, 22,01, 2)) — 0, 1 — +00,

hence
E(Pn (21,22, a1,03) — P(zl,zg,al,ag))Q -0, n— +oo.

If condition C5 is satisfied, the theorem is valid again, by Corollary 1, of Lemma 2 and
using Remark 4 of Theorem 5 and by Theorem 2, we obtain the result of Theorem 4.

5. Appendix : Construction of the estimator based on the Riemann sums

For 2z > 0,22 > 0, and hy (resp. ha) the length of the subdivisions for [0, z1] (resp. [0, 22]),
let Apy i = [hai, ha(i41)[, i = 0, ..., [£] =1, (vesp. Ap, j = [hag, ha(j+1)[, 5 = 0,..., [2] 1)
be a partition of [0, 2], (resp. [0, 22]). By the Riemann sum definition of the integral, we
have that the limit of the following Riemann sum, say I,,, over the two-dimensional rectangle
[O, Zl] X [O, 2’2]2
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1 hy\ hq\ @2
K(th—lzhl)K<Yk ;:hg) + (21 — hl[%])x
(ZZ*hQ[%]) 1h1£fi])al (1— 2,2[“22] “
8 ;kz—l h11h2 K(Xk _h[hil]hl) (Yk —h[glll]hg)

n [721-1 A
i 3 (o) (-1
(1 B jZ}?)azK(Xk _h[jll]hl )K(Yk ;;hg)

Lo [7t]-1 u ha[ 2] s
+T2; 2 (22 = raly]) (1= =)

corresponding to the integral, say I:

_ 21 E2) 21— T\M (29 — Y as ] n 1 ;L'—Xi l-_Y;
17/0 /0 ( Z1 ) ( 29 ) ﬁ;hlth( h VK ( I ) dzdy,

i.e., I =Ilim, ,o I,. This sum can be written as:

p 1 (1 Bayer(y o dhey
M D1 =0 j=0 Z2 #2
Xk — Zhl Yk — ’th
K( I ) ( I ) + Vn(21, 22) + Wha(21, 22) + Un(21, 22),
where
(z1—h1[,%]> (zz—hz[%o—hﬂw hi[ZE]\ @1
Vi(z1, 22) = % T (1 — zfl )

ha[72]1\ %2 n Xp—[7t1h Yi—[7t1h
X(l_%:z) S K( k h’lll I)K( & h’;l 2)7

221 1 hq[ZL]1\ & . a
Wler, ) = 2500, 505 (1= 2B ™ (1 - 222)™
Xi—lzrlh —Jhs z
X K(Z S K () (h (20— ) —1)),
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(7] ha[72] @2 ihy )
U (21, 22) = Zk 1 2021 ( 2z§2 ) (1_%)
Yi— [;LQ]hz

x K (20 )K(thl”“)(h (22 - hg[h—i}) - 1).

Now it comes up that

YV, — 0, W, — 0, u, — 0, almost-surely as n — —+o00.
We have
[Vn (21, 22)]
(1 _ @)" (1 _ M)a Sup(y e [K(@, )| if (a1 > 0,05 > 0)
< 2 Zkh11[21] ; i[n = )K(Yk_iii]hz) if (a1 =0,a2=0)
"1 ) SUP (4 er2 [K(2, )| if (a1 >0,a0 =0)
( B hg[ )”‘2 sup(, ,er2 [K(z,9)| if (a1 =0,02>0).

Since

‘ ( hl[h*l]) <Z2 - h2[%]) - h1h2| B ‘2’122 — Zlhg[%] — Zth[%] + hth[%H%] — hlhg
hihs B hihs

| R1R2 214172 21 [ 22 22 121
_‘h1h2+[h1][h2} hl[hQ] hQ[hl] 1|
— |22 _a 2002 Ay L

=152 = ] = ) — 1 <2

We obtain for each of the following cases: (o; > 0,2 > 0), (a3 > 0,2 = 0)and (o =
0,y > 0)
Vo(z1,22) — 0 p.s. as n — 4oo0.

For (a3 =0,a2 =0), we have also the same result since

by Y- [Z%)H

e o e

hhg//Kuv (z,y) dudv

< hihy sup //UK u,v)| dudv = O(hihs).

(u,v)ER?

From Var(Z) = E(Z?) — E?(Z) < E(Z?), we have

Xy, — [2]h Y, — [2]h
e L&) YE2(E I 2)} < hihs sup //|K2(u7v)|dudv:O(h1h2).
hy hao (2,y)ER?

E [KQ(
Them by applying the strong Kolmogorov’s theorem of the large numbers,

zn: Xk*[ ]hl Yk*[fﬁ]hz

)E(

)—0 as n— +oo.
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Since K being bounded, there exists M € Ry such that, |K|< M, therefore have

hi| 21|\ Q1 )
(1 - E%] ) Sup(y y)ere [K(z, )| if
1

(
Xp—| 2L |h
[Whi(21, 22)| < M[%] > orey K(#) if (a1 =0,a9 =0)
[%} Sup((y,y)eRQ |K(.f, y)| lf (061 > O’ Qg = 0)
[%} Sup(m,y)ERz |K(I, y)| if (al - 07 Qg > 0)7
then
Wh(z1,22) — 0 p.s. as n — +oo.

For U, (z1,22) it suffices from W, (z1,22) to effect a change of role between i and j,
zand y, X and Y.

Note that
zZ1 — hl [%} — h1
hy

21 |:Zl

o h—l}—1’§1.
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