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ASYMPTOTIC BEHAVIOR OF THE KAWAZUMI-ZHANG
INVARIANT FOR DEGENERATING RIEMANN SURFACES*

ROBIN DE JONGT

Abstract. Around 2008 N. Kawazumi and S. Zhang introduced a new fundamental numerical
invariant for compact Riemann surfaces. One way of viewing the Kawazumi-Zhang invariant is as
a quotient of two natural hermitian metrics with the same first Chern form on the line bundle of
holomorphic differentials. In this paper we determine precise formulas, up to and including constant
terms, for the asymptotic behavior of the Kawazumi-Zhang invariant for degenerating Riemann
surfaces. As a corollary we state precise asymptotic formulas for the beta-invariant introduced
around 2000 by R. Hain and D. Reed. These formulas are a refinement of a result Hain and Reed
prove in their paper. We illustrate our results with some explicit calculations on degenerating genus
two surfaces.
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1. Introduction. Consider a compact and connected Riemann surface M of
genus h > 1. In this paper we will be concerned with the canonical or Bergman
Kéhler form p on M, given as follows: let (w1,...,ws) be an orthonormal basis of
holomorphic differentials on M, endowed with the L2-inner product given by

VT s
(11) <O[,B>—T/M04ﬂ.

Then we put u = % 2?21 w; W;. Note that we have fM =1 so that we may view
1 as a probability measure on M. The canonical Kéhler form p and the resulting
spectral theory of M are useful in a variety of applications, ranging from arithmetic
geometry [3] [6] [7] [19] [20], to string perturbation theory [1] [2] [4] [5] [11].

Let A, be the Laplace operator associated to u, i.e. the endomorphism of
L?(M, i) determined by the condition

90
T/ —1

for all C> functions f in L?(M,u). Let Ao < A1 < X2 < ... be the eigenvalues
of A, and let (¢¢)¢ for £ = 0,1,... be a corresponding orthonormal basis of real
eigenfunctions in L?(M, u). The invariant mentioned in the title refers to the invariant

h
(1.2) (M) =" A% > /M Dt Wrnn,

>0 7 m,n=1
associated to M. This fundamental invariant was introduced independently by N.
Kawazumi [18] and S. Zhang [24], around 2008, from different perspectives. In [18]
it arises in the context of a study of the behavior of the Johnson homomorphism on
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the moduli space of Riemann surfaces. The motivation in [24] comes from arithmetic
geometry, where ¢ occurs as a local contribution in a formula relating the height of the
so-called Gross-Schoen cycle on a curve over a number field to the self-intersection of
its relative dualizing sheaf. One way of viewing (M) is as a quotient of two natural
hermitian metrics, with the same first Chern form, on the line bundle of holomorphic
differentials on M [18].

It is easy to verify from the definition (1.2) that o(M) = 0 if h = 1, and that
(M) > 0if h > 2. Our goal in this paper is to study the asymptotic behavior
of ¢ in a family of Riemann surfaces degenerating into a stable curve with a single
node. There are two cases to be dealt with: one where after removing the node a
disconnected surface remains (the separating case), and one where after removing the
node a connected surface remains (the non-separating case). We use in both cases
a standard degenerating model over the punctured unit disk described by J. Fay in
Chapter IIT of his book ‘Theta functions on Riemann surfaces’ [8].

The behavior of spectral invariants on degenerating Riemann surfaces has mainly
been studied in the context of the metric of constant curvature —1, see [10] [13] [14]
[22] [23] for example. The present work, in the context of the Bergman metric, extends
the picture laid down in the papers [17] and [21] by J. Jorgenson and R. Wentworth
on the canonical Green’s function and the Faltings delta-invariant, and the paper [9]
by R. Hain and D. Reed on the beta-invariant.

Our main result is as follows.

THEOREM A. Let M; be a Fay’s family of compact Riemann surfaces of genus
h, degenerating as t — 0 to the union of two surfaces My, My of genera hi,ho > 1,
joined at a single node. Then the formula

2h1ho

gﬁﬂMﬂ+ l%h@—ﬂMﬂ+MMﬂ

holds. For a Fay’s family M; of genus h + 1 degenerating to a surface M of genus

h > 1 with two distinct points a, b identified at a node, the formula

h 5h
— 1 =pM) - ——+ b
sy oulrl| = e - (e

holds. Here g is the canonical Green’s function on the surface M.

hm{@@ﬂ)+

t—0

For the precise relation between the parameters 7 and ¢ and for the notion of
canonical Green’s function we refer to the text below.

