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FIRST ORDER DEFORMATIONS OF PAIRS OF A RATIONAL
CURVE AND A HYPERSURFACE*

BIN WANGT

Abstract. Let Xo be a smooth hypersurface (not assumed generic) in projective space P™ n >
3 over the complex numbers, and Cp a smooth rational curve on Xp. We are interested in the
deformations of the pair Cp, Xo. In this paper, we prove that if the first order deformations of the
pair exist along certain first order deformations of the hypersurface Xp, then the twisted normal
bundle

Negyxo(1) = Ney/xo ® Opn (1)

is generated by global sections.
Key words. Rational curve, hypersurface, twisted normal bundle.

AMS subject classifications. 14J70.

1. Introduction. Let Xy be a smooth hypersurface in P™ over C, and Cj be a
smooth rational curve on Xjy. The main focus of this paper is on how the existence
of the first order deformation of the pair Cy C X, affects the twisted normal bundle
N¢,/x,(1) of the rational curve. Previously, there are many works on pairs Cp, Xo by
Albano and Katz ([1]), Clemens ([3], [4]), Katz ([7]), Pacienza ([8]), Voisin (][9], [10]),
etc.(there are many important papers missing from this list). In this paper, we add
more results to this list. But one of main differences of this paper from others, which
also turns out to be the main difficulty, is our weaker first order assumption (1.3) in
theorem 1.2 below. Such an assumption is useful in understanding the deformations of
the pair. Deformations of pairs in more general setting were formulated and studied by
Clemens ([5], [6]). Our results are not consequences of this study. To state the theorem
in a precise way, let’s give a formal description of the assumption. Throughout the
paper varieties are over complex numbers. Let H(Opn(h)) denote the vector space
of homogeneous polynomials of degree h = deg(Xy) in n + 1 variables for n > 3. Let
fo € H°(Opn(h)) such that

Xo = div(fo)
is a smooth hypersurface. Let
[fo] € P(H"(Opx(h)))
denote the corresponding point of fy in the projectivization. Let
co: Pl = XgCP"
be an embedding of P!, whose image is Cy. Let
H' (T'x, = Neo/x,)

be the hypercohomology of the complex, that is isomorphic to the tangent space of
the deformation space of the pair Co C Xo. Let H(Tx,) be cohomology group that
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is isomorphic to the tangent space of the deformation space of hypersurfaces at the
point Xy. There is a known diagram ([1]):

Hl(TXO — NCO/XO)
(1.1) 1o
Ty, P(HO(Opn (h))) 5 H'(Tx,)

where the map 1 is the differential at [fo] from P(H°(Opn(h)) to the deformation
space of complex structures of the differential manifold of Xy. This diagram gives a
relation between the first order deformations of the pair and the first order deformation
of hypersurfaces at the level of moduli spaces (i.e. factoring out isomorphism). There
is another version of ¢ without factoring out isomorphism (see (2.3) section 2).

Next we define a specific family of hypersurfaces.

DEFINITION 1.1. Let L; € H°(Opn(1)),i=0,--- ,h = deg(Xo) be some non-zero
sections (not assumed generic) that satisfy

(1.2) {Li:O}ﬁ{LJ‘ZO}ﬂCo:@,i#j.

We consider the family of sections in HY(Opn(h)),

h
F(ai, - ,an,z) = fo(z) + ZaiLo(x) o Li(x)-- Lp(z), (omit L;),
i=0

parametrized by the coefficients a;,i = 0,--- , h. Since the degree h hypersurfaces
Lo(z) - Li(x) - Ly(z),i=0,--- ,h

are linearly independent over C, C"*1 = {(ag,--- ,an)} is the parameter space of this
family. We define A to be the open set of C'' = {(ag, -+ ,an)} that parametrizes
the smooth hypersurfaces

{z € P": F(ag, -+ ,an,x) = 0}.