Before we discuss applications of Theorem A we would like to point out the
similarity of our result with the main result of [21]. In this paper R. Wentworth
studies the asymptotic behavior of the canonical Green’s function and the Faltings
d-invariant [7] for degenerating Riemann surfaces, up to and including constant terms.
He obtains the following limit formulas:

4hihs
h

fiy [3(01) + 2 tog 1| = 631 + 5012

in the separating case, and

4h+3
3(h+1)
2(2h — 3)
3(h+1)

nm[aMg+

t—0

log || + 6 log(—log|7|)

=6(M) — g(a,b) — 2log(2m)
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in the non-separating case. Our derivation of Theorem A will be heavily based on the
detailed results in [21] leading to these limit formulas.
In [24] Zhang also studies the invariant
h—1 1

M)+ —6(M) - h log(2)

(13) AM) = San P+ 13 3

of the Riemann surface M. Note that in [24], the delta-invariant differs by an additive
constant 4hlog(27) from the one used here and in [21]. In the paper [15] it is shown
that (8h + 4)\ is a natural representative of the S-invariant defined, up to constants,
on the moduli space of compact Riemann surfaces by Hain and Reed [9]. The j-
invariant arises naturally in the context of a study of normal functions associated to
Ceresa cycles on jacobians. The main result of [9] states asymptotic formulas for 3,
but only up to log|7| terms.

Putting 8 = (8h + 4)\ and combining the asymptotics of ¢ and ¢ stated above
we obtain from (1.3) the following more precise result.

THEOREM B. Let M; be a Fay’s family of compact Riemann surfaces of genus
h, degenerating as t — 0 to the union of two surfaces My, My of genera hi,ha > 1,
joined at a single node. Then for Hain-Reed’s B-invariant, the formula

tim [B(M;) + 4ha b log ] = 2 (h — 1)(p(My) + p(M))

+ 2 50m) 4 s(m) - S

holds. For a Fay’s family My of genus h + 1 degenerating to a surface M of genus
h > 1 with two distinct points a, b identified at a node, the formula

lim [3(M;) + (h+1)log|7| + 2(2h + 3) log(— log ||)]

2h 2h+3 8h(h + 3)
= — M _—
3 (M) + 3 3

log(27)

§(M) —2(h—1)g(a,b) — ( + 6) log(27)

holds. Here g is the canonical Green’s function on the surface M.

Theorem B improves upon the main result of [9] in that we now also have some
control over the constant terms. This may have applications in a precise study of
limits of periods and mixed Hodge structures associated to the Ceresa cycle.

Another application of our main result is to determine precise constants in explicit
formulas involving . An illustration of this is given in [16] where the ‘energy’ of the
Weierstrass points on a hyperelliptic Riemann surface M is expressed in terms of
P(M).

The contents of this paper are as follows. In Section 2 we present a collection
of formulas that we will use as a reference chart. In the next two sections we prove
Theorem A, treating the separating case first in Section 3, and then the non-separating
case in Section 4. We illustrate our results by investigating the case of degenerating
genus two surfaces in more detail in Section 5. This features a precise asymptotic
analysis of the well known Siegel modular form x1p.

2. Preliminaries. As before let M be a compact and connected Riemann sur-
face of genus h > 1, and let u be its canonical Kéhler form. The canonical Green’s
function is the generalized function on M x M determined by the conditions

(2.1) 8y0y g(x,y) = mV—=1 (u(y) — 6z)
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and

(2.2) /M 9, 9) uly) = 0

for all x in M. One readily derives the symmetry property

(2.3) 9(z,y) = g(y, )
for all distinct x,y in M, as well as the local expansion
(2.4) g9(x,y) =log|z(z) — 2(y)| + O(|z(z) — 2(y)])

for all distinct , % in a coordinate chart z: U = D of M. Here D denotes the open
unit disk in the complex plane. The O-term is a C* function.

The canonical Green’s function g induces a natural hermitian metric || - || on the
holomorphic line bundle L = Opruar(A) on M x M, where A is the diagonal, by
putting log||1]|(z,y) = g(x,y) for distinct x,y in M. Here 1 denotes the canonical
generating section of Oprxpr(A). We write k for the first Chern form of (L, || -||). Note
that it represents the class of A in H3g (M x M). The Green’s function g essentially
inverts A, in the sense that

fla) = - /Mgm:,y) A ()W) ply) + /Mfu

holds for all x € M and all C* functions f on M.

Let (wi,...,wn) be an orthonormal basis of holomorphic differentials on M,
equipped with the L2-inner product (1.1). Let 71, 72 denote the projections of M x M
on the first and second factor, respectively. Then we have the explicit formula [3] [24]

h

(2.5) k=mipntmsn— V1Y (w:(@)@i(y) + wi(y)a;(@)).
i=1

Write v for the (2,2)-form k% on M x M. A small calculation yields

h
(2.6)  v=2mipmin— Y (wil@)oj(@)@iy)w;(y) + ie)w; (@)wiy)o; ().

i,j=1

Note that the (2,2)-form v integrates to the topological Euler characteristic of M:
(2.7) / v=AA=2-2h.
MxM

From the explicit formula (2.6) we further deduce that for p fixed

(2.8) /M oz, p) v(z,y) = 0.

For our analysis of ¢(M) we will make use of the identity

(2.9) o(M) = /Mngu,y)u(x,y),
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for a proof of which we refer to [24], Proposition 2.5.3.
Let (A1,...,Ap, Bi,...,Br) be a symplectic basis of Hy(M,Z). Let (vy,...,vp)
be a corresponding normalized basis of holomorphic differentials:

/’széij, /’Uj:Qij.
Ai B;

i

We call = §;; the period matrix of (v1, ..., vs) with respect to the chosen homology
basis. From Riemann’s bilinear relations we have that €2;; is symmetric, and Im €;;
is positive definite. They also yield the expression [21], Section 2

V=1 & o
(2.10) n= 5= Z (ImQ)ijlvi Tj .

ij=1

In a similar way one derives from (2.5) the expression

h
(2.11) k=miptmsn— V=1 (ImQ); (v(2)0;(y) + vi(y)v;(x)).

ij=1

3. Separating case. We begin by introducing the degeneration model for a
family of Riemann surfaces developing a single separating node as described by J. Fay,
[8] Chapter III. The basic references for this section are [8] and [21], esp. Sections 3
and 6 of the latter.

Let My, M5 be two compact Riemann surfaces of genus hi, he > 1, respectively,
and choose points p1 € M; and ps € Ms. Let z: Uy = D for i = 1,2 be local
coordinate charts centered at the p;, with D denoting the open unit disk in the
complex plane. Let D denote the punctured unit disk; then we put S = {(z,y,t) €
D3 : zy =t}. For each t € D we remove from M; the set |z;| < |t| for i = 1,2, and we
glue the annuli {|¢| < |z;| < 1} on the resulting open surfaces along the maps given
by

le(zl,t/zl,t)ES, ZQ’—)(t/ZQ,ZQ,t)GS.

We obtain a family of compact Riemann surfaces M; over D of genus h = hy + ho.
This family extends to a proper analytic family M — D whose central fiber M is the
union of My, Ms with the points p; identified.

For each t € D we choose a symplectic basis of Hy (M, Z) by extending across
(M, \ Uy) x D € M and (M, \ Us) x D € M canonical homology bases of My, Mo,
lying in M; \ Uy and M\ Us, respectively. In [8], Proposition 3.1 we find the following
key result.

THEOREM 3.1. (Fay) For t # 0 sufficiently small, the elements of the normal-
ized basis of holomorphic differentials v1(x,t),...,vp(x,t) on My corresponding to the

chosen homology basis have the following expansions with respect to the parameter t:
for 1 <i<hy,

@] v @O ) tolt) € M,
v (T, =
~tvM (p)w® (z,p) + oft) z € My \ Us;
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and for h1 +1 < j <h,

vs(at) = v (@) + P (p)w® (2,p) + o(t) z € Mz \Us
-t UJ(‘Q) (p)w™ (,p) + o(t) re M \U.

1

%

(z) and v](?)
with respect to the chosen homology bases, and w® (x,y) are the canonical differen-
tials of the second kind on M; x M; for i =1,2. The point p denotes the point p; on
either M;, and the evaluations of the differentials are carried out in the local coordi-
nates z;. Each o(t) term is a holomorphic differential on My, with the property that

limy_,o o(t)/t2 is a meromorphic differential on My U Mo with a single pole at p.

Herewv (x) are normalized bases of holomorphic differentials on My, My

COROLLARY 3.2. Let Q4,Q9 be the period matrices of the v; on My and of the
v; on Ma. Let R be the vector

R = (Ul(pl)v <oy Uhy (pl)vvh1+l(p2)v s ,’Uh(pg)) € (Ch'

Then the period matriz Q; of the v;(x,t) has the expansion

Q0
Q= +2mV—Tt'R- R+ o(t)
0 O

ast — 0 over D.
Proof. See [8], Corollary 3.2. O

Theorem 3.1 and Corollary 3.2 lie at the basis of the proofs of the propositions
below. For each i = 1,2 write M;; = M; \ {|z:| < [t|'/?} € M;. We note that
My = M1 UM, for each t € D with an overlap along the vanishing 1-cycle given by
the equation |z| = |y| = [t|'/? in S.

The next proposition deals with the limit behavior of the canonical Kahler form
as t — 0 in Fay’s model.

PRrOPOSITION 3.3. Let py be the canonical Kahler form on My and p; that on M;
fori=1,2. View M;; as a subset of M; fori=1,2. Then for x € M;,;, 1 =1,2, we
have

pele) = T i) + o(1)

as t — 0. Here the limit lim;_,0 0(1)/|t| is equal to a (1,1)-form on M; \ {p} which is
bounded by a constant times |dz;|?|z;| =2 on U; fori=1,2.