THEOREM 1.2. If in the diagram (1.1)
(1.3) ¢ is onto P(Tif,A),

for a specific set of sections L; above, i.e. Cy deforms with the hypersurface Xg in all
directions of Tj,1A to the first order, then the twisted normal bundle

(1'4> NCO/Xo(l)v

is generated by global sections. In particular, if Xy is a generic hypersurface and
contains a smooth rational curve Cy,

NCO/XO(]')
is generated by global sections.

In applying the theorem, we should note assumption (1.3) only requires ONE
specific family A. An immediate corollary is
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COROLLARY 1.3. Assume Xo is a smooth quintic threefold in P*, and as-
sumption (1.3) in theorem 1.2 holds for some A defined in definition 1.1. Let
d = deg(Op=(1)|c,). Then the splitting of the normal bundle N¢,x, must be

(15) NCO/XO = OP1 (k) S2] Opl(_Q - k)
such that
(1.6) —-1<k<d-2.

In particular, (1.5) and (1.6) hold for a quintic 3-fold Xo that is generic and
contains a smooth rational curve Cy.

Proof. Tt is well-known that vector bundles over P! can be decomposed as a direct
sum of line bundles. Thus N¢, /x, must be

(L.7) Neo/xo = Op1(k) @ Op1(=2 — k)
where k > —1. Apply theorem 1.2 to obtain that
(1.8) Ney/x,(1) = Opi(d+ k) ®© Op1(d — 2 — k)
is generated by global sections. Thus

d—2—-k>0.

This is the inequality in the corollary. In particular if Xg is a quintic 3-fold that
is generic and contains a smooth rational curve Cy, assumption (1.3) follows from
lemma 2.2 below. O

REMARK. Assumption (1.3) stresses the importance of the first order of defor-
mations of the pair. Most of previous results, such as those listed above, have the
different assumption: X is generic, which is strictly stronger than assumption (1.3).
This classical genericity assumption can be explained in the following. Let M, be the
parameter space of embeddings P! — P7, whose image has degree d. So My is an
open set of

P(@0110pn (d)).
The map ¢y represents a point in M, which is still denoted by cy. Let

I'C Mg x P(H°(Op«(h)))
I'={([d], [f]) : e*(f) = O}.

Then the assumption: Xj is generic is equivalent to the assumption that there is an
irreducible component of I' containing (co, [fo]), which dominates

(1.9)

P(H"(Op~(h))).

Our assumption (1.3) in this setting is equivalent to say that the Zariski tangent space
Tico (o] is projected onto Tjs1A. It is not difficult to see the former assumption
implies the latter one. We’ll prove this assertion in section 2.

Example 5.2 in section 5 indicates assumption (1.3) is strictly weaker than the
assumption: Xy is generic.
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The rest of the paper is organized as follows. In section 2, we give another
description of first order deformation condition (1.3), that shows that it is weaker
than the assumption: Xg is generic. In section 3, we study a family of smooth
hypersurfaces. This is the main technique for the paper. In section 4, we show that
the first order assumption (1.3) leads to the positivity of the twisted normal bundle
Nc¢y/x,(1). This proves theorem 1.2. In section 5, we apply the result of theorem
1.2 to recover a classical result by Clemens, and give examples concerning our weaker
assumption (1.3).

Acknowledgments. We would like to thank H. Clemens for the help and guid-
ance, especially for his enlightening communication on theorems in sections 3, 4 ([2]).

2. First order deformations of the pair. In this section, we give another
description of assumption (1.3), which will be used throughout. This is the description
of the same map ¢ without factoring out isomorphism.

Let

S Cc P(H(Opn(h)))
be an irreducible subvariety that contains [fy] and is smooth at [fo]. Let

(2.1) Xg CP" xS,
Xs ={(z,[f]) : [f] € S, f(z) = 0}.

be the universal hypersurface for S C P(H°(Opn(h))).
Let

o Pt — Co x {[fo]} C Xs
t = (co(t), [fol)

be the embedding determined by above embedding c¢y. The projection
Ps:Xs— S
has a differential map
TaronXs = TS 4 € Co
which can be extended to a bundle map
(Ps)w 1 c5(Txs) — Tig)S @ Opr.
At last we obtain a morphism on the vector spaces
(2.3) P§ - HO(e)(Txs)) = Tig,) S,

where Tjf,)S ~ H°(T}4,1S ® Op1) is the space of global sections of the trivial bundle
whose each fibre is T}y S.

LEMMA 2.1.

Y(Tif,)S) C image(e)

if and only if P§ is surjective.
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Proof. Recall that M, is the parameter space of embeddings P! — P™, whose
image has degree d. Let X,, be the universal hypersurface for S = P(H"(Opn(h)))
(defined in formula (2.2)). Recall

I' € My x P(H°(Opn(h)))
(2.4) L= {(c,[f]): c"(f) = 0}.

be the incidence scheme containing the point (co, [fo]). Let T(c,,,))[" be the Zariski
tangent space of I'. Let e be the evaluation map

e: I'xPl=a,
(e, [£1,8) = (e(t), [£])-
Its differential map induces a bundle map
ext Teo fo))l ® Opr = c5(Tx, ).
It further induces a homomorphism on the cohomology groups:
e T(Cov[fo])F - HO(CS(TXn))a
where Tco (fonT = H(T(cq,1fo) T ® Op1). Also there is a surjective map 7:
Tico o)l = HU(Txo = Noy/xo),

such that the following diagram commutes

n
Tco o)l = Tico. ()T = HY(Tx, = Neyyx,)
(2.5) Les 4 lo
PS
HO@G(Tx,) 5 T PHO(Ope(h) 5 H'(Tx,),

where P? is the corresponding map in formula (2.3). Because
Teo Mg — H(cj(Tpn))

is surjective (it is an isomorphism), e® has to be surjective. Then the lemma is true
for S = P(H°(Op~(h))). Now we consider the subvariety S C P(H?(Op«(h))) in the
lemma. If 9(T5,1S) C image(e), for any o € Tig,1S, we apply the diagram to find a
section o € HO(¢§(Tx,)) such that Pj(0) = o Because Pj(0) = « € Tiy,1S, o must
be in the subspace H°(¢5(Tx,)) of HO(¢5(Tx,)). Thus P§ is surjective. Conversely
we suppose Pg is surjective. For any a € Tjz,)S, using the commutative diagram, we
obtain

U(a) € gono(e’) o (P5)Ha).
We complete the proof. O

LEMMA 2.2. If Xy is generic and contains a smooth rational curve Cy, or equiv-
alently there is an irreducible component I'g of the incidence scheme

{(¢,[f]) € My x P(H°(Opn(h))) : c*(f) =0},

such that T dominates P(H®(Opn(h))) and (co,[fo]) € To is generic, then ¢ is
surjective.



106 B. WANG

Proof. In this proof, we consider the entire space of hypersurfaces, i.e.
S = P(H(Opn (h))).

As before X, denotes the universal hypersurface corresponding to P(H®(Opn (h))).
Let ¢g be as above and

o : P' = Xo x {[fo]} C X,
be the morphism that lifts the image Cy to &),. The projection
P:X,—S
induces a map on the sections of bundles over P!,
(2.6) P*: HO(e5(Tx,)) = Tiso) S,
where 17, S ~ H O(T[ #o]S ® Op1) is the space of global sections of the trivial bundle

whose each fibre is Tjz,)S. Observe the commutative diagram

(e )* —x
Teo sl =" HO(G5(Tx,))
(). ip;
T[fo]S = T[fo]S'