Proof. This is Lemma 6.9 in [21]. The statement follows from the expansions in
Theorem 3.1 and Corollary 3.2 and the explicit formula (2.10) applied to p; and the

i

Let k; be the canonical (1, 1)-form introduced in Section 2 on the product M; x M;
and let k; be that form on M; x M; for ¢ = 1,2. On a product of two manifolds
we let 71, m2 denote the projections on the first and second coordinate, respectively.
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Continuing to view each M, ; as a subset of M; we let k. be the (1,1)-form on M; x M,
given by

%(ﬂ'l,ul—kﬂ';ul)—l—kl on Mt11 XMtJ

(3.1) : (7T1M2 +mhu2) + k2 on Myo x Mo
. t

Tlﬂ'lul + L 71'2,u2 on M1 X Mo

h
T P2 + L TS on Mo x My

We put 7y = k? on My x My and v; = k? on M;; x My ; for i = 1,2. One readily
derives that

2ho(2h—h
—Mﬂ'fﬂl mapr + vy oon Mg x My

2h1(2h—hy
# *'LLQ 7T2,u2 + 19 on Mt12 X Mt12

3.2 =
( ) 2hihgy % *
Fz 2Ty 1 Ty 2 on M1 X My
2hih
hl 27T1/L27T2/J,1 on Mt)QXMt)l

PROPOSITION 3.4. Let vy = kf We have
vy =1 + 0(1)

on Myx M,. Herelim,_o(1)/|t] is a (2,2)-form on the union of the (M;\{p}) x (M;\
{p}) fori,j = 1,2, bounded by a constant times |dz;|*|z;|~2|dz;|?|z;| 72 on U; x Uy,
by |dz;|?|2:| 72 times a (1,1)-form on M; on U; x (M; \ U;), and by a (1,1)-form on
M; times |dzj|?|z;| =2 on (M; \ U;) x U;, fori,j=1,2.

As an illustration of this proposition, note that by using the identity

2h2(2h — h2) 4h h2

h2

2h1(2h — hy)

+ (2= 2hy) — =

+(2—2hy) + —2-2h

one sees from the expressions in (3.2) that the fiber integral [ .7 tends to the
t
constant fiber integral fMg v, =2—2hast — 0.

Proof of Proposition 3.4. This follows from Theorem 3.1, Proposition 3.3 and
formula (2.11) applied to k¢ and the k;. O

Let g; be the canonical Green’s function on M;. In order to determine the asymp-
totic behavior of ¢(M;) we use equation (2.9) which gives that

(3.3) o(M,) = /M i)

for all t. The discussion in Section 6 of [21] leads to a suitable asymptotic expansion
of g:(x,y). Following the beginning of that section we make a reparametrization of
our family by putting 7 = dydst with

logdy = lim [gy(x,p) —log|z1(x)[] , logds = lim [ga(z,p) — log|z2(z)]] -
T—p T—p
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Here g; is the canonical Green’s function on M; for ¢ = 1,2 and p still denotes the
points p; on M;.

PROPOSITION 3.5. Fort small enough and for local holomorphic sections x,y of
My with both z,y in My \ {p} we have the expansion

2
w@wﬁ=cg>bmﬂ+m@w%—%@ﬂ%m+m@mn+dﬂ

ast — 0. For local holomorphic sections x,y of M, with x € M1 \{p} andy € M\ {p}
and t small enough we have the expansion

hih h h
g(@,y) = — ,1122 log || + fgl(af,p) + fgz(y,p) +o(1)

ast — 0. In both cases the limit lim;_,o o(1)/|t| is bounded in z,y.
Proof. This follows from Theorem 6.10 in [21] and its proof. O
We are now ready to state the main result of this section.

THEOREM 3.6. For Fay’s family My, over the punctured open unit disk, the ex-
pansion

2h1ho

(M) = — log |7] + (M) + ¢(Ma) + o(1)

holds as t — 0.

Proof. We study the asymptotic behavior of the fiber integral in (3.3) using the
expansions of v; and ¢; in Propositions 3.4 and 3.5, respectively. First of all, by
dominated convergence the integral of v; against the o(1) term in Proposition 3.5
vanishes in the limit as ¢ — 0. Second, the integral of the constant term in the
expansions in Proposition 3.5 against the o(1) term of Proposition 3.4 vanishes in the
limit as ¢ — 0. This is clear for both z,y lying outside of the disks U;. On U; x Uy,
integration against the o(1) term of Proposition 3.4 of terms of type log |z;| arising
from the Green’s functions g;(p, -) yields terms of order

2Pl
e osl ~ (est) - og )
zil,|z5|>|t

22|z

and these vanish indeed in the limit. A similar analysis applies to the regions of the
type Ul X (M] \ U]) and (J\fZ \ Ul) X Uj.
Propositions 3.4 and 3.5 then yield, using (2.2), (2.7), (2.8) and (3.2):

/Mgl g ‘/M% ((%>2loglﬂ +g1@,y) - %(gmx,m + m(y,p))) x

2hy(2h — hy)
“\TT e

_ (@)2 (_w +2- 2h1> log |7| + ¢(M7) + o(1)

Ty Ty + V1> +o(1)

h h?
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as t — 0 and similarly

N2/ 2h(2h—h
[ aon=(5) (-2 2 am ) toglel + (1) + o)
Mt,2

as t — 0. Next we have, using (2.2),

hih h h
/ gt vt :/ <— 2 log |7| + —g1(w,p) + igz(y,p)) X
My 1 X My 2 My x Mo h h h
hih .
X (%ﬁul W2#2> +o(1)

hihy 2hihs
T T2

log|7| +o(1)

as t — 0 and by symmetry (2.3)

hiha  2hihs
[ am= - B g+ o)
Aftg)(]\ft,l

as well as t — 0. We obtain the required equality by adding the four integrals. O

4. Non-separating case. In this section we study Fay’s model of a family of
degenerating Riemann surfaces developing a single non-separating node. The basic
references for this section are again [8] and [21], esp. Sections 4 and 7 of the latter.

Let M be a compact and connected Riemann surface of genus A > 1, and let a,b
be two distinct points in M. Let z,: Uy = D and z,: U, — D be local coordinate
charts of M centered at a resp. b, where D is the open unit disk in the complex plane.
We assume that U, N U, is empty. As before we let D be the punctured unit disk
and we put S = {(z,y,t) € D® : 2y = t}. For each t € D we remove from M the
sets given by |zq| < |t| and |z| < |t]; then we glue the annuli {|t| < |z,| < 1} and
{Jt| < |zp| < 1} on the resulting open surface along the maps given by

2o = (Za,t/2a,t) €S, zp— (t/2p,2p,t) €S.

We obtain a family of compact Riemann surfaces M; over D of genus h + 1. This
family extends to a proper analytic family M — D whose central fiber My is the
surface M with the points a, b identified.

We choose a symplectic basis of Hy (M, Z) as follows. First of all we extend across
(M \ U, \ Up) x D a symplectic basis of homology of M lying in M \ U, \ U,. We
need two more loops Apy1, Bpy1. For the loop Apy1 we take the boundary of the
disk Up. The loop Bp,41 runs across the collar connecting U, and U,. Note that as ¢
traces out a generator of the fundamental group of D, the collar is twisted, and the
resulting loop Bj ., differs from the original one by +A;.1. As a consequence, the
period matrix €2; on our chosen symplectic basis is multi-valued. The next key result,
cf. [8], Proposition 3.7 describes the limit behavior of the normalized differentials of
our family with the chosen homology basis.

THEOREM 4.1. (Fay) Fort # 0 sufficiently small, the elements of the normalized
basis of holomorphic differentials vy (z,t),...,vp4+1(x,t) of My corresponding to the
chosen homology basis have the following expansions fori=1,... h:

vi(x,t) = vi(x) — t (v;(b)w(x, a) + vi(a)w(x, b)) +o(t), ze€ M\U,\Uyp,
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and
vpy1(z,t) = 271_#\/_—10%—(1(90) —t(mw(z,b) +yw(z,a)) +ot), ze€M\U,\U.

Here the v;, i =1,...,h are a normalized basis of holomorphic differentials on M, w
is the canonical differential of the second kind on M x M, and wy_q is the canonical
differential of the third kind on M with simple poles of residues —1,+1 at a,b. The
v; are constants, and the evaluations at a,b are carried out in the local coordinates
Za, 2. Fach o(t) term is a holomorphic differential on M, with the property that
lim; 0 o(t)/t? is a meromorphic differential on M with poles only at a or b.

COROLLARY 4.2. The period matriz Q; of the v;(x,t), withi=1,...,h+ 1 has
the expansion

Qi‘ a;
Q = ! +0(1)
aj 5o \/— logt+c

as t — 0, where Q;; is the period matriz of M with the given symplectic homology

basis, ¢ is a constant, and a; = f; v;.
Proof. See [8], Corollary 3.8. O

Theorem 4.1 and Corollary 4.2 lie at the basis of the proofs of the propositions
below. Let N; be the surface M \ U, \ Up. Let C; denote the closure in M; of the
‘collar’ My N'S. We can view C; as the union of the annuli {|t|'/? < |z,| < 1} and
{|t|*/? < |z| < 1}, with an overlap along the vanishing 1-cycle given by the equation
lz| = |y| = |t|"/? in S. We have M; = N; U C;, with an overlap consisting of the two
boundary cycles of U, and U,. We define