(see (2.5) for P?) where (er). is induced from the differential of the evaluation er:

er:I'x P! — Xn
[t = @) x {1}

Since fy is generic and #r is dominant (by the assumption of the lemma), then
(co, [fo]) € T is a generic point in I'y. Then the dominance of 7p implies the sur-

jectivity of (mr).. Thus P is surjective. By lemma 2.1, we proved lemma 2.2. O

3. Deformation of hypersurfaces. In this section we do not assume that there
is a rational curve Cy as in section 1. So we continue with the notations in the section
1, however we do not assume the condition (1.2) because there is no rational curve
Cp in this section. Instead we assume

diU(Li) 7é diU(LJ’),i 75 ]

Recall that
h A~
F(ay, - ,ap,x) = fo(x) + ZaiLo(x) co-Li(x) - Lp(xz), (omit L;)
i=0

is the universal polynomial. Thus
{F=0}=X4 CP" x A.

is the universal hypersurface, which is smooth. Let W C P™ denote the complement
of the proper subvariety

Un>j>izotLi = Lj = 0}.



RATIONAL CURVES ON HYPERSURFACES 107

Let
(3.1) X = X4 N (W x A).
Let
0 0
3.2 i=Lo— —Li—.,i=1,--- ,h
( ) v 08&0 8ai !

be sections of Opn (1) ® T4. Since u; annihilate F', they are tangent to Xy . So let
(3.3) G(1) C Ty, (1)
be the vector bundle of rank h over Xy, that is generated by the sections u;.

We then have

THEOREM 3.1.

(3.4) Tgvzl()l) ~ Twxa)y/a(D)]aw

where Tiwyxaya(1) = (Tw(1) @ {0}) is the twisted relative tangent bundle of the
projection W x A — A.

REMARK. This theorem does not require additional assumptions. This is a fact
about this special type of family of hypersurfaces.

Proof. Consider the exact sequence

(3.5) 0 —>T2V{1()1) —>T(WGX(;‘))(1) - D —0.

of bundles over Xy, where D is some quotient bundle over Xy . It is easy to see that
(3.6) c1(D) = c1(Opn(h + 1))]ayy -

Tw x4y (1)

Let s be a generic section of Opn(1). Let o be the reduction of 56%0 in =25

Notice that the zero-locus of ¢ is given by
(3.7 div(o) = div(sLy - - - Lp).

Since sLy --- Ly € H°(Opn(h + 1)), o splits the sequence (3.5). If Ly C T(%f))(l) is
the line bundle generated by o,

Txy (1) Tiwxa)(1)

3.8 L, W = ,

(38) Y an c()

as bundles over Xy . Secondly, we have another exact sequence

(3.9) 0 = Twwayall) — ozl p o

of bundles over Xy, where D’ is some quotient bundle over Xy . By direct computa-
tion (note G(1) is a trivial bundle), we obtain:

c1(D') = er(Twxayw (1)) = (b + 1)(c1(Opn (1)) -
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As above, o splits this sequence (3.9). Hence

T (1)
(WxA)
3.10 LT 1) = WXL
(3.10) @ Twxa)/a(l) al)
Comparing (3.8), (3.10), we obtain

T, (1)
(3.11) szl) ~ Twxay/a(l),

over Xy. O

4. Positivity of the twisted normal bundle. In this section we prove theorem
1.2. We continue with the notations in section 1. In particular Cy is a smooth rational
curve in Xg.

Proof of Theorem 1.2. Denote Cy x {[fo]} by Coy. Because of our assumption
(1.2), Cy completely lies in W. Thus we have the exact sequence of bundles

Txy (1)

- (T, (1) ke
(4.1) 0 = &Te(1) — &l&y) — CO<G(1)+TC—O(1)) — 0.
By theorem 3.1, we have two exact sequences,
e ey T, (1) wy Tx, (1)
0 — CO(TCO(1>) — CO( 2?1) ) — CO(G(1ffTéo(1)) - 0

(4.2) I I
0 = g(Tg,(1) — G(Terxayal)) — §(Neypn(1)) — 0.
where I is the isomorphism in theorem 3.1. Notice in theorem 3.1, the isomorphism

I is restricted to the identity map on ¢j(7¢,(1)). Notice that the first half of the
diagram (4.2),

. e Tx, (1
0 = HTo1) —  afa)

| b
0 — c&(Te, (1) — c5(Tpnxaya(l)).

is commutative. So we obtain

(4.3)

TXA (1))

(4.4) c5(Ney/pn (1)) = ES(W

).