V-1

) (Im Qt),:_‘l_l7h+1vh+1 (x,t)p41 (2, t)

h
+ g Z(Im Q)ipa (i@, ) Ong1 (@, 1) + vnga (, £)0i (2, 1))

He =

on M;. Let u; be the canonical Kéhler form on My, and u that on M.
PRrROPOSITION 4.3. The expansion

h 1
h+1 h+1

holds on M. Here the limit lim;_,go0(1)/|t] is equal to a (1,1)-form on M \ {a,b}
which is bounded by a constant times |dzq.p|?|2a,p| ™2 on Uap.

g = ——uc +o(1)

Proof. This follows from the expansions in Theorem 4.1 and Corollary 4.2 and
the explicit formula (2.10) applied to u; and p. O

Note that the integral | N, M can be chosen arbitrarily close to unity by shrinking
the open disks U,, Up. It follows that in the limit as ¢ — 0, the form u; can be written
as h+1u+o( ) on Ny, and as h+1/‘C +0(1) on C (cf. [17]7 proof of Lemma 4.7). This

gives N, asymptotic volume equal to hL-H as t — 0, and C} asymptotic volume equal
to %_H
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Let k; be the canonical (1,1)-form introduced in Section 2 on M; x My, and let
k be that on M x M. We define

dC =V _1(ImQ)};-|1-17h+1 (vh+1 (Ia t)l_)thl (yv t) + 'Uthl(yv t)athl(Ia t))
h

— V=Y (Im Q) (0i(, )41 (4, 1) + vnga (2, )0 (y, 1)) -

=1

On a product of two manifolds we denote by 71, w2 the projections on the first and
second coordinate, respectively. Put

‘)—‘

T(mip+ o) +k on Ny x N,

At
(4.1) P ﬁ( T+ T pe) on Ny x Ct
=
%( Tue + hmsp on Cy x N,
(7T1/Lc—|-ﬂ'2,uc) on Cy x C

on My x M;. Let v, = /%t? on M, x M, and let v = k? on M x M. One readily derives
that

_%quﬁgu+u on Ny x N

(4.2) Dy = oD T A e on N; x Cy
%qucﬂﬁu on C; X N;
- 2(};1(4]:33)771 e mspce  on Cy x Cy
on M; x M;.

PROPOSITION 4.4. Let vy = kt2 We have
vy =1 + 0(1)

on My x M. Here the limit lim_,00(1)/|t| is equal to a (2,2)-form on (M \ {a,b})?
which is bounded by a constant times |dz;|?|zi|72|dz|?|z;]72 on U; x U;, where i,j €
{a,b}, by |dz;|?|2|~2 times a (1,1)-form on M on U; x (M\{j}), and by a (1,1)-form
on M times |dz;|?|z;|72 on (M \ {i}) x Uj, fori,j € {a,b}.

As an illustration of this result, using the identity

4h + 2 4h 2h(h + 2) _
—m+2—2h+ (h—|—1)2 - (h—|—1)2 —2—2(h+1)

one sees from the expressions in (4.2) that the fiber integral [, 7 tends to the
constant fiber integral fM2 vp=2—2(h+1)ast—0.

Proof of Proposition 4.4. This follows from Theorem 4.1, Proposition 4.3 and
equation (2.11) applied to k; and k. O

Let g; be the canonical Green’s function on M;. The discussion in Section 7 of
[21] leads to a suitable asymptotic expansion of g;(x,y) in the case that both z,y
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stay away from the collar. Following the beginning of Section 7 of [21] we make a
reparametrization of the family M; by putting 7 = d,dpt with

logd, = lim [g(z,p) —log|za(w)[] , logdy = lim [g(z, p) — log |zs(<)[] -

Here g is the canonical Green’s function on M.

PROPOSITION 4.5. For distinct local holomorphic sections x,y of the family M,
with both x,y in Ny the expansion

1 5

— 1 — " _g(a,b

DICESIE og ||+ g(z,y) + 6(h+1)2g(a, )
1

- m(g(% a) + g(z,b) + g(y,a) + g(y, b)) + o(1)

gt(I, y) =

holds. Here the limit lim;_, 0(1)/|t| is bounded in x,y.
Proof. This follows from Theorem 7.2 in [21]. O

PROPOSITION 4.6. For x a local holomorphic section of the family M, over a
small neighborhood of zero, with x lying in Ny for all t, the expansions

], o) =g sl + g ggeoten
1

_ m(g(:v, a) + g(x,b)) + o(1)

and

h 5h
/Ct ge(z, y)puc(y) = — m log|7| — mg(a,b)

+ 2(%4_1)(9(33, a) +g(z,b)) +o(1)

hold as t — 0. Here lim;_0 0(1)/|t| is bounded in x.

Proof. The first equality follows from Proposition 4.5 by dominated convergence.
The second follows from the first by remarking that

0= [t wi) = [ a@nom + [ s <o)

by (2.2), Proposition 4.3 and the remarks following the proof of Proposition 4.3. O

COROLLARY 4.7. The following expansions hold:
[ alemutent) = o el + gorso(a) +o()
x, T = 7|+ ——=g(a, o(1),

h 5h
L, 9 DRI 0) =~y o8 ] — g ya0(est) +ofD).
2 2
Lo, e C@ic ) = gy o]+ g pa(e. ) +olD).

ast— 0.
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Proof. The first two equalities follow from Proposition 4.6 by integrating against
u(x) over N, and dominated convergence. The third equality follows from the second
by remarking that

1
O: s _—
/Mtxot ge(x y)ut(af)h+1uc(y)

h 1
= /Ntxct gi(, y)h—HM(x)h—Huc(y)

1 1
+ /ctxct gi(, y)h—Huc(iﬂ)h—Huc(y) +o(1)

by (2.2), Proposition 4.3 and the remarks following the proof of Proposition 4.3. O
We can now state the main result of this section.
THEOREM 4.8. For Fay’s family M; over the punctured open unit disk, the ex-

pansion

5h
log || + p(M) — 3

o(My) = — 3+ 1)

h
ST g(a,b)+o(1)

holds as t — 0.

Proof. Recall (2.9) that o(M;) = fMtxMt g: v:. The integral of g; against the
o(1)-term in Proposition 4.4 vanishes in the limit as ¢ — 0. We therefore find, by
Propositions 4.4 and 4.5,

/Ntht g /Ntht 9u(@:y) - <‘(ih+7+1§zu(x>u(y) +u(z, y)) +o(1)

1 5 4h + 2
= (712(}”_ O log |7| + 76(h+ 1)2g(a,b)> <_7(h—|— N +2— 2h>

+ o(M) +0o(1)

as t — 0. By Proposition 4.4 and the second equality of Corollary 4.7 we have
/ |t n@e() + o)
ge Ve = e\, Y) g M) e Y o
NixCy o NexCy ' (h+1)?
h 5h 2h
=-———=1 - b) | ———— 1
< oo 8 sz )) nr1e oW

as t — 0 and similarly

[ an= (- ol — s gaa(a:)) s + o)
oo T T2+ 02 2T T 6 1027 ir 12 T

as t — 0. Finally by Proposition 4.4 and the third equality of Corollary 4.7 we have

— 2h(h +2)
/Ct><Ct gt Vi _/Ctxct ge(x,y) - —WNC(‘T)UC(ZU) +o(1)

:_< U _5h? b>2h(h+2)

a1z et g9 ) e oW
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as t — 0. Upon verifying the identities
h 2h

1 4h + 2 +2_9n 9
12h+ 12\ (h+1)? 12h+12 (ht1)?
h? oh(h+2)  h

T 12h+12 (h+12  6(h+1)

and

5 4h + 2 +o_9n 9 5h 2h
6(ht 12\ (ht1)? 6(h+ 12 (ht1)
5h%  2h(h+2)  5h

T6(h+ 12 (h+1)2  3(h+1)

one obtains the theorem by adding all four contributions. O

5. Degenerating Riemann surfaces of genus two. We illustrate our results
in a special case. We consider families M; of Riemann surfaces of genus two, degen-
erating into either a union of two surfaces M;i, My of genus one, joined at a node
(separating case), or into a surface M of genus one with two distinct points a, b iden-
tified (non-separating case). Note that the choice of a base point on M; and Mo
endows both M; and M, with the structure of an elliptic curve.

We will focus on the formulas in Theorem B. We start with the separating case.
Let M; be Fay’s family degenerating into the union of the two elliptic curves My, M.
We assume that M7, Ms are given as the complex tori M; = C/(Z + Zw) and My =
C/(Z + Zws), with wy,ws elements of the complex upper half plane, and that their
origins are identified. As coordinates around the origin we choose on both tori the
standard euclidean coordinate z coming from the uniformization by C. It follows from
Corollary 3.2 that the period matrix €; of M; has the expansion

w1+ 2my/—1¢ 2w/ —11
Qt = + O(t)

2my/ =1t wo + 2my/—1¢
as t — 0. The first formula in Theorem B specializes to

(5.1) lim [3(M¢) + 4log|r|] =

2 (p(M) + $(M2)) + (M) + 5(M)) — 3 log(2r).