This isomorphism gives us another exact sequence

—% —% Tx, (1 *
45) 0 = &) — CO(TC/;((D)) = (Neype(1)) — 0.

To see the positivity of bundles, we observe that since H!(cjG (1)) =0 ( c5G(1)
is a trivial bundle over P1), sections of ¢fj(N¢, pn (1)) can be lifted to sections of

- TXA(l)
(=2—=).
" Te, (1)
Then 6’5(?;“((11)) ) must be generated by global sections because ci(N¢, p»(1)) and
0

T, (1)
Te, (1)

c¢yG(1) are. The proof is now completed with the last observation that &( ) is
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mapped onto N¢,,x,(1). This is the only place where assumption (1.3) is used. The
following is the argument for this surjection.

Because ¢ is onto 9 (A), Pj is onto Ty, A. This gives us a natural bundle
decomposition of &(Tx,(1)) in the following way: Note ¢5(Tx, (1)) has sections

(PZ)_l(a%j),j =0,---,h. Let o; € (PZ)_l(a%j)’ i =0,---,h be a vector in each
o

inverse (Pj)_l(ﬁj). Then all sections {o;}; generate a trivial subbundle £
& = Op110p1.

This subbundle gives a decomposition

(4.6) Co(Txey) = € ®(Tn/a),

Tensoring it with ¢5(Opn (1)), we obtain

(4.7) & (Txs (1)) = E(1) @ &5 (T a(1))-

Notice

& (Txs (1)
£(1) @ &(Te, (1))

= CS(NCU/Xo(l))'

Thus there is an exact sequence

o Ta, (1 .
(4.8) GFA) = @ (l) = 0.
Because 66(%) is generated by global sections, then so is c¢f(N¢,/x,(1)). This
0

completes the proof. O
5. Application.

COROLLARY 5.1. Assume Xg is a smooth hypersurface in P™ of degree h. Also
assume assumption (1.8) in theorem 1.2 holds.
Then

h <2n-—2.

Proof. By the isomorphism in theorem 3.1, we have the exact sequence

(5.1) 0 — &(G) — &(Tx, (1) — c(Ten(1)) — 0.
As before

(5.2) H'(e;G(1)) = 0.

Hence

0 — H&G() — HOE(Tx,(1) — H°(c5(Ten(1))) — 0.
Therefore

(5.3) KO (@ (T, (1)) = hO(ch(Ton (1)) + .
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To calculate HO(c}(Ten(1))), we consider the twisted Euler sequence
(5.4) 0 = ¢(0pn(1) = c§(@®nt10pn(2)) — c5(Tpn(1)) — 0.
Because H(c}(Opn(1))) = H°(Op1(—d — 2)) = 0, we obtain
0 = H5(0pr(1) = H(c5(Ont10pn(2))) — H°(c5(Ten(1))) — 0.
Hence we find

h2 (e (Tpn (1)))= h%(cg(Bnt10pn(2))) = h%(c5(Opn (1))
(5.5) =(@2d+1)(n+1) - (d+1).

To calculate HO(cj(Tx,(1))), we note that ¢ is onto 1 (7Tj,;A). Then we obtain
the decomposition (4.6):

(5.6) e(Txn (1)) = £(1) & ¢p(T'x, (1)).
where
E(1) =~ Bh41¢5(Opn (1)) ~ Gr410p1(d).
Hence
(5.7) h0(€5(Txes (1)) = (h+1)(d+ 1) + A (c5(Tx, (1))

Combining formulas (5.3), (5.5) and (5.7), we obtain that

(5.8) RO (ct(Tx, (1)) + (h —2n)d — (n — 1) = 0.
Since
(5.9) h(c5(Tx, (1)) = h° (Ney/x0 (1) + h (Ter @ c5(Opn (1))

=h"(Ney/x, (1)) +d+ 3,
formula (5.8) becomes
(5.10) (h—2n+1)d+ h°(Ngy x,(1)) — (n —4) = 0.
To show h < 2n — 2, it suffices to prove that
h?(Ney/x,(1)) = (n —4) > 0.
Applying theorem 1.2, we obtain that
h°(Ney/x,(1)) > Rank(Ney /x, (1)) = n — 2.

This completes the proof. O

REMARK. There are two previously well-known results that are related to corol-
lary 5.1:

(1). H. Clemens proved a theorem in [3], that implies if X is a generic hypersur-
face containing an immersed rational curve Cy, then

deg(Xo) < 2n — 2.
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The result later was improved by C. Voisin [9], [10]:
(2) If Xy is a generic hypersurface containing Cyy which is any rational curve, then

deg(Xo) <2n—3, forn>4

and the equality holds for a line in a generic hypersurface of degree 2n — 3.
Both authors in their papers addressed more general situations.

Our theorem 1.2 is valid for immersed rational curves on hypersurfaces. Then
using lemma 2.2 and corollary 5.1, we recover H. Clemens’ result mentioned in (1).
So corollary 5.1 implies Clemens’ result (1), but they are not equivalent. Even though
Clemens’ bound in corollary 5.1 is worse than Voisin’s, it is still sharp under our weaker
assumption. Please see the following example 5.2 for this.

Example 5.2 is in the case where assumption (1.3) holds for a specific family
A, but it does not hold for all such families A. Example 5.3 is in the case where
assumption (1.3) does not hold for any family A®.

ExXAMPLE 5.2. This example constructs X, Cp, A of theorem 1.2 satisfying as-
sumption (1.3), and they further satisfy

(1) deg(Xo) = 2n — 2 ( This is the minimum degree of Xy by corollary 5.1).

(2) Cy does not deform to all hypersurfaces to the first order.

(assertion (2) will be proved elsewhere).

Let zg, - - , x, be homogeneous coordinates for P™. The construction is based on
the break-down of P™ to smaller subspaces. Let

P;ub C Pgub cpr

be subspaces defined as follows:

(5.11) P2, ={zg=" =2, 3=0},Pl, =P2, NP1,
where
(5.12) P! = {z, =0}.

In the following, we always regard homogeneous polynomials on subspaces

Pl,i=12n-1
as polynomials of the same degree on P™, i.e. we use the natural inclusion
H(Op: (r)) C H(Opn(r)), for i=1,2,n— 1.

Next we construct three varieties: Xg, Cp, A in theorem 1.2.

(1) Xoi
Let go, -+, gn—3 be generic sections in HO(OPnfbl (2n — 3)).
Let
2
(5.13) 0 =Y € H'Op:, (2)
i=0

1t turns out that these two examples cover all situations regarding assumption (1.3), but ex-
cluding the assumption: Xg is generic.
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Let g2 € H(Opn(2n — 4)) be a section
(5.14) g = 22D 4 p

where p € HO(OPH? (2n — 4)) is generic.
Now we construct the smooth hypersurface X = div(fp) of degree 2n — 2:
Let

n—3

(5.15) fo=qaq+ Z TkGk-
k=0

Such Xy = div(fy) is smooth (see Appendix).

(2) C()Z

Let the rational curve Cj be
(5.16) Co={zg=+=an_3=q =0}
Since Cj is a smooth plane conic in Xy, it is a smooth rational curve. Let
co: P = Cyc X
be an isomorphism.