We recall that the @-invariant vanishes for elliptic curves. Let n = n(w) be the
Dedekind eta function,

n=g¢"T[0-q¢"), ¢=exp@rv—1v),
n=1

for w running through the complex upper half plane, and let

Inll(w) = (Imw)!*fn(w)]

be the Petersson norm of . We note that ||n|| is SLy(Z)-invariant and hence defines
an invariant of complex elliptic curves. In [7], Section 7 it is proved that for the
delta-invariant of the elliptic curve M = C/(Z + Zw) one has

(5.2) §(M) = —241og |n]|(w) — 8log(2).
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Also it follows from [7], Section 7 that with z the standard euclidean coordinate on
M = C/(Z + Zw) and for o the origin on M, the invariant

logd = lim g(z, 0) — log ()]
evaluates to
logd = 2log |n(w)| + log(27) .
Hence with 7 = dydat and (5.2) equation (5.1) simplifies to
(5.3)  Lm[B(M,) + 4log|t]
t—0
= —48log ||n||(w1) — 481og ||n|l(w2) + 21logIm wq Im ws — 48log(27) .

We verify (5.3) using an explicit formula for 8 in genus two. Let Hs be the Siegel
upper half space of degree two, consisting of the complex symmetric 2-by-2 matrices
with positive definite imaginary part. Let P be a maximal set of pairwise inequivalent
even theta characteristics in dimension two, and for each o € P let 0[a](z, ) for
2z € C? and Q € Hj be the associated theta function with characteristics,

0la](z,Q) = Z exp(mv/—=1(n + a)Q'(n + a) + 27V —1(n + a)'(z + b)),
nez?
where we write a = (a, b) with a,b € (1/2)Z2. We put
xi0(@) = T 000,92
acP

the well known Siegel cusp form of weight ten on Hs. Let

Ix10/1(£2) = (det Im ©)*|x10(2)|

be its Petersson norm. From [15], Theorem 1.7 we obtain that
(5.4) B(M,) = —210g | x10ll(€) — 401og(27) + 24 1og 2

for our family of surfaces My with corresponding period matrices {2;. The asymptotic
behavior of x19(£2:) is determined by the asymptotic behavior of the [](0, ;) for
each of the ten a’s. Such an analysis is carried out in, for example, [12], Section 5.1.1.
Equation (5.14) of that section yields that

X10() = 2 (2m)* 2" n(w1)* n(w2)** + o(t?)
as t — 0 so that

lim[—log [[x10[|(2¢) + 21og [t]] =
t—0

— 241og ||In||(w1) — 24 log ||n]|(w2) + log Imw; Imws — 4log(27) — 121og 2.

Combining with (5.4) we obtain an alternative derivation of (5.3).

Next we consider the non-separating case. Let M = C/(Z + Zw) with w in the
complex upper half plane be an elliptic curve and choose two distinct points a, b on M.
As local coordinates around a, b we choose the global euclidean coordinate z given by
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the uniformization of M by C. Let M; be Fay’s family of surfaces of genus two based
upon these data, degenerating into the stable curve M with the points a, b identified.
Put u = b — a. It follows from Corollary 4.2 that the period matrix £2; of M; has the
expansion

w u
(5.5) Q= +o(1)
u ﬁlogt—l— C

as t — 0, for some constant c¢. The second formula in Theorem B specializes to

) 2 5 50
(5.6) }Lr)ré[ﬁ(Mt) + 2log|7| 4+ 10log(—log|7])] = §<p(M) + gé(M) -3 log(27) .
Again, the contribution ¢(M) vanishes. With (5.2) equation (5.6) becomes

(5.7) m[B(M;) + 2log|7| + 10log(—log|7|)] = —401log||n||(w) — 30log(27) .

li

t—0
We verify (5.7) using the explicit formula (5.4) again. An analysis of the asymptotic
behavior of x1¢ on matrices of the shape in (5.5) is carried out, for example, in Section
5.1.2 of [12]. Write wq for the (2,2) entry of €, and put ¢ = exp(2mv/—1wz). Let

0 = 0(z,w) for z € C be the elliptic theta function with odd characteristic (1/2,1/2)
associated to w. Equation (5.19) of [12] yields that

X10(Q) = —q 2" ()" 0(u, w)* + o(q)
as t — 0. It follows with (5.4) that
(5-8) Lm[B(M) + 2log |q| + 101og(—log |q|)] =
— 36log|n(w)| — 4log |0(u,w)| — 10log Imw — 30log(27) .

By Lemma 7.5 of [21] we have

log |q| = log|7| — 2g(a,b) + 27 (Imu)*/Imw,
where ¢ is the canonical Green’s function of M. It is proved in Section 7 of [7] that

g(a,b) = m(Imu)*/Imw + log|0(u, w)| —log n(w)] ,

hence

log |q| = log |7| — 2log[6(u, w)[ + 2log[n(w)| -

Substituting this in (5.8) we reobtain (5.7).
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