(3) A:
Let Lg,---, Ly be generic h + 1 sections in the pencil

span(Tp—o,Tn_1) = HO(Opéub(l)) C H°(Opn (1)),
where h = 2n — 2. Then the condition (1.2) is satisfied, i.e.,
{L;=0}n{L;=0}NCo =0, i+#j.

Let A C H°(Op~(h)) be constructed with Lj,j =0,--- ,h as in definition 1.1.

For fixed generic g2, g3, gi, corresponding maps ¥ and ¢ in theorem 1.2 satisfy

(5.17) Y(A) Cimage(d).

See Appendix for the proof of it. The example shows our bound 2n — 2 is the sharp
bound under assumption (1.3). Together with Voisin’s result (2), this indicates as-
sumption (1.3) is strictly weaker than the classical assumption: X is generic.

EXAMPLE 5.3. Let’s consider the lines in the Fermat quintic threefold. Let
xg,- - , x4 be the homogeneous coordinates for P*. We consider fq to be the Fermat
quintic

x8+x?+-~-—|—xi.
Let Cy be the line in P* connecting two points

[17 _1a Oa 070]5 [Oa Oa ay, az, a3]
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with af + a3 + a§ = 0. Then Cy C Xo = div(fo). We can find

NCUXO ~ OPI(—].) &) Opl (3)
Corollary 1.3 says that if assumption (1.3) holds, then
NC’OXO ~ Opl(—l) ©® Opl(—l).

(because d = 1). This contradiction says (C, fo) does not deform to all hypersurfaces
in A to the first order, i.e. assumption (1.3) does not hold. This result is stronger
than Albano and Katz’s result, Prop. 2.1, in [1], which says (Cy, fo) does not globally
deform to all hypersurfaces.

Appendix. (1) Xy is smooth. To see that, we specialize it at
gr=2y""" 00 = g3 +ag" e = )t
where

g3 € HO(Opl (2n — 3))

is generic. Then if z € Xj is a singular point, it must satisfy

1= =xp_3=0, (g—ﬁ|z:0,k:1,-~-,n—3))
2n—3
8(q1q2+zoéaor§ +q3)) |Z =0, (a c Tq(C4, C4 = (fo,xn, $n71,$n72))
(q1g2 + zo(25" % + 43)) |- = 0, (fo(z) =0).

It is easy to see such point z must be a zero of
G=Tp,=x0=q3=0, andxg=--=z,-3=0

which does not exist for generic ¢g3. Hence X is smooth in this case. Now moving
q2, gr to generic sections, we obtain that if all

Q279k,k:07"' yn—3
are generic, X is a smooth hypersurface.

(2) Proof of (5.17). The general idea follows from the direct calculation. We
compute image(®) to be the set

2n—2

( E ziwt 222y, for all complex numbers z;
i=0

and image(v?®) is the set

(Z a;(zo, - - ,xn)%)\co,fm“ all linear forms a;(wo,--- ,Ty,).
=0 ‘

Assumption (1.3) says the former set is contained in the latter. We would like to
show the former set of polynomials in x,_1,%,—_2 (not evaluated at Cp) is already
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contained in the latter set of polynomials (before evaluated at Cp). The following is
the detailed computation.

First we’ll build a diagram (5.21) below by the following maps: Let v*:

HO(cy(Tpr)) % H(Op:(21))
(5.18) " Y

[ag, -+ yam] = Dl uch(F2).
where a; € H(Op1(2)) and [ap, - - - , a,] represents a vector in

HO(CS(Tpn)) ~ MQ.
Let p°:
-
(5.19) Tygd = H O(QP(;;%))
da - _CO(%)a

where F' is the universal polynomial of the family of hypersurfaces determined by A
(defined at the beginning of section 3). Let P§ be the obvious projection map

(5.20) HO@(Ty)) = HO(ch(Ten)).

Then all these maps fit into the commutative diagram
0 (=% sz4
H(e5(Tx,)) = TigoA
(5.21) Iry e

s

HO(ci(Tpn)) % HO(Op1(2h)).

By theorem 2.1, we need to show the surjectivity of P3. This commutative diagram
(5.21) shows that it suffices to show

(5.22) image(u®) C image(v®).
Note
A=H%Op: (b)) C H°(Opx(h)),

where the inclusion is obtained by the natural extension of the sections of Op: b(h)
to Opn(h) (as indicated before). By the definition of p®,

(5.23) 1 (Tt A) = c(H*(Op1 , ().
Next we would like to see that the image of ® contains all polynomials in

co(H(Op1, (1))

sub

To see this, we’ll build another diagram (5.27) below in the following way. First
observe the natural inclusion:

H(Op1, (1)) C HO(Opn(1)).
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Then notice

0

H°(Op: (U)ﬁai =0,---,n—1
J

sub

are 2 dimensional sub-spaces of global sections of the bundle Tp». Let

e 0
(5.24) H= @jngO(OPiub(l))%j HO(Tpn).
Then dim(H) = 2n.
There is a homomorphism
(5.25) oH 5 JHOpn (1)
Z?:_Q lj(xn—laxn—Q)% — Z?:_O lj(xn—laxn—2)ﬁfi-

Let Pr be the morphism of linear spaces
(5.26) DL HO(Opn (1)) = @72 H(Op1 (7).

(Pr will not be the natural pullback map). To describe Pr, it suffices to define it on a
basis. Let (x,)™G be the monomials in x, - - , x,, that form a basis for H°(Opn (1))
under the zg, - - - , 2, coordinates, where G € HO(OPnfbl (r —m)). Define

Pr((z,)™G) =0, if mis odd,

m/2 ~

Pr((z,)™G) = (—(mil + x22)> G, if mis even,

where G = G|yy—...—z, ,—0. These maps form a diagram
" 5 HY(Opn(h)) = H°(Ops(h))
(527) \LCS \LPr

* 2 o
H(c5(Tpn)) = H°(Op1(2h)) < H°(Op1  (h)).
that is commutative because of the choices of g and gi( No monomials of z,-factor
in g, and only a monomial of x¢?*"-factor in ¢g).?
Our observation is that Pro¢ is surjective, because the image of the composition

map Pro¢ is just

2 n—3
dq1
;ln_i(xn_l’xn_Z)Pr(axn,i QQ) + ];)lk($n—1,$n—2)PT(gk)7

(a polynomial in x,_1, 2,2 only), where

n—1
0
E li— e H.
T axj
7=0

2Notice in the diagram (5.27), the vertical ¢} is different from the horizontal c}j because they are
the pull-backs of different vector bundles over P™. Sorry for the abusing of notations.
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Because all g3, g5 are generic,

Pr(q2), Pr(gr)

are generic sections of Op1 (2n —4) and Op:  (2n — 3) respectively.
Hence for the fixed g2, gk, the equation

2

0
Zlnfi(mn717$n72)PT(8 n

.
i=1 n—

n—3
q2) + Z U (Tn—1,Tn—2)Pr(gx) =0,
k=0

implies

0
Zln i xn 15 Tn— 2) n =0

O
and [, =0,k =0,--- ,n — 3. Thus the kernel of Pro¢ is

oq

axn—i

2
{(o, -+, lho1) Zlnfi(xnflaxn72) =0,lp=---=1l,_3=0}
i—1

which clearly has dimension 1. Thus dim(image(Pr o §)) = 2n — 1, which is the
dimension of H%(Op1(h)). Hence Pr o ¢ is surjective (onto H° (Op1  (h))). Thus

image(v*) D image(v® o cf)) = ci(HY(Op1 (h))).

sub

By formula (5.23), we proved (5.17)
